
String Theory I - Exercise Sheet 2

Due to Thu Apr 26 2018 14-16 Uhr SE3

Problem 2.1: Induced Metric on a Sphere

Consider a sphere S2 of unit radius in R3 centered at the origin: x2 + y2 + z2 = 1.
In the stereographic parameterization of the sphere one uses parameters ξ1 and ξ2

to parameterize a point on the sphere, i.e.

~x(ξ1, ξ2) =
(
x(ξ1, ξ2), y(ξ1, ξ2), z(ξ1, ξ2)

)
. (1)

Given parameters (ξ1, ξ2), the corresponding point on the sphere is that which lies
on the line that goes through the north pole N = (0, 0, 1) and the point (ξ1, ξ2, 0).

1. Draw a sketch for the above construction. What are the required ranges for ξ1

and ξ2 if we wish to parameterize the full sphere?

2. Calculate the functions x(ξ1, ξ2), y(ξ1, ξ2) and z(ξ1, ξ2).

3. Calculate the four components of the induced metric

gij(ξ) =
∂~x

∂ξi
· ∂~x
∂ξj

. (2)

The algebra is a bit messy, but the result is simple. You can use a computer
program like Maple or Mathematica for this part.

4. Check your result by computing the area of the sphere:

A =

∫
dξ1dξ2

√
g . (3)

Give a theoretical explanation why the seemingly complicated metric on the
ξ1 − ξ2-plane yields the same result as the direct integration over the sphere.

1



Problem 2.2: Reparametrization Invariance of the Area

Show that the area defined by (3) is invariant under a change of variables

ξi −→ ξ̃i = ξ̃i(ξ1, ξ2) . (4)

Problem 2.3: Interpretation of T as String Tension

Show that for a string in flat space-time moving nonrelativistically, i.e.

vi = ∂tX
i � 1

in static gauge τ = t, the Nambu-Goto action reduces to a kinetic term minus
a potential term. The potential term turns out proportional to the length of the
string. In doing so, use the Ansatz

ui = ∂σX
i

and calculate the induced metric

γab = ∂aX
µ∂bX

νηµν .

Use this result to approximate the Nambu-Goto action in the nonrelativistic limit
vi � 1. Show that the kinetic energy comes only from the transverse velocity

~vT = ~v − ~u · ~v
u2

~u

of the string. Calculate the mass per unit length (i.e. the tension of the resulting
nonrelativistic string), as determined from the potential term, as well as from the
kinetic term. Give a physical explanation of the result.
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