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• Dirac materials are a new laboratory to study QFTs


• Topology plays an important role (some examples)


• Quantum Hall states in 2d


• Anomaly-induced transport in 3d


• In 2d system with rotational invariance and without T-
inversions, the Viscosity tensor can have an odd 
antisymmetric contribution parametrised by a single quantity


• When rotational invariance is broken more odd viscosities 
appear
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Abstract

1 Our goal

As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
tensor for the system given by

H =
1

2M

�
P

2
x � �

2
�
�x + Py�y , (1)

in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
(A)
ijkl = �⌘

(A)
klij . The

usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.

2 The strategy

To sort out this problem we substitute the original Hamiltonian for the following
four bands one

H̄ =
p
g�

0
�
�
i
pi +m+ bi�

i
�
5
�
, (4)
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1 Our goal

As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
tensor for the system given by
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in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
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ijkl = �⌘
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klij . The

usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.

2 The strategy

To sort out this problem we substitute the original Hamiltonian for the following
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 K0 = ( K0A, K0B)
<latexit sha1_base64="fj96xYJoC6EeYNNg+TgfEm4iuq4=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJWkJKIoBuh1o3gpoJ9QBPCZDpph04ezNwIJeQn3Pgrblwo4lZw5984baNo9cCFM+fcy9x7vJgzCab5oRXm5hcWl4rLpZXVtfUNfXOrJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3vBj77VsqJIvCGxjF1AlwP2Q+IxiU5OqHdiyZm17tZ2c2pz5Uvt7n2bdVz2zB+gM4cPWyWTUnMP4SKydllKPh6u92LyJJQEMgHEvZtcwYnBQLYITTrGQnksaYDHGfdhUNcUClk06uyow9pfQMPxKqQjAm6s+JFAdSjgJPdQYYBnLWG4v/ed0E/FMnZWGcAA3J9CM/4QZExjgio8cEJcBHimAimNrVIAMsMAEVZEmFYM2e/Je0jqqWWbWuj8u1eh5HEe2gXVRBFjpBNXSJGqiJCLpDD+gJPWv32qP2or1OWwtaPrONfkF7+wSddZ50</latexit><latexit sha1_base64="fj96xYJoC6EeYNNg+TgfEm4iuq4=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJWkJKIoBuh1o3gpoJ9QBPCZDpph04ezNwIJeQn3Pgrblwo4lZw5984baNo9cCFM+fcy9x7vJgzCab5oRXm5hcWl4rLpZXVtfUNfXOrJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3vBj77VsqJIvCGxjF1AlwP2Q+IxiU5OqHdiyZm17tZ2c2pz5Uvt7n2bdVz2zB+gM4cPWyWTUnMP4SKydllKPh6u92LyJJQEMgHEvZtcwYnBQLYITTrGQnksaYDHGfdhUNcUClk06uyow9pfQMPxKqQjAm6s+JFAdSjgJPdQYYBnLWG4v/ed0E/FMnZWGcAA3J9CM/4QZExjgio8cEJcBHimAimNrVIAMsMAEVZEmFYM2e/Je0jqqWWbWuj8u1eh5HEe2gXVRBFjpBNXSJGqiJCLpDD+gJPWv32qP2or1OWwtaPrONfkF7+wSddZ50</latexit><latexit sha1_base64="fj96xYJoC6EeYNNg+TgfEm4iuq4=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJWkJKIoBuh1o3gpoJ9QBPCZDpph04ezNwIJeQn3Pgrblwo4lZw5984baNo9cCFM+fcy9x7vJgzCab5oRXm5hcWl4rLpZXVtfUNfXOrJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3vBj77VsqJIvCGxjF1AlwP2Q+IxiU5OqHdiyZm17tZ2c2pz5Uvt7n2bdVz2zB+gM4cPWyWTUnMP4SKydllKPh6u92LyJJQEMgHEvZtcwYnBQLYITTrGQnksaYDHGfdhUNcUClk06uyow9pfQMPxKqQjAm6s+JFAdSjgJPdQYYBnLWG4v/ed0E/FMnZWGcAA3J9CM/4QZExjgio8cEJcBHimAimNrVIAMsMAEVZEmFYM2e/Je0jqqWWbWuj8u1eh5HEe2gXVRBFjpBNXSJGqiJCLpDD+gJPWv32qP2or1OWwtaPrONfkF7+wSddZ50</latexit><latexit sha1_base64="fj96xYJoC6EeYNNg+TgfEm4iuq4=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJWkJKIoBuh1o3gpoJ9QBPCZDpph04ezNwIJeQn3Pgrblwo4lZw5984baNo9cCFM+fcy9x7vJgzCab5oRXm5hcWl4rLpZXVtfUNfXOrJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3vBj77VsqJIvCGxjF1AlwP2Q+IxiU5OqHdiyZm17tZ2c2pz5Uvt7n2bdVz2zB+gM4cPWyWTUnMP4SKydllKPh6u92LyJJQEMgHEvZtcwYnBQLYITTrGQnksaYDHGfdhUNcUClk06uyow9pfQMPxKqQjAm6s+JFAdSjgJPdQYYBnLWG4v/ed0E/FMnZWGcAA3J9CM/4QZExjgio8cEJcBHimAimNrVIAMsMAEVZEmFYM2e/Je0jqqWWbWuj8u1eh5HEe2gXVRBFjpBNXSJGqiJCLpDD+gJPWv32qP2or1OWwtaPrONfkF7+wSddZ50</latexit>

