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String theory: Target space coordinates Xµ

a) Show that the energy-momentum tensor of the free fields Xµ(σ, τ),

Tαβ(σ, z) =
1

2πα′
∂αX

µ∂βXµ −
1

4πα′
ηαβ∂

γXµ∂γXµ (1)

where α, β, γ ∈ {σ, τ}, is conserved (∂αTαβ = 0) and traceless (T aa = 0) .

b) We introduce lightcone coordinates σ− = τ − σ, σ+ = τ + σ. Using that

Xµ(σ+, σ−) = xµ + α′pµτ + i

√
α′

2

∑
n6=0

1

n
(αµne

−inσ− + α̃µne
−inσ+

) , (2)

show that the Poisson bracket{
∂

∂τ
Xµ(τ, σ), Xν(τ, σ′)

}
= 2πα′ηµνδ(σ − σ′) (3)

implies the following Poisson brackets of the modes,

{αµm, ανn} = imηµνδm+n,0 , {α̃µm, α̃νn} = imηµνδm+n,0 , {pµ, xν} = ηµν , (4)

with all other brackets vanishing. (Note that in this example, {, } denotes a Poisson
bracket, not an anticommutator.)

c) We expand the the energy-momentum tensor in modes ln, for instance

T−− =
1

2π

∑
n

lne
−inσ− . (5)

Show that the modes have the following expression in terms of the modes of Xµ,

ln =
1

2

∞∑
n=−∞

αµmα
ν
n−mηµν , (6)

with αµ0 =
√

α′

2 p
µ. .../...

Use the expression for the ln to verify that

{, lm, ln} = i(m− n)lm+n ,

{lm, Xµ(σ−, σ+)} = ieimσ
−
∂σ−X

µ(σ−, σ+) . (7)

(10 points)


