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I. Introduction: Duality

Theory I duality between Theory II
(Lagrangian, Hamiltonian) L, H

Physical System

Here we have:

Theory I: Gauge Theory Theory 11
(special example for QFT) general relativity
without gravity with gravity

theory.




II. Basics

1. Gauge Theories

This is an example of a field theory.

Reminder: Classical Mechanics

L = L(z, i)

For this lecture energy is conserved (so £ does not depend on the time t). Now
replace x, 4 by a function of z: ¢(z). This is of physical significance

L =% ((2),6@) ,  @=(t3)

Examples: E, B (electric and magnetic fields)
Scalar field: Higgs field

S 2 4 A
B=rotA, E:—gradgo—%t

A, = (gp,ff) is called the gauge potential.
Quantum Field Theory:

27 quantization: Fouriermodes of fields satisfy non-trivial commutation relations:
the wave function of quantum mechanics is quantized

. 1 A"k e ke b k)
Fourier: ¢(x) = (Grd T} S {a(k)e +a'(k)e H (2.1)

where kx denotes the relativistic scalar product k#z,. Here we have a QFT in
d dimensions (1 time dimension, d—1 space dimensions). The dependency of kg = wy,
is derived from the energy equation:

E2=p2—-m? = wy=\k+m?
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In equation (2.1) we have the non-trivial commutator
[a(z%’) : aT(E')} = 2wy, (2)4" 154D (F — )

We call @ and af creation and annihilation operators.

In electrodynamics we have the abelian! gauge group U(1) (— A,). Consider a
complex scalar field ¢(z) transforming under a local U(1) transformation as

o(z) = "Wo(z), ZL(Au,¢.0,0)

The derivative transforms as
(@) = 0, ("o (@)) = D |9,6(w) +1(Du0 (@) b(a)|

so 0,¢ doesn’t transform as ¢ itself!
Way out: introduce a connection A, to define a covariant derivative

Duo(x) := (0, +1A,) ¢(x) with A, = A, — 0,9

which satisfies the transformation law D,¢ — (@) D, ¢. The covariant derivative now
may be used to construct an invariant Lagrangian.
A further useful gauge invariant quantity is called the field strength tensor F),

Fl“/ = 8MAV - 81/"4# — F/,LI/ + [8u ) al/] v
N——

=0
1

= ¥ =
4g2

F*F,, +D"¢ Do

Now consider the non-abelian gauge group SU(N)

a) Fields transforming in the fundamental representation of the gauge group: elements
of a N-dimensional vectorspace, where (1%);/ are the (N?—1) generators (hermitian
N x N matrices; = e7*T" unitary) of SU(N)

gi(z) — (ewa(x)Ta)] () , ihj=1...N

!Note that the Young-Mills-gauge group SU(N) is not abelian.
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b) Field transforming in the adjoint representation: elements of the (N2 —1)-dim
algebra su(N)

b = T (ewablk o < e—iﬁCTc>lj

For obtaining the infinitesimal transformation, approximate the exponentials to the first
order.

Infinitesimally, conjugation by a group element ¢?“7* involves the commutator of the

SU(N)-generators
|:Ta Tb:| _ ifabc TC

so we obtain the transformation law
d)aTa N QsaTa +i (ﬂbTb ¢aTa _ ¢aTa 19bTb>
— ¢aTa . i(Z)a’(9b [Ta Tb} — ¢aTa + fabcd)a ”&ch

Again we can define a covariant derivation using a non-abelian field strength A, = A} T

(Dp)i =6 0y +igA%T*)? = Fu =——[Du,D)]

i
g
where g is the coupling constant.

For a non-abelian gauge theory we have the action

ﬂﬂ:/ﬁﬂxﬁwWﬂA
and by redefining A — gA we get

Z;ﬂﬁ%mwmﬂ
In the most important QFT’s (such as U(1) and SU(N) gauge theories in 3+1 dimen-
sions) the quantization procedure (i. e. introducing commutation relations for the Fourier
modes) leads to infinities when calculating physical observables. The method of deal-
ing with these infinities is called renormalization. This procedure introduces an energy
scale o at which physical observables are defined. Then the question arises: What hap-
pens if I change this scale? For example:
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QED: This theory becomes non-interacting when g — 0

QCD: (SU(3)-gauge theory) This theory becomes non-interacting when p — oo
and strongly interacting® when p — 0!

Remember that if ¢ = h = 1 the length scale [ oc E~! so the limes y — 0 is equivalent to
the limes | — oco. As you see, the first item is nothing new at all (in electrodynamics the
Coulomb-potential goes by %) But in QCD we have a force® that increases its strength
the larger the distances become which is associated with confinement.*

Later we consider the case of a SU(N)-gauge theory in the limit N — oo. As shown
by G. 't Hooft in 1974, in this limit the quantized gauge theory simplifies significantly.

2. A very brief review of general relativity

Background:
AdS/CFT correspondence
Anti-de Sitter space conformal field theory®
a gravity theory SU(N)-gauge theory, N — oo

General Relativity is the gauge theory of coordinate transformations < physics does
not depend on the coordinate system chosen! Einstein set gravity equal to geometry® as
a result of the spacetime being a differentiable manifold M (with d dimensions).

At each point p € M we have a tangent space T, M spanned by the tangent vectors

0
M e
Any vector V € T, M may be written as
V=V*"ao,

2In this case we have g > 1 so the application of perturbation theory is not possible.

3Quantum Chromodynamics describe the strong interactions, the fundamental force between quarks
and gluons.

4The fact that color charged particles cannot be observed singularly.

A conformal symmetry is a generalized scale symmetry, i.e. for any scale p, Ly=4 is invariant.

6Gravity is the curvature (resulting from matter) of the spacetime.
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We may also define the cotangent space T, M consisting all linear maps from Tp M — R.
0y, induces a dual basis dx” of the cotangent space in the way the equation

dz”(0,) = 90, = WeTM: W=W,dz"
holds.
SU(N)-gauge theory | general relativity

covariant derivative D,, | covariant derivative V,
gauge field A, | Christoffel symbol I'#,
field strength tensor F),, | Riemann curvature tensor R*, ,,

Action S = [d%z F*F,, | Einstein-Hilbert action S = [d'z/=gR
(R denotes the Ricci tensor)

Equation of motion D¥F),,, = 0 | Einstein equations

Table 2.1: Comparison of two gauge theories

We would like to formulate a gauge theory of coordinate transformations. The first
step is to define the coordinate transformation as

0 ox” " L , ozt

x—)x’:@uéﬁézaxmzway, V=vto, =V (’3,: = vV :V@
For the cotangent space we can derive

o' y 5 oY

dz'* = D dz¥, W =W, da" =W, da’ = W’/‘:VVVW

The next step is to define a tensor of rank (r,s):

T(r:8) TM® - @TMOIT M@ - @TyM = R
rt;gles s times

T(r,s) _ T'ul"'uryl...vs 8#1 R ® aﬂT Rde"' ® --- @ dz¥s

functions of p € M

A particularly important (0,2)-tensor is the metric. At each p € M this is a non-
degenerate symmetric bilinear form g, i.e.