 = ( KA, KB , K0B , K0A)
<latexit sha1_base64="AHQiPWT7ALD2lIdp4QOaKAJotsU=">AAACJHicbZDLSsNAFIYn9VbrLerSTbCIFaQkIiiI0NaN4KaCvUATymQ6aYdOLsycCCX0Ydz4Km5ceMGFG5/FSRukVn8Y+PjPOZw5vxtxJsE0P7XcwuLS8kp+tbC2vrG5pW/vNGUYC0IbJOShaLtYUs4C2gAGnLYjQbHvctpyh1dpvXVPhWRhcAejiDo+7gfMYwSDsrr6hR1Jdmlz6kEpxW5yUx0fZ1T7ocMZrI5twfoDOOrqRbNsTmT8BSuDIspU7+pvdi8ksU8DIBxL2bHMCJwEC2CE03HBjiWNMBniPu0oDLBPpZNMjhwbB8rpGV4o1AvAmLizEwn2pRz5rur0MQzkfC01/6t1YvDOnYQFUQw0INNFXswNCI00MaPHBCXARwowEUz91SADLDABlWtBhWDNn/wXmidlyyxbt6fFSi2LI4/20D4qIQudoQq6RnXUQAQ9oCf0gl61R+1Ze9c+pq05LZvZRb+kfX0Df0CksA==</latexit><latexit sha1_base64="AHQiPWT7ALD2lIdp4QOaKAJotsU=">AAACJHicbZDLSsNAFIYn9VbrLerSTbCIFaQkIiiI0NaN4KaCvUATymQ6aYdOLsycCCX0Ydz4Km5ceMGFG5/FSRukVn8Y+PjPOZw5vxtxJsE0P7XcwuLS8kp+tbC2vrG5pW/vNGUYC0IbJOShaLtYUs4C2gAGnLYjQbHvctpyh1dpvXVPhWRhcAejiDo+7gfMYwSDsrr6hR1Jdmlz6kEpxW5yUx0fZ1T7ocMZrI5twfoDOOrqRbNsTmT8BSuDIspU7+pvdi8ksU8DIBxL2bHMCJwEC2CE03HBjiWNMBniPu0oDLBPpZNMjhwbB8rpGV4o1AvAmLizEwn2pRz5rur0MQzkfC01/6t1YvDOnYQFUQw0INNFXswNCI00MaPHBCXARwowEUz91SADLDABlWtBhWDNn/wXmidlyyxbt6fFSi2LI4/20D4qIQudoQq6RnXUQAQ9oCf0gl61R+1Ze9c+pq05LZvZRb+kfX0Df0CksA==</latexit><latexit