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To be discussed Tuesday 17th December in the examples class

Berry curvature in quantum field theory

Based on https://arxiv.org/pdf/1701.05587.pdf by Baggio, Niarchos and Papadodimas

For the Schrödinger equation

H(λ)|n(λ)〉 = En(λ)|n(λ)〉 , (1)

the Berry connection is given by

Ai
n = 〈n(λ)

∂

∂λi
|n(λ)〉 , (2)

and the Berry curvature by

F
(n)
ij = ∂iAj

n − ∂jAi
n . (3)

a) Show that using an orthonormal basis |m〉, the Berry curvature may be written as

F
(n)
ij =

∑
n6=m

〈n|∂iH|m〉〈m|∂jH|n〉 − (i↔ j)

(Em − En)2 . (4)

b) Consider the Lagrangian of vacuum electrodynamics,

L = − 1

4e2FµνF
µν +

θ

32π2FµνF̃
µν , F̃µν =

1

2
εµνσρF

σρ . (5)

Show that with F±µν = Fµν ± iF̃µν , (5) may be rewritten as

L =
i

64π
τ(F+)2 − i

64π
τ̄(F−)2 , τ =

θ

2π
+ i

4π

e2 . (6)

By considering photon states |~p, ε〉 with momentum ~p and helicity ε = ±, use (4) to
show that the Berry curvature is

Fτ τ̄
(~p,~p
′
,ε,ε
′
) =

ε

8

1

(Imτ)2 δ~p,~p′δε,ε′ . (7)

Using this result, deduce that for a multi-photon state containing n+ photons of positive
and n− photons of negative helicity, the Berry curvature is

Fτ τ̄
(n+,n−) =

1

8
(n+ − n−)

1

(Imτ)2 . (8)