J TMRTyM - R
L (w,0) = g(u,v)

g(u, U) = g(v,u)
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so we can write the line element as
ds? = G dot @ da”

To obtain the covariant derivative, we consider

9l = a " Ph <8x’” “)
OxP Ox° <W> W oz  0%z°
= 92" 92" 7 02" D Ox¥
covari;gt term needs to be cancelled

Now we replace d,, — V,, which should have the following properties:

e V, maps (r,s)-tensors to (r,s + 1)-tensors
o V, is linear: V,(S+7T)=V,S+V,T
e V, satisfies a Leibniz-rule: V,(ST) = (V,S)T + S(V,T)

This implies the form of the Levi-Civita connection, the Christoffel symbols I We have

V. VY =3, V¥ + TV VA
vum = (%VVV - F/\;U/VV)\

1
F)\ul’ - §g>\p (Ougvp + OvGpp — Op guv)

Curvature: The first step to talk about curvature is to think about parallel transport:
A parallel transport of a vector V' along a path z#(\) (where ) is the affine parameter)
is defined by the vanishing covariant derivative

dx? dv

0=V, = 0="C VW=

| A
dA A

A geodesic is a curve x#(\) along which the tangend vector V# = ddi/\ is parallel trans-

ported. This satisfies
d2zH dzf dz°
— I, ———=0
dx o dX\ dA
what we call the geodesic equation. In general, parallel transport of a vector along a

closed loop in a curved spacetime will lead to a different vector than before. Consider
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p

If we compare the parallel transport of a vector V first along A and then along B to
the same vector first parallel transported along B and then along A. The difference 6V
between the two vectors is given by

0V? = R oV A“BP
where R’ .3 denotes the Riemann curvature tensor. We also have

Va, Vsl VP = 0,(V5VP) +TPa, VsVF —T7,5V,VF — (8 «)
3 3 Y 3
= R oV — (Faaﬁ — Faga) v, VP
N————

vanishes if I'*,, = ',

For a manifold with a metric g,,,,, we have rA v = F)‘( W)7 so the second therm vanishes.
In therms of the Christoffel symbols we have

Rp/wzﬁ = Oa Fpﬂu - 8,3 Fpau + 1700 Faﬁu - Fpﬁo Fgau
which leads us to some index symmetries of R, 08 = guo R vap

Ruvap = —Ruwpa = —Rupap = Rapuw

"The brackets denote the total symmetrization of this indices:

1
A A A
r (W):§<F po+ T Vu)
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The Riemann tensor also satisfies the Bianchi identity
Ryvap + Rupva + Ruapy =0
and
V[)\Ruy]aﬁ =0 (2.2)
Here [A\uv] means total anti-symmetrization. Further we define the Ricci-tensor
Ry = R n = Ry

and the Ricci-scalar

R:=R', =g¢"" R,
which can be connected with equation (2.2) via

1
VIR, = 3 V. R

Next we look at the Einstein-field equations which relate gravity (curvature) and mat-
ter (curves the spacetime).

Parenthesis: Einstein equation
Einstein’s first idea was to set

R/U/ = Luv

(T, denotes the energy-momentum-tensor®), but since energy and momentum are
conserved quantities, we have

Vi =0
which implies
1
3 V.R=V*"R,, =V'T,, =0

so a constantly curved spacetime would be the only possible solution! The “corrected”
equations are

1
G =T , Guv == Ry — iRgW (Einstein tensor)
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but—in addition to the Ricci-scalar—we also get another therm Ag,,, where A is the
cosmological constant? so the full version of the Einstein equation reads

1
R, — §ng, +Agu = K2 Ty

—_———
=G

with x2 = 87 G (G denotes the Newton constant).

The Finstein-Hilbert-action, whose Euler-Lagrange equations lead us to the Einstein
equations, is given by

1
SEH = ﬁ ddCC vV —9g (R - 2A)

Examples for solutions to the Einstein equations for 7),, = 0 (i.e. in the vacuum) are the
maximally symmetric spacetimes. These satisfy

R
Ryvop = m (g;w 9vp — Guvo gup)

i.e. they meet a special condition to the curvature.

Let us first consider Riemannian manifolds. Then the maximally symmetric spacetimes
are

a) Euclidean flat space

b) spherical solutions

¢) hyperbolic solutions
The line element of these spaces is given by

dx

ds? = —2
1 — ky?

+x? dQ2 ke {0,+1}

9Originally Einstein introduced this constant to allow static solutions for the equations since in his
times is was a commonly accepted “fact” that our universe is a static construct which always existed
and never expands or shrinks. Only a few years later the expansion of the universe was discovered
by E. Hubble, so Einstein—who could have predicted this dynamic years before—referred the intro-
duction of A as his “grofite Eselei.” But nowadays we again consider a cosmological constant because
the expansion of our universe accelerates which contradicts our expectations—and leads us to the so
called dark energy that should be the reason for A > 0.

10
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where d€2;_; denotes the line element of the unit sphere S9=1 that can be constructed
via

dQ; = dé;
dQF = db7 —sin®0;dQ%_,, 61 €[0,27), 6, € [0,7), j=2...d—1
Depending on k& we get

k = 0: Euclidean space, x is the radial coordinate. Example for d = 2:

= x=r, 0 =¢, ds’ = dr® +r° d¢*

k = 1: Make a coordinate transformation x = sin ¢, ¢ € [0, ¢), then we have
ds? = d¢? + sin? ¢ dQ?_,
which is the metric of the unit sphere S%! in d dimensions.
k = —1: x =sinh, ¥ € [0,00), so we get the line element of a hyperboloid
ds® = dyp? + sinh? ¢ dQ2_,
(This case we call Fuclidean Anti-de Sitter space.