sha1_base64="AHQiPWT7ALD2lIdp4QOaKAJotsU=">AAACJHicbZDLSsNAFIYn9VbrLerSTbCIFaQkIiiI0NaN4KaCvUATymQ6aYdOLsycCCX0Ydz4Km5ceMGFG5/FSRukVn8Y+PjPOZw5vxtxJsE0P7XcwuLS8kp+tbC2vrG5pW/vNGUYC0IbJOShaLtYUs4C2gAGnLYjQbHvctpyh1dpvXVPhWRhcAejiDo+7gfMYwSDsrr6hR1Jdmlz6kEpxW5yUx0fZ1T7ocMZrI5twfoDOOrqRbNsTmT8BSuDIspU7+pvdi8ksU8DIBxL2bHMCJwEC2CE03HBjiWNMBniPu0oDLBPpZNMjhwbB8rpGV4o1AvAmLizEwn2pRz5rur0MQzkfC01/6t1YvDOnYQFUQw0INNFXswNCI00MaPHBCXARwowEUz91SADLDABlWtBhWDNn/wXmidlyyxbt6fFSi2LI4/20D4qIQudoQq6RnXUQAQ9oCf0gl61R+1Ze9c+pq05LZvZRb+kfX0Df0CksA==</latexit><latexit sha1_base64="AHQiPWT7ALD2lIdp4QOaKAJotsU=">AAACJHicbZDLSsNAFIYn9VbrLerSTbCIFaQkIiiI0NaN4KaCvUATymQ6aYdOLsycCCX0Ydz4Km5ceMGFG5/FSRukVn8Y+PjPOZw5vxtxJsE0P7XcwuLS8kp+tbC2vrG5pW/vNGUYC0IbJOShaLtYUs4C2gAGnLYjQbHvctpyh1dpvXVPhWRhcAejiDo+7gfMYwSDsrr6hR1Jdmlz6kEpxW5yUx0fZ1T7ocMZrI5twfoDOOrqRbNsTmT8BSuDIspU7+pvdi8ksU8DIBxL2bHMCJwEC2CE03HBjiWNMBniPu0oDLBPpZNMjhwbB8rpGV4o1AvAmLizEwn2pRz5rur0MQzkfC01/6t1YvDOnYQFUQw0INNFXswNCI00MaPHBCXARwowEUz91SADLDABlWtBhWDNn/wXmidlyyxbt6fFSi2LI4/20D4qIQudoQq6RnXUQAQ9oCf0gl61R+1Ze9c+pq05LZvZRb+kfX0Df0CksA==</latexit>
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<latexit sha1_base64="JIJPPpfWPNFd6AEYay/lToy24gM="></latexit><latexit sha1_base64="JIJPPpfWPNFd6AEYay/lToy24gM="></latexit><latexit sha1_base64="JIJPPpfWPNFd6AEYay/lToy24gM="></latexit><latexit sha1_base64="JIJPPpfWPNFd6AEYay/lToy24gM="></latexit>

H = �x (kx �K) + �yky
<latexit sha1_base64="3QfZe5Z68xH34BM7gdaiIK1Pu8k=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBCiYtgVQS9C0EvASwTzgGxYZiezybCzD2Z6JUvIP3jxV7x4UMSrF2/+jZNkD5pY0FBUddPd5caCKzDNb2NhcWl5ZTW3ll/f2NzaLuzsNlSUSMrqNBKRbLlEMcFDVgcOgrViyUjgCtZ0/Zux33xgUvEovIc0Zp2A9ELucUpAS07huIqvsK14LyDOwBbMg5LvDE5vbcl7fTg6yazUd1KnUDTL5gR4nlgZKaIMNafwZXcjmgQsBCqIUm3LjKEzJBI4FWyUtxPFYkJ90mNtTUMSMNUZTn4a4UOtdLEXSV0h4In6e2JIAqXSwNWdAYG+mvXG4n9eOwHvsjPkYZwAC+l0kZcIDBEeB4S7XDIKItWEUMn1rZj2iSQUdIx5HYI1+/I8aZyVLbNs3Z0XK9dZHDm0jw5QCVnoAlVQFdVQHVH0iJ7RK3oznowX4934mLYuGNnMHvoD4/MH8EGdlw==</latexit><latexit sha1_base64="3QfZe5Z68xH34BM7gdaiIK1Pu8k=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBCiYtgVQS9C0EvASwTzgGxYZiezybCzD2Z6JUvIP3jxV7x4UMSrF2/+jZNkD5pY0FBUddPd5caCKzDNb2NhcWl5ZTW3ll/f2NzaLuzsNlSUSMrqNBKRbLlEMcFDVgcOgrViyUjgCtZ0/Zux33xgUvEovIc0Zp2A9ELucUpAS07huIqvsK14LyDOwBbMg5LvDE5vbcl7fTg6yazUd1KnUDTL5gR4nlgZKaIMNafwZXcjmgQsBCqIUm3LjKEzJBI4FWyUtxPFYkJ90mNtTUMSMNUZTn4a4UOtdLEXSV0h4In6e2JIAqXSwNWdAYG+mvXG4n9eOwHvsjPkYZwAC+l0kZcIDBEeB4S7XDIKItWEUMn1rZj2iSQUdIx5HYI1+/I8aZyVLbNs3Z0XK9dZHDm0jw5QCVnoAlVQFdVQHVH0iJ7RK3oznowX4934mLYuGNnMHvoD4/MH8EGdlw==</latexit><latexit sha1_base64="3QfZe5Z68xH34BM7gdaiIK1Pu8k=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBCiYtgVQS9C0EvASwTzgGxYZiezybCzD2Z6JUvIP3jxV7x4UMSrF2/+jZNkD5pY0FBUddPd5caCKzDNb2NhcWl5ZTW3ll/f2NzaLuzsNlSUSMrqNBKRbLlEMcFDVgcOgrViyUjgCtZ0/Zux33xgUvEovIc0Zp2A9ELucUpAS07huIqvsK14LyDOwBbMg5LvDE5vbcl7fTg6yazUd1KnUDTL5gR4nlgZKaIMNafwZXcjmgQsBCqIUm3LjKEzJBI4FWyUtxPFYkJ90mNtTUMSMNUZTn4a4UOtdLEXSV0h4In6e2JIAqXSwNWdAYG+mvXG4n9eOwHvsjPkYZwAC+l0kZcIDBEeB4S7XDIKItWEUMn1rZj2iSQUdIx5HYI1+/I8aZyVLbNs3Z0XK9dZHDm0jw5QCVnoAlVQFdVQHVH0iJ7RK3oznowX4934mLYuGNnMHvoD4/MH8EGdlw==</latexit><latexit sha1_base64="3QfZe5Z68xH34BM7gdaiIK1Pu8k=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBCiYtgVQS9C0EvASwTzgGxYZiezybCzD2Z6JUvIP3jxV7x4UMSrF2/+jZNkD5pY0FBUddPd5caCKzDNb2NhcWl5ZTW3ll/f2NzaLuzsNlSUSMrqNBKRbLlEMcFDVgcOgrViyUjgCtZ0/Zux33xgUvEovIc0Zp2A9ELucUpAS07huIqvsK14LyDOwBbMg5LvDE5vbcl7fTg6yazUd1KnUDTL5gR4nlgZKaIMNafwZXcjmgQsBCqIUm3LjKEzJBI4FWyUtxPFYkJ90mNtTUMSMNUZTn4a4UOtdLEXSV0h4In6e2JIAqXSwNWdAYG+mvXG4n9eOwHvsjPkYZwAC+l0kZcIDBEeB4S7XDIKItWEUMn1rZj2iSQUdIx5HYI1+/I8aZyVLbNs3Z0XK9dZHDm0jw5QCVnoAlVQFdVQHVH0iJ7RK3oznowX4934mLYuGNnMHvoD4/MH8EGdlw==</latexit>