In Lorentzian spacetime, we have the following solution of Einstein’s equations in the
vacuum for maximally symmetric spacetimes:

A = 0: Minkowski space
A > 0: de Sitter space
A < 0: Anti-de Sitter space

Let us consider the case of Anti-de Sitter space: AdSgy; is embedded into (d+2)-
dimensional Minkowski space

d
—(XOP Y (X - (X =
i=1
where L denotes the so called Anti-de Sitter radius. This space has a conformal boundary
at infinity.

11
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For the AdS-space there are two typical parametrizations:

Global AdS coordinates Local (Poincaré) coordinates

(cover entire AdS space) (cover only half of the space)
X0 = Lcoshp cosT X0 :g—i( —Z—i(f2—t2+L2)>

X4+l = Lcoshp sinT Xt =rat
Xt = Lsinhp sin7 x4 zé—i(l—i—g(fz—tQ—i—Lz))
D s ——
= ds? =I? (— cosh? p dr? +dp? | = ds? = f—z dr? + 2—2 (— de? + dfz)
+ sinh? p dQ3_,) = f—j dr? + %i (nw, dat dx”)
-~
d-dim Minkowski metric

3. Classical scalar field theory

We consider a real scalar field () in flat d-dimensional Minkowski spacetime R~
with d—1 spatial directions. The coordinates of R4~ ! are denoted by X* where p takes
values from 0 to d—1. We set ¢ = 1 so the metric of Minkowski-space becomes

d—1
ds? = — (dX)* + Y (dX%)* = g, dXPdX”
i=1
The Symmetries of Minkowski-space are the Poincaré transformations
r— o =Ax +a
o't = A, 2+ at
where A is a Lorenz transformation and a is a translation.

A real scalar field is a map which origins a real number ¢(x) to each spacetime point
z. If we transform x via

x — 2 =Azx

we obtain for our field

/ -1
e — ¢ =9 1)
L(xz,z) — ZL(p,0up)
~——
classical mechanics field theory, infinite number of variables!

12
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The dynamics of the scalar field is specified by an action functional S[¢] which can be
written as an integral over the lagrangian density £ (o, 0,¢)

Slp] = /dt A1z L(p,0up) = /dda: Z(p,0,9)

For example, the action functional of a massive real scalar field with no interactions reads

1
Slp] = /dda; L= —3 /dda; " O Oup+ m? p? (2.3)
\_v_z N— e’
kinetic term mass term

_ _% /dd:c (—(@ o(t, D)) + (Vo(t, ©)) +m? go(t,a?)2>

The principle of sationary action (Hamilton) gives the Lagragian equations of motion.

Functional derivative O5lg]
dp(z)
The functional derivative is defined by
Op(e) = 6Dz —y) dirac delta distribution
p(y)
0 / d i 0p(y) d,, s(d)
= dygpy:/dy :/dy5 r—y)=1
o) | TV So() =)
0S[e] 0% < 0L > ! :
= = —— —— | =0 Lagrange equation
dp(z)  dp "\

For our example (2.3) the Lagrange equations of motion become
(O—m?) p(z) =0 (2.4)

where O = 9#9, = —0? + A is the d’Alembert operator. Equation (2.4) is called
the Klein-Gordon equation. So far, we considered a field in a potential V(¢) = 0,
but more interesting physics is obtained by considering interactions, i.e. V(p) # 0.
Generally, V(¢) will be a polynomial V(¢) = ¢®, o > 2. Then we have £ = £ + Lt ,
Lt = —%go(x)". gn is the associated coupling constant which messures the strength of
the interaction.

In electrodynamics—as an example for a classical field theory—the fields read

-,

AM = (¢7 A)

13
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so we can derive the equations of motion from the action

S[A,] = / d*z F" F,, , F = 0,A, — 0,4,
0S[A
o— 5 = DFF,, =0
6A'LL('7") covariant derivative

To quantize the scalar field theory, we note that the Fourier decomposition of ¢ reads

1 d* 'k N\ ,—ikz * (T Likx
o) = gy | o B @]

where wy, = 1/ k2 +m2 and kx = —k%2° + k - 7 satisfies the Klein-Gordon equation.

The starting point for a general quantization of free fields, which satisfy (O—m?)¢ = 0,
is to replace the Fourier modes with operators a(k) and af(k). The field ¢(z) then also
becomes an operator denoted by ¢(x).

~ 1 dd_lkA_’fim ~try ikx
o(x) = (27r)d1/ [a(k)e k +aT(k)ek

kO=wy

The operators d(E) and dT(l;) satisfy the commutation relations

These commutation relations coincide with those of a harmonic oscillator in quantum
mechanics at frequency wy. Therefore we may interpret the G, a as creation and anni-
hilation operators. The vacuum state |0) is annihilated by @ for all & (a(k) [0) = 0). We
choose (0[0) = 1. A single-particle state with momentum %, |k), is created by acting on
the vacuum state with the creation operator af(k) (|k) = af(k)|0)).

A quantum field theory combines the ideas of classical field theory with the ideas of
quantum mechanics. In particular, the propagation of a mode |E) width momentum &
in space may be related to the concepts of Huyghen’s principle and Green’s functions in
classical field theory.

oly) = / dz G(z,y) plx)

14
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For our example we have
(— 0+ m?) Gla,y) = 6Dz — )
The goals we want to reach are

e QQuantize interacting QFT’s
e Define generating functionals

— Introduce path integral quantization of (free) fields

Within quantum mechanics, the path integral sums over all possible paths which start
at the position ¢; at time ¢; and end at g at time 7.

In quantum field theory this translates into summing over all field configurations ¢ in
configuration space. The integration measure becomes

Dy = (factor) H H do(t, T)

1 <t<ty ¥ ¢ Rd-1

We are able to use this to give a formula for the transition from an initial state |p;,t;)
to a final state |pf,t), where

G(t, T) i ti) = 0i(T) |pis i)
——

operator
N -
¢(t, &) lor, tr) = ¢r () |y, tr)

so we obtain

t
(r, tepi, ti) :N/Dgo exp i/dt /dd_lx Zo(p,0,9)

i ZeRd1

where N is a normalization factor and % the free Lagrangian, i.e. without any inter-
actions (e.g. % = —% Mo Oup — %m2902). The expression for (pr,tr|pi, ti) applies to
the case of a free field.

We integrate over all field configurations ¢(t,Z) satisfying the boundary conditions
(ti, Z) = ¢i(Z) and p(tr, T) = @f(Z). It is not clear if this integral exists in a mathemat-
ical sense! We may improve convergence by replacing m? by m? — ic and taking e — 0
at the end of all calculations.