H
0 = ��x (kx +K

0) + �yky
<latexit sha1_base64="QzytUZxn4bf/IbGaIBjqG1mfvJA=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBZppbQkIuhFKHopeFGwWmhK2Gw37ZLNB7sTaSj9FV78K148KOJVvPlv3NYctPXBwOO9GWbmubHgCkzzy8gtLC4tr+RXC2vrG5tbxe2dWxUlkrIWjUQk2y5RTPCQtYCDYO1YMhK4gt25/sXEv7tnUvEovIE0Zt2A9EPucUpAS06x1izjM1yzFe8HxBnagnlQ8Z1h9bJsS94fwGE181LfSZ1iyaybU+B5YmWkhDJcOcVPuxfRJGAhUEGU6lhmDN0RkcCpYOOCnSgWE+qTPutoGpKAqe5o+tYYH2ilh71I6goBT9XfEyMSKJUGru4MCAzUrDcR//M6CXin3REP4wRYSH8WeYnAEOFJRrjHJaMgUk0IlVzfiumASEJBJ1nQIVizL8+T26O6Zdat6+NS4zyLI4/20D6qIAudoAZqoivUQhQ9oCf0gl6NR+PZeDPef1pzRjazi/7A+PgGMOqeLg==</latexit><latexit sha1_base64="QzytUZxn4bf/IbGaIBjqG1mfvJA=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBZppbQkIuhFKHopeFGwWmhK2Gw37ZLNB7sTaSj9FV78K148KOJVvPlv3NYctPXBwOO9GWbmubHgCkzzy8gtLC4tr+RXC2vrG5tbxe2dWxUlkrIWjUQk2y5RTPCQtYCDYO1YMhK4gt25/sXEv7tnUvEovIE0Zt2A9EPucUpAS06x1izjM1yzFe8HxBnagnlQ8Z1h9bJsS94fwGE181LfSZ1iyaybU+B5YmWkhDJcOcVPuxfRJGAhUEGU6lhmDN0RkcCpYOOCnSgWE+qTPutoGpKAqe5o+tYYH2ilh71I6goBT9XfEyMSKJUGru4MCAzUrDcR//M6CXin3REP4wRYSH8WeYnAEOFJRrjHJaMgUk0IlVzfiumASEJBJ1nQIVizL8+T26O6Zdat6+NS4zyLI4/20D6qIAudoAZqoivUQhQ9oCf0gl6NR+PZeDPef1pzRjazi/7A+PgGMOqeLg==</latexit><latexit sha1_base64="QzytUZxn4bf/IbGaIBjqG1mfvJA=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBZppbQkIuhFKHopeFGwWmhK2Gw37ZLNB7sTaSj9FV78K148KOJVvPlv3NYctPXBwOO9GWbmubHgCkzzy8gtLC4tr+RXC2vrG5tbxe2dWxUlkrIWjUQk2y5RTPCQtYCDYO1YMhK4gt25/sXEv7tnUvEovIE0Zt2A9EPucUpAS06x1izjM1yzFe8HxBnagnlQ8Z1h9bJsS94fwGE181LfSZ1iyaybU+B5YmWkhDJcOcVPuxfRJGAhUEGU6lhmDN0RkcCpYOOCnSgWE+qTPutoGpKAqe5o+tYYH2ilh71I6goBT9XfEyMSKJUGru4MCAzUrDcR//M6CXin3REP4wRYSH8WeYnAEOFJRrjHJaMgUk0IlVzfiumASEJBJ1nQIVizL8+T26O6Zdat6+NS4zyLI4/20D6qIAudoAZqoivUQhQ9oCf0gl6NR+PZeDPef1pzRjazi/7A+PgGMOqeLg==</latexit><latexit sha1_base64="QzytUZxn4bf/IbGaIBjqG1mfvJA=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBZppbQkIuhFKHopeFGwWmhK2Gw37ZLNB7sTaSj9FV78K148KOJVvPlv3NYctPXBwOO9GWbmubHgCkzzy8gtLC4tr+RXC2vrG5tbxe2dWxUlkrIWjUQk2y5RTPCQtYCDYO1YMhK4gt25/sXEv7tnUvEovIE0Zt2A9EPucUpAS06x1izjM1yzFe8HxBnagnlQ8Z1h9bJsS94fwGE181LfSZ1iyaybU+B5YmWkhDJcOcVPuxfRJGAhUEGU6lhmDN0RkcCpYOOCnSgWE+qTPutoGpKAqe5o+tYYH2ilh71I6goBT9XfEyMSKJUGru4MCAzUrDcR//M6CXin3REP4wRYSH8WeYnAEOFJRrjHJaMgUk0IlVzfiumASEJBJ1nQIVizL8+T26O6Zdat6+NS4zyLI4/20D6qIAudoAZqoivUQhQ9oCf0gl6NR+PZeDPef1pzRjazi/7A+PgGMOqeLg==</latexit>

+m0�
0
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Hall viscosities in an anisotropic 2d system

March 8, 2018

Abstract

1 Our goal

As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
tensor for the system given by

H =
1

2M

�
P

2
x � �

2
�
�x + Py�y , (1)

in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
(A)
ijkl = �⌘

(A)
klij . The

usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.

2 The strategy

To sort out this problem we substitute the original Hamiltonian for the following
four bands one

H̄ =
p
g�

0
�
�
i
pi +m+ bi�

i
�
5
�
, (4)
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Applying a magnetic field

T-inversion is broken, therefore Hall viscosity appears
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subsystem. Then the wavefunctions for zeroth Landau
level of the two subsystems read o↵

 
1
0 = (1, 0, 0, 0) |0, d, ⌧i,

 
2
0 = (0, 0, 1, 0) |0,�d, ⌧i. (10)

For transparency, the higher excited wavefunctions are
presented in the supplementary material.

In contrast, the second analytically solvable case, b =
0, is slightly more involved because there is no decou-
pling. After a careful calculation, the eigenenergies are
found to be ✏n = ±!

p
n+M2. The zero mode here turns

out to be nondegenerate and the states with n > 0 are
doubly degenerate. The zeroth Landau level wavefunc-
tion is

 0 =
1
p
2
(1, 0,±1, 0)|0, 0, ⌧i . (11)

As before, the degenerate excited wavefunctions can be
obtained easily and they are presented in the supplemen-
tary material for simplicity. These limiting behaviors of
Eq. (6) are expected to be reflected in the Hall viscosi-
ties (discussed in the next section) for both b � m0 and
b ⌧ m0, in which a single viscosity exist and can be
computed analytically.

Berry Curvature.–According to the adiabatic response
theorem by Feynman and Hellmann, the expectation
value of the variation of the Hamiltonian, with respect
to some set of parameters xi, is given by

⌧
@H

@xj

�
=
@E

@xj

� ⌦ij ẋj . (12)

The first term is a result of the energy change of the
ground state deformation. The second term is the adia-
batic Berry curvature
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which is nonzero if the phase of the state  changes along
a closed path in the space of deformations. Plugging
the eigenstates Eq. (8) into Eq. (13), the total Berry
curvature can be readily obtained by

⌦ = id
�
c†
n
· dcn

�
+ d

�
c†
n
· cm

�
^A

nm + c†
n
· cmF

nm
.

(14)

Here repeated indices denote Einstein’s notation and the
exterior derivative d acts on the space expanded by the
parameters ⌧, V . The detailed derivation is shown in the
supplementary material. The explicit form of A and F

evaluated at non-deformed torus ⌧ = i read

A
mn = �

1

4

⇣p
m(m� 1)�m,n�2d⌧̄
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(m+ 1)(m+ 2) �m,n+2d⌧
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�m,nd⌧ ^ d⌧̄ . (16)

FIG. 3: Subtracted viscosity coe�cients (�⌘ = ⌘ � ⌘iso) as a
function of the ratio b/m0.