15
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From now on we restrict to vacuum-to-vacuum amplitudes width ¢; — —oo, ty — +o00
and consider ¢;(Z) = ¢¢(Z) = 0. We write (0,400[0, —oc0) =: (0]|0), so we have the
condition

(0[0) = N/Dgo exp [i/ddx Lol 8Mg0)] =1

which fixes our normalization constant N.
For describing physical processes we are interested in so called correlation functions of
the form

(Ol T@(21)@(2) - P(a) 10) =t {p(a1) .. p(@n)) =2 G (z1,... @)

where 7 denotes the time-sorted product. For two operators, 7 becomes

To(z)@(y) = O(2° — y")p(2)(y) + O(y° — 2°) ()P ()

i.e. the operators are sorted the way the time of their arguments decreases from left to
right. Then we have

(plan). .- plan)) = N [P plar)... o) exp i ate 2(0.0,0)]

In order to calculate the correlation functions, it is convenient to introduce the generation
functional

2= (oo [if e S0

(this may be compared to the partition function in statistical mechanics) where J(x) is
called a source dual to the field p(z).
Zp[J] is extremely usefull We may write

welen). - olen)) = 6J(x16)n..Z.[{$]J(a:n)

J=0

Written in full we have

2 =N [Dp exp i dhs [ (6.0, + T0)p(2)]|

Let us consider the example of the free massive scalar field,

Zo[J] = N/D(p exp [i/ddx [—%«p(— O+ m? — i) + J(pH

16
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Note that the integral over ¢ is almost quadratic in . This allows us to perform the
integration:

ZolJ] = Nexp [2 [t [aty s@ane - ni0)

where Ay is the Feynman-propagator for a scalar field

dk eik(w—y)
Arlw —y) = / 2r)d K2+ m? — i

which satisfies (— 0+ m?)Ap(z — y) = 6@ (x — y), so A is the Green’s function of the
Klein-Gordon equation.

GO (2,y) = (p(21), p(w2)) = —iAp (21 — 22)

In the massless case we have for d = 4

1 1 9
AF(x—y):@m ) (x —y) :(x“—yu)(fﬁu_yu)
To treat interacting fields we add some terms such as
Lint = _girr:QPn
n!

to the Lagrangian, which leads us to

Z[J] = N/Dgp exp [i/ddl‘ (L + Lot + Js@)]

This is no longer Gaussian. However, if the coupling constants are small (¢ < 1), we
may use perturbation theory. The starting point is to write

Z[J] = N exp [i/ddx Lt C M‘S(x)ﬂ /m exp [i/dd:c (L + J@)}
= Nexp [i/ddz Lt C (sf(:z:))] ZolJ]

The expansion in a power series may be visualized in a graphical way: the Feynman
diagrams.
For example let’s consider a ¢* theory in d = 4 dimensions.
1 1 g
L =L+ Lt 30:—5(9“903#90_57”2802 ) iﬂint:—asfl
To draw a diagram, we have to follow the three Feynman rules, which are

17
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1) Propagator iAp(x —y) - ———
2) Interaction vertices — g><
3) An integration has to be performed on all vertices.

Possible Feynman diagrams for our example theory are:

T Y o(1)

Ap
A
T L1 @m Y 0(92)

Ap
Later we will look at examples for Feynman diagrams in a SU(N) theory.

Side remark: There are many interesting QFT’s in physics where g > 1, i.e. pertur-
bation theory is not applicable. These thermes are referred to as “strongly coupled.”
Generally, collective phenomena occur, i.e. it is hard to identify single-particle excita-
tions (instead one should look at collective excitations). In the AdS/CFT correspondence,
we are forced to consider a particular limit in which the CFT is indeed strongly coupled
which makes calculations in the CFT harder. However, we can use the dual classical
gravity theory (which is easy to solve since it is classical) to make non-trivial predictions
about strongly coupled CFT’s.

' In addition to its intrinsic interest of relating QFT and gravity, the AdS/CFT corre-
. spondence provides a useful tool for making predictions about strongly coupled QFT’s!

Let’s go back to perturbation theory for now. Loosely speaking, every closed loop in
a Feynman diagram corresponds to an order of A.

O(h") O(n) O(r?)

18
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In a classical theory, there are only tree diagrams

Fore the AdS/CFT correspondence we are interested in perturbation theory for the
SU(N) non-abelian gauge theory

1 174
S ="Tr |:92/d437FM F/J,y:|

This is rather complicated, so let us begin with a simpler toy model with a scalar field ¢
in the adjoint representation of the gauge group SU(N) (¢?; := ¢*(T);).

&= —% Tr (86 ) + g T (¢°) + g* Tr ()

kinetic term interactions

Note that the theory is massless (m = 0). It is convenient to rescale ¢ — qg = g¢, so our
Lagrangian becomes

1 1
& = 2 (—2 Tr (9, 0"p) + Tr (¢°) + ¢* Tr (¢*) + Tt (¢4)>

An important result of G. 't Hooft (1974) was that the perturbative expansion may be
organized in a topological fashion in the limit N — oo. To have this limit well-defined,
we introduce the 't Hooft coupling \ := ¢g>N.

The propagator takes the form

e P

' =60 —5 T d=4

<¢]¢l> lk4ﬂ_2(x_y)27 ( )

't Hooft suggested a double-line notation for these propagators:

19
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CD . planar diagrams
genus 0
N 710N non-planar diagrams
NI/ genus 1

't Hooft found out that in the limit N — oo only the genus 0, i.e. the planar diagrams,
survive!