For m0 = 0, the first and second terms in Eq. (14) identi-
cally vanishes since cn are independent of V, ⌧ . The only
surviving contribution produces the value for the Berry
curvature at ⌧ = i [36]
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i
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2
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d⌧ ^ d⌧̄ �pq , (17)

where p, q = 1, 2 label the degenerate subspace associ-
ated to each subsystem as pointed out before. Evidently,
⌦ is diagonal in the subsystem subspace. Thus, we re-
cover the Berry curvature for isotropic Dirac systems us-
ing Eq. (14)[29][37].
Similarly, for b = 0 and for zeroth Landau level,

cn ⇠ �n,0, leading to ⌦ = �
i

8
d⌧^d⌧̄

⌧
2
2

. For higher Landau

levels, the calculation of Berry curvature is subtle due
to two-fold degenerate Landau levels (not to be confused
with magnetic degeneracy) as discussed in the preceding
sections. These subtleties, however, do not change the
message we want to convey, because the degeneracy is
not present around the critical point. For simplicity, we
focus mainly on the zeroth Landau level in our analysis.
For nonzero b and m0, cn 6= �n,0, thus we may have

nonzero contribution from the first and second terms of
Eq. 14, which in turn may lead to more than one Hall
coe�cient as will be evident shortly. Thus, this is one of
the main results of this study.
Anisotropy and Hall viscosity.–Armed with the deriva-

tion of Berry curvature, we now relate di↵erent compo-
nent of ⌦ to the viscosity components and show how
anisotropy in a Dirac system leads to more than one Hall
viscosity coe�cient. The odd transport coe�cients are
the most readily visible at the level of constitutive rela-
tions. One can expand the average stress tensor in time
derivatives of the strain

Tij = �

X

kl

�ijklukl �

X

kl

⌘ijkl
@ukl

@t
+ · · · (18)
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focus mainly on the zeroth Landau level in our analysis.
For nonzero b and m0, cn 6= �n,0, thus we may have

nonzero contribution from the first and second terms of
Eq. 14, which in turn may lead to more than one Hall
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tion of Berry curvature, we now relate di↵erent compo-
nent of ⌦ to the viscosity components and show how
anisotropy in a Dirac system leads to more than one Hall
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nian for an anisotropic 2D Dirac semi-metal

H = �
0(p · � + b · ��5 +m0). (2)

Here �µ = (⌧x,�i⌧
y�), �5 = ⌧

z are 4⇥4 Dirac matrices,
satisfying {�

µ
, �

⌫
} = 2⌘µ⌫14, where ⌘ = (1,�1,�1,�1);

⌧ and �’s are the Pauli matrices in spin and pseudo-
spin space, respectively, p = (px, py, 0); m0 denotes mass
gap and b = (b, 0, 0) is the anisotropic parameter of the
Hamiltonian.

The energy spectrum of Eq. (2) is given by

E(px, py) = r

r
p2
x
+ p2

y
+ b2 +m

2
0 + 2s

q
b2(m2

0 + p2
x
),

(3)

where r, s = ±. Note that r = ±1, s = �1 corre-
spond to lowest conduction and highest valence band,
respectively. The competition between mass gap m0 and
anisotropy b leads to three distinct phases (c.f Fig. 1). For
b > m0, the spectrum is gapless with two-Dirac nodes at
(±

p
b2 �m

2
0, 0, 0), while b < m0 corresponds to a gapped

insulating phase. On the other hand, for b = m0, we ob-
tain a critical phase where two Dirac nodes merge and
lead to a semi-Dirac phase. Thus, the variation of b/m0

changes the Fermi surface topology, leading to a Lifshitz
transition.

Landau levels and Wavefunctions on a torus.– Let us
now focus on finding out the Landau spectrum and corre-
sponding wavefunctions of Eq. (2) on a torus. The metric
of the torus is given by

ds
2 =

V

⌧2

�
dx2 + 2⌧1dxdy + |⌧ |

2dy2
�
, (4)

where ⌧ = ⌧1+i⌧2 is the modular parameter and V is the
volume of the torus. With this, the Landau Hamiltonian
in the presence of a constant perpendicular magnetic field
B = ✏

ij
@iAj [35] is obtained to be

HL = �
0(⇧iea

i
�
a +m0 + biea

i
�
a
�
5), (5)

where a, i, j 2 (1, 2), ⇧i = pi � eAi, and ea
i’s are

the frame vectors satisfying g
ij = ea

i
�
ab
eb

j . With
this construction, the kinematical momenta ⇧i satisfy
[⇧i,⇧j ] = i✏ij l

�2
B

, where lB = ~/(eB) is the magnetic
length. For simplicity, we set ~ = e = 1 for the rest of
this study.