4. Conformal Symmetry

In a CFT, the fields transform covariantly under conformal symmetry transformations.
Let us first look at such symmetry transformations: Consider a line element for a metric,
i.e.

ds® = g, (2) dat dz”

Conformal symmetry transformations are those which leave the metric invariant up to
an arbitrary positive spacetime-dependent factor!'®

x = f(x) with

-
gu(@) = Q72(2) g (@)

scalar function

Note that this is not a Lorentz transformation since it doesn’t act on the indices of g, .
Now we want to find infinitesimal transformations of z*, so we write

ds”? = ) 45?2 | e Qz) = e 7@

Consider g, = 1., (Minkowsky spacetime). Then an infinitesimal transformation is
given by

= H=at 4 et (x)

10 An interpretation of conformal transformations is that they preserve angles locally.

20



II. Basics

Under general coodinate transformations, we have 1, — 1,, + 0., +0,¢,; also we have
infinitesimally that Q(z) = 1 — o(z). Therefore (for conformal transformations) we have

Oucv + Ovey = 20(x) Ny

which is called the conformal Killing equation. The conformal coordinate transformations
are solutions to this equation.
Next step is to take the trace of the equation which leads us to

0-e:=0u" =do(x)
where d denotes the number of dimensions. This implies
(N — 070, 4+ (d—2)0,0,)0-e=0

The case d = 2 is special, so let’s first solve the equation for d > 2. The solutions are

eh(z) = ' + w4+t + (Wa? —2(b-z)at)
~—
o) O(x) O(x2)

d=4 = 4 + 6+1 + 4

so we have 15 free parameters (w denotes an antisymmetric matrix and & a scalar).
Now let us look at a finite transformation. There are

scale transformations: ¢ = AzH
at + bt 2
1+ 2(bz) + b% 22
Lorentzian: SO(d,2)
Euclidean:  SO(d+1,1)

In addition, for a finite conformal transformation it is useful to introduce the inversion
which is a reflection at the unit circle

special conformal transformations: x

These transformations form a group, the conformal group: {

xl"[/

I il

x — 2

This is not connected to the identity, so it is an element of O(d,2) but not SO(d, 2) (for

Lorentzian signature). However, we may show that a special conformal transformation

may be written as an inversion, a translation and another inversion (i.e. with an even
number of inversions).
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What happens in d = 27 We take Euclidean signature and obtain

Oper +0vey =2 o(x) N w,v € {1,2}
—~—

0-e

1
d

0169+ 0261 =0

Cauchy-Ri ti
001e = Diey + Oacy = Do) = Oacy } auchy-Riemann equations

= Every holomorphic function is a solution to the equations
= Conformal group is infinite dimensional

= There is an infinite number of conserved quantities!

Also the conformal symmetry leads to an algebraic structure. Here we have

Generators: a, — P, associated with momentum
Wyy — Ju rotation or Lorentz-transformation
Generators of scale transformations: D

Special conformal transformation: K,

These generators form an algebra including the Poincaré-algebra which involves commu-
tators of P, and J,,,. The further commutators are

[Juw s Kpl = 1(npp Ko — 1up K1)
(D, P, =iP,
(D, K,] =—-iK,

(D, Juw]=0

[K,,K,)=0

Ky, P =2(nwD - Ju)

These form the algebra so(d,2) in d dimensions (d > 2). Now we consider how fields
(more specifically: a scalar field ¢(x)) transforms covariantly under these transforma-
tions. This yields a representation of the conformal algebra. To obtain this, we consider
the transformations at = = 0; applying the translation operator P, then gives the trans-
formation for general x. For the Lorentz-transformation we have

(S » #(0)] = S ¢(0)
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Jyuw is a finite-dimensional representation of the Lorentz group reflecting the spin of ¢ (0
in this case).

(D, (0)] = —=iAyp(0)

where A is the scale dimension of ¢(0), i.e. under scale transformations apply

—A
p(x) = ¢'(a) = X 2p(x)
r— a2 =\
A o(z) which has a fixed scaling dimension is an eigenstate of D: In a conformal algebra
it is sufficient to consider particular fields, the conformal primary fields which satisfy

K, (0)] = 0.
This defines an irreducible multiplet. All other fields in the same multiplet—the de-
scendants of p—are obtained by acting with P, on the conformal primary fields. P, is
our ‘Ladder opperatur’—we will shortly encounter a similar structure for the supersym-
metry-algebra.
By applying translations we can deduce the transformation properties of p(x) from
those of ¢(0). We find

[Py s o)
(D, ¢(x)
[,uIMSO( )
(K, ¢(x)

In a CFT, for the correlation functions of ¢(z) we must have

up()
—1A<p( )+ 2" Oup(x) =: p(x)
Jyw p(x) - i(xu Oy — xy 8#)90(55)
(i(z® 0y — 2242”0 + 22, A) — 22" J ) ()

]
]
]
]

n

> ler(r) ... 8pi(xi) ... onlzn)) =0  (ward identity)
=1

= Z(:c a‘%-ﬂ) (p1(x1) ... on(xn)) =0

=1

For the two-point functions this implies
(1(x1)pa(w2)) = X122 (o1 (Az1) o (A2))

which implies that

¢ A A A
. L= Ay =
(p1(x1)p2(x2)) = (z1 — w9)2A
0 otherwise
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5. Fermions (in QFT)

5.1. Dirac fermions in classical field theory

A Dirac field ¥(z) transforms under Lorentz-transformations x — A x as

V@) - U =exp (;w [y m”]) (A )

where w),,, denotes the antisymmetric parameter matrix belonging to A. The v are the
Dirac matrices satisfying the Clifford algebra

{v*, 4"} =-20""1, {A,B}=AB+BA

Let us construct the Lagrangian for the fermionic fields ¥(x). In the bosonic case the
Lagrangian reads

L(p,0up) = —% M Oup — m2p? (free bosonic theory)
For a free fermionic theory we have
L =ivJu —mUV , where @ =~"9, , U =iyl
which results in the Euler-Lagrange equations

5S[W, ]
P

0 =(=id+m)¥
and similarly for V.

Some remarks about the y-matrices in d = 4: A basis for these may be written in
terms of Pauli matrices. We denote o# = (—1,5) and ¢* = (-1, —7), & = (o!,02,0%)

so we are able to write
“_ 0 ot
T =\ 0
0

7? is a Hermitian matrix while v', 42 and +? are anti-Hermitian. Furthermore it is very
useful to define 5! as

-1 0
5._:.0.1.2.3
’Y-—l’Y’Y’Y’Y—<O 1>

"That it is not actually denoted as v* is a result of different notations used in the past: Some physicists
numbered the v* with p € {0,1,2,3} but some others used p € {1,2,3,4}. To not confuse some
people the matrix is denoted as 4% since it’s an unique name independent of the used convention.
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5.2. Dirac fermions and Weyl fermions

Using v° we may introduce left- and right-handed Weyl-fermions. Therefore we will need
the projection operators

14 =_1-7
P=—, P=—
Uy, =PV, U =PV

This decomposes into two-component spinors while Dirac spinors have four components:

() (2

For Wy, the free Lagrangian is
&L = —ipT " 9,

The classical Dirac Lagrangian has a global U(1) symmetry corresponding to the trans-
formation

[ U - e oy

This leaves the Dirac Lagrangian invariant so we may associate it with the conserved
current J* = U ~* W. For a massless theory there is an additional symmetry

U - €Y U — Uelow

with conserved current
JE = WAty U

which is called the azial current.

6. Supersymmetry

If we head back to our supersymmetry-algebra, we can rearrange the generators in the
following way

Jw =... ) wv=1...d-1

25



II. Basics

that we are able to see the structure of SO(d,2).

At the moment, all the generators we have (J, P, K, D) are bosonic which means
they cannot change the symmetry (symmetric or antisymmetric) of the states they are
acting on. For the supersymmetry, we now may introduce some fermionic operautors12
and a supercharge ) with

A =exp(iZQ) , Q:(??Z) , oa=1,2, a=1,2, d=4

where ¥ is a fermionic generator. This restricted Lie-algebra fulfills a Jacobi-identity
and is graded so the Lie-brackets become

{A,B} A and B fermionic
4, B} =
[A, B| else

with the (anti-)commutation relations

{QO{?Q&} :2(0’“)0@?#
[@.P1=[Q,P]={Q.,Q}={Q.Q} =0

or, in general

(Qa s ") = ()a” Qs
[Qa s JH] =45 (6")75 Q7
Here the €, 518 used to raise/lower spinor-indices. Also we have the R-symmetry which

can be used to transform different supercharges into each other. In the chase of N' =1
the symmetry group is isomorphic to U(1):

Qa — eiw Qa
Qa — € Qs

12The idea behind this introduction the Coleman-Mandula theorem which stated that all additional
symmetries commute with the Poincaré-group. This means that it’s not possible to have a symmetry
mixing up spins and other internal symmetries. An answer to the Colman-Mandula theorem was given
by Haag, Lopuszariski and Sohnius who showed that it’s indeed possible to find such symmetries but
they must be generated by fermionic charges—a loophole in the Coleman-Mandula theorem.
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6.1. Extended SUSY

As indicated above, it is possible to introduce multiple supercharges Q% , a € {1,... N'}.
The algebraic relations between the different Q¢ are

{ Z,Q%}ZEaﬂzab
{Quar Qup} =245 Zar

where Z% = — 7% is the central charge which commutes with all generators. In this
setting, the R-symmetry becomes

QY — RY%Q —  fundamental representation

Qae — Qs (RT)ba — anti-fundamental representation

6.2. Massless Representation

In the massless case, we represent our states through |p#, \) where the helicity A is the
eigenvalue with respect to Ji2 o< J3 = J,. Since the mass of the particles is zero, we are
not able to find a system in which p# = (E,0,0,0) but rather p* = (E,0,0, E), so we
have
¢ Q =26 (o") 4P, =46 FE L0
{ a’QbB}_ b(o-)a[j’ no— b 0 0
—————
=(—00403)E
This leads us to
a=b
4 Q) = N 20 = (|4 I N1+ (1 Qus [0 NP =
{Q27Qb2}_0 = <p ’ ‘{}‘p ) >_||Q2’p ) >H +HQa2’p ) >H =0
= Qa=0Qu=0

as well as

b .
{Q1.Qu} =44 E = abe/IE, aZZle, {ab,al}zéb

and

Q1,77 = (g2)a Q5 = 5@

~—~—
—log
_ 1 5 — 1-
121 _ B —
Q% 7"%] = —5 ()] Qf = 5QF
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A N = N =2 N =4
Lo jatie) et al} 1) |alalala} ()
T 1 —t— )
: ) Q) al |€) a]; |©2) ag |©2) aZIaZZaZS |©2) 4 states
| R [ a— r
0 3 1) 1) alal |0 azlazz |©2) 6 states
; — t
—1 |at|®Y) 3 al 1Y) b ) az 1©2) 4 states
[ L f
-1 | ) 1€2') 2)

Table 2.2: Some examples of applying A creation operators to generate a complete set of
supersymmetric states. For N’ = 1 there are 2 + 2 states resulting in a vector
multiplet (left-hand side) and a chiral multiplet (\, ¢!, ¢?) (right-hand side). For
N = 2 we also obtain a vector multiplet A* and a chiral multiplet (\', X, ¢!, ¢?).
N = 4 is the mazimally supersymmetric state with the multiplets A* (vector),
X2 (fermion) and ¢ (scalar).

= QY lowers \ by

= Qib raises A by

1 b
3 = a
1 T
2 =

Next step is to construct the spectrum. Therefor we start with the vacuumstate |€2)

with minimal A\ and subsequently raise A by applying a;; which results in 2V different
states {\;}. To obtain CPT-invariance, we also have to add the states with {—\;}.

In table 2.2 there are some examples given how to construct the spectrum for N' =
1,2,4. A closer look at the example N' = 4 reveals

6 =[¢,Q] ox A
oA x F + Q?
55\0<D#<;5
SA o A\
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The Lagrangian reads

&L ="Tr F? —D,¢" D¢’ —iXa" D, A,

493M

9 1 .
+ 1622 iffaﬂfyéFa’BF’yé + gym Cabi Aa [¢Z ) )\b]
+ g Cian X [¢ 2] + T2 [61, ] [0, &)

where C? denote the Glebsch-Gordon coefficients—a generalization of ("), 5 Yy 18
the Yang-Mills coupling and A*, X* and ¢ are taken from the adjoint representation. This
results in a well-defined (renormalizable) quantum field theory in d = 3+1 dimensions
which is a conformal field theory—even when quantized.
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Let us shortly recapitulate the Anti-de Sitter space. This hyperbolic space is a solution
to the Einstein-equations with a constant negative curvature and is determined by

XG4+ Xi+ XX, =0

The symmetry of AdS;1; has a d dimensional boundary which is a (conformal com-
pactification of) a d dimensional Minkowsky-space (1 time,d—1 space dimensions). It is
convenient to think of the conformal field theory in d dimensions to be defined on the
boundary of a d + 1 dimensional Anti-de Sitter space.

The AdS/CFT correspondence! makes a number of extremely non-trivial statements!
In particular, a quantum field theory in flat space is conjectured to be equivalent to
a gravity theory in one dimension higher (note that the symmetries and the number of
freedoms of both theories agree)—this is called the holomorphic principle. The conjecture
is motivated by the considerations of D-branes (D stands for Dirichlet) in string theory.
We aim at writing the action for D-branes. These are a generalization of the action for
a point particle (relativistically invariant).

Paticle: The action of a non-relativistic free particle reads

m., .
Snon—rel = / 5332 dt y L=

Equation of motion: mi& =0 = U= constant

For a relativistic one we have
to 2 9
SZ—mC/ds:—mCQ/ dt 1——2 —d82:—02dt2—|—(dl‘1) + ..
P t1 c
dr =v dt

/ 2
(%

d = 1——

S C 02

'AdS/CFT correspondence was first conjectured in 1997 by J. Maldacena (The Large N Limit of
Superconformal field theories and supergravity).
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I11. Elements of string theory

N world line \ U world sheet
o B /

world volume

Figure 3.1: Illustration of the worldpath of a particle (upper left), a string (upper right)
and a membrane (bottom).

As parametrization we use the parameter 7

Tf /o at(ry)
B —
ah(r)
T B -
so we have
dz¥ da¥
ot =2k (1), ds® = M —— —— dr?

dr dr

/ d“d”
= S=/dr nwx a;
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which results in the equation of motion

dp _

I 0, pt = mut

where
1

2
v
-2

is the four-velocity. For a charged particle, we also have to add the action of the gauge

field:
S = —mc/ds + % / Ay(x) dat (Abelian symmetry)
P P

Now we want to do the same for objects extended in space, e. g. strings as the simplest
example. The worldline of the relativistic particle becomes a worldsheet (area) as seen
in figure 3.1. To embed it into spacetime, we now need to parameters

at =t (1, 0)

The action of the string then is the Nambu-Goto action:

Sng = b drdo \/— det (&ﬂ“ gz g;u/)

2ra! Jsy
1. Open and closed strings

There are two different kinds of strings: Open strings /~ and closed ones Q In the
low energy limit, the fundamental oscillation heavily depends on which type the string

actually is:

dipole moment p* < AV Qv < g metric

so the lowest energy mode of an open string can be approximated as a dipole whereas
the lowest energy mode of a closed string is a quadrupole in first order—which we will
later set in correspondence to the gauge field or the metric respectively.
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Next step is to look at the action of a membrane (p-brane) which is a charged object
in p space and one time direction. The parameters (7,0) become a p+1-dimensional
parameter vector £*, so the action reads

Tension of the brane

Spp1 = —?p\/dpﬂﬁ \/— det(P[g] + 2w/ F )

and is called the Dirac-Born-Infeld action, where

ozt Ox¥
P[Q}aﬁ:@@guy, a,f €40, ...p}

is the pullback of the worldvolume metric to the brane. Now we consider a Dp-brane
and more specifically p = 3. ‘D’ stands for Dirichlet boundary conditions. Considering
D3-branes in the open and closed string pictures was used by Maldacena to motivated
the AdS/CFT conjecture.
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As mentioned above, Maldacena motivated the AdS/CFT correspondence by describing
a system in an open or a closed string picture respectively. This resulted in the following
conjecture:

A N =4 SU(N) Super-Yang-Mills theory in 341 dimensions with 't Hooft coupling
A = 27mg2, N large and fixed and N — oo is equivalent (dual) to 10 dimensional super-
gravity on the space AdSs x S°. (Note: We have to consider 10 = 941 dimensions since
superstring theory is consistent only in this number of dimensions).

The DBI-action describes D-branes in the open string picture, i.e. we may consider

the following picture:

It turns out that in a low energy limit where only the lowest fluctuations (i. e. the mass-
less ones) contribute, a stack of N coincident D3-branes is described by the action of
N = 4 SU(N) Super-Yang-Mills theory: This may be seen by expanding the square
root in the DBI-action and keeping only the lowest order terms in o' (essentially this
corresponds to taking the length of the strings to zero).

The first term in the expansion for the gauge fields gives —i J d*z F,, F*. The pull-
back of the six perpendicular coordinates to the worldvolume of the D3-brane become
the six scalar fields of ' =4 SYM. The fermionic contribution to the DBI-action (not
shown) gives the action for the Weyl fermions of N/ =4 SYM.

In the closed string picture, the D3-branes are heavy charged objects which curve
the space around them (solitonic solutions of supergravity). They are solutions to the
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Einstein-equations in 941 dimensions. Our ansatz for a solution of 10 dimensional gravity
is

ds? = H(T)_% Ny dat dz” + H(r)% 6ij dy* dy?
where

=gty g

gives the radial coordinate on the perpendicular 6 dimensional space, z¢ denote the
coordinates on the D3-brane in 341 dimensions and 3 the coordinates perpendicular to
the D3-brane respectively. Insert this ansatz on the undetermined function H(r), namely
OH(r) = 0 for r # 0, so H(r) is a harmonic function,

oy =1+ ()

r

A stringtheory argument to be explained later gives

' =d4n gs N (0/)2 (prop. to 't Hooft coupling \)
gs = 293/M
Two asymptotic regions are:

r> L: H(r) — 1 which gives the flat-space limit

r< L: H(r) — (%)4 which is called the near-horizon region (corresponds to the low-

energy limit)

. 4 . . . . . 2
Inserting H(r) = (%) into the ansatz gives, introducing a new coordinate z = LT, the
metric becomes

ds2—ﬁ dm“dxuga»-d Cdy?
—Lgn;w 2 0 Yy ay
L2

=— (nm, dz# dz” + dz2) +L2d0?

AdSs

where the last term comes from the Ss space fulfilling a SO(6) symmetry, which is
isomorphic to SU(4)—the symmetry group of SUSY!
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1. Field-operator map and AdS propagator

We would like to formulate the AdS/CFT correspondence for individual operators in
the conformal field theory and their dual supergravity fields. The operators in the con-
formal field theory are organized in representations of the global superconformal group
SO(4,2) x SU(4). The corresponding representations of the supergravity fields are ob-
tained by expanding the fields of the 10 dimensional gravity theory in spherical harmonics
on S°

q’(.’IJ, Zy 95) = Z Ql Yl(Q5)
=0

where x denotes the boundary coordinates, z the radial AdS coordinate and 5 the
five angels on the S>—Y' are the spherical harmonics in S° respectively which can be
calculated from generalized Legendre polynomials.

For the appropriate SUGRA (SuperGRAvity) scalas obtained from the D3-branes we
have

Olas ¢4(7,2) = 75l — 4)¢
The scalar gauge invariant operators in the conformal field theory are characterized by
a conformal dimension A, i.e.
const
(z —y)?2

The appropriate dual field of ¢!(z,2) is obtained by identifying A = I, which ensures
that O is in the same representation of the global symmetry, such that [d*z O(z) (p(o)(:v)

(O(z) O(y)) =

is a singlet of the SU(4) symmetry—g here stands for the boundary value of . This
means that the dimension of the operator determines the mass of its dual SUGRA-field.

We aim at calculating the propagator of the gravity scalar field ¢ (z,z) in AdSs.
According to the standard procedure (Huygens principle as in classical electrodynamics),
this is obtained as the Green’s function of the equation of motion of ¢ (x,z). First
we need the action for p®. Consider a field (z, 2) of dimension A in d+1 dimensional
AdS space. The (free) action is

S = —g/dzddx V=g (g™ mgoang0+m2902) ,

1
mQ:PA(A—d)
2

ds? = 5—2 (dz2 + 1y dat dx”)
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where the constant C' is obtained from reduction of a well-defined 10 dimensional SUGRA the-
ory. The equation of motion then reads

(Dg_m2)9‘7:0

with

1
Og = 75 (4202 = (d = 1)20: + 2" 0, 0,)
Here p and v are the indices of the boundary coordinates. It is convenient to perform a
Fourier-transformation in the boundary dimensions (z* — p#). Then we have

2 P2pp(2) — (d—1)20:0p(2) — (ML + p*22)p(2) =0, p* = nupp”

We chose a phase wave ansatz ¢(z, z) = eP"%x ¢ (%) and solve the equation asymptotically
near the boundary of AdS. There are two independent solutions:

Ag lizabl d d?
_ z normalizable _d az 972
z=0: p(2) o { 28~ non-normalizable A = 2 + 4 +meL

We have for z — 0: ¢(z,2) x cp(o)(x)zA* + ¢(+)(x)2A+ o
The non-normalizable fields define associated boundary fields through

P () = i (1, 2) 72

Note that solutions of the equation of motion near the boundary has A_ = d — A,
cpw)(x) plays a crucial role in the AdS/CFT correspondence! In fact, it corresponds to a
field-theoretic source for the boundary conformal field theory operator Oa (z)!

N =y = /Dgp exp [—S + /dd:v cp(o)(x) Oa(x)
_ 6%z
09, () 6, (y)

{Oa(z) Oa(y))
Op = Tr?
This interpretation of Doy (x) allows us to write the AdS/CFT correspondence in an

equation!
At first we write the generating functional of the conformal field theory as

Zorlipg) = ¢ V0l = <exp { /dd:v 20 (@) O(x)]>
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Then, the AdS/CFT correspondence may be stated as

Werr (0] = Ssuara [#] . (4.1)
Zh_)r% p(z,2)z" "~ = %(0) (z)

This equation allows for tests of AdS/CFT correspondence by taking functional deriva-
tives on both sides. For the CFT-side we have

omw

0, (1) 607 (2) ... bt (n) o=
0

(O1(21) O2(x2) ... Op(xy)) =

The equation (4.1) tells us that these correlation function may be calculated from the
dual gravity action accordingly to the following rules:

— Determine the bulk field ¢(z,z) dual to the operator O(x) of dimension A and
compute Sqyara Py reducing 10 dimensional supergravity on the S® (expand in
spherical harmonics).

Solve the supergravity-equations of motion in AdSs, subject to the boundary con-
dition ¢ o< 2474 Doy with Ay =Aand A_=d—- A

— Insert this solution back to the supergravity action

— Take functional derivatives with respect to the source Loy to obtain correlation
functions on the gravity side

This provides Feynman-rules for the gravity theory. Since the gravity theory is classical,
there are only tree diagrams, no loops:

0AdS

The corresponding Feynman-rules are:

1) Source fore the dual operators are located at the boundary

2) Propagators depending from boundary parts are referred to as bulk-to-boundary
propagators
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3) Interior propagators are called bulk-to-bulk propagators
4) All propagators are obtained as Green’s function of the equations of motion in AdS

5) Vertices are obtained from higher order terms in the expansion in spherical har-
monics on S°

6) Integrate over internal vertices

Let us calculate both kinds of propagators explicitly by obtaining the appropriate
Green’s function in the simplest case: a free massive scalar field in AdS space. We will
write the metric of AdS;41 in Euclidean signature fore simplicity:

2

L 14
ds? = = (d2® + 6y da' dz”)
Recall that
2 1

for a scalar field dual to a scalar CFT operator of dimension A. As in classical electro-
dynamics, we use Huygen’s principle and write

oa()= [ dly Ka(zow) g\, yeR? (bouduy)
OAdS S———r '
bulk-to-boundary operator
and

bulk-to-bulk operator

d
on(27) = / dwdy /g Calzz,w,5) J(w,y) (4.2)
AdS N~——

source in the bulk

The equation of motion for the scalar field is
(DAdS - m2) o(z,7) =0 (4.3)

The equation for Ga is obtained by inserting equation (4.2) in (4.3). The result is

L 5 —w) 6Dz — )

(DAdS - m2) GA(Z,%,’LU,y) = ﬁ
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To compute Ga it is convenient to introduce the chordal distance (the integral over the
geodesic length), given by

(w,y)
144/1—¢€2
d(z,z,w,y) = ds=1n T+y1i-&
€2
(z,2)
This gives
22w

3

:212—1—102—1—(:6—3/)2

which is invariant under SO(d,2) transformations. So we have

C A A+1 d
GA(Z,.%',w,y) = GA(&) = WA_CZ)EA . 2F1 (27 T7A_§ + 17§2>
I'(A)

ST (a—g)

where 2F| denotes a hypergeometric function—a power series in £2 with coefficients given
by the first three arguments.

In order to obtain the bulk-to-boundary propagator Ka(z,x,y) we use the explicit
expression for Ga and take the limit w — 0, i.e. the point (w, %) moves to the boundary

2A —d
wA

Ka(z,z,y) = lim

w—0

GA<z,x,w,y>}

This gives

Ka(z,2,y) = Ca <z2+(;—y)2>A

curvature of AdS
which satisfies

lim [zd_A Ka(z,x, y)] = 6D (z—y)

z2—0

We have
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IV. AdS/CFT correspondence

Using these explicit expressions for the propagators, we now are able to calculate corre-
lation functions, e.g. (O(z) O(y)).

The integral to be performed for the two-point functions is divergend and requires
reqularization. We introduce a cut-off at z = ¢, perform the integration and then discuss
the limit € — 0.
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