To diagonalize Eq. (5), we introduce ladder operators
a, a

†, satisfying [a, a†] = 1. This leads to

HL = !
⇥
(a�+ + a

†
��)⌧z + (d̄�+ + d��)⌧0 +M�x⌧0

⇤
,

(6)

where a bar denotes complex conjugation, �± = �x ±

�y, ! =
p
2l�1

B
, a = i(V ⌧2)�1/2(⇧y � ⌧⇧x)/!, d =

�i(V ⌧2)�1/2
⌧b/!, and M = m0/!.

FIG. 2: Positive energy Landau levels (n). The zeroth Lan-
dau level is non-degenerate irrespective of the values of b for
finite m0. The black dots for b = 0 correspond to the Landau
energies ✏n ⇠

p
n+M2, while black dots for b/m0 � 1 cor-

respond to ✏n ⇠
p
n, showing agreement between numerical

and analytical results.

For nonzero b and m0, Eq. (6) cannot be exactly di-
agonalized. Thus, we choose an algebraic semi-analytic
method to diagonalize Eq. (6) and obtain the Hall vis-
cosities. To do so, let us introduce new shifted ladder
operators ad = a+ d, a†

d
= a

† + d̄. This leads to a set of
basis states |n,↵, d, ⌧i, satisfying

a†
d
ad|n,↵, d, ⌧i = n|n,↵, d, ⌧i . (7)

The index ↵ = 1, . . . , N labels the magnetic degeneracy,
which for notational simplicity we ignore in the rest of
the Letter. For a detailed discussion on the existence of
these eigenvectors and how to impose the proper bound-
ary conditions on the torus see Ref. [8, 28]. Having these
basis, we proceed to expand each Landau level eigenstate
as follows

| i =
X

n

cn|n, d, ⌧i, (8)

where cn is a set of four components constant fermion,
depending only on the values of ⌧, V . At this point, the
problem of diagonalizing Eq. (6) is translated into the
eigenvalues problem of the infinite matrix

Hnmcm = ✏ncn , where Hnm = hn, d, ⌧ |HL|m, d, ⌧i .

(9)
In general cn’s have to be obtained numerically by trun-
cating the series at some large enough values of n. How-
ever, there are two limiting cases in which the diagonal-
ization process of Eq. (6) can be done analytically, the
first and simplest case corresponds to m0 = 0 (see Fig.
1). In this case, the Hamiltonian decouples into two 2-
bands subsystem which do not interact with each other.
The eigenenergies turn out to be ✏n = ±!

p
n for each
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change in energy if the system is taken along a closed
loop in parameter space.
In the special case where ~P) is a (normalized) multi-

particle state corresponding to N noninteracting fermions
in the single particle (normalized) states ~pt) with ener-
gies Ft(X) (all depending smoothly on parameter X), one
has

~I,k = Im p (~,Ptl~kgt),
8=1

Z(X) = P Z, (X).

To apply all this to viscosity, one needs to identify
appropriate parameters so that —BH/BX/ is related to the
stress tensor and X to the rate of strain. Consider a fluid
confined to a given domain in d-dimensional Euclidean
space (planar parallelogram shown in Fig. 1 is an example
for d = 2). A uniform deformation is represented by the
(symmetric) tensor u of constant strain [1]:

BLtp BQ
uap = 2 +

Bx~ Bxp )

where u = x' —x are the coordinates of the displace-
ment vector, and x' is a linear transformation of x. In two
dimensions, the space of linear deformations (i.e., con-
stant strains) is three dimensional. A two-dimensional
subspace is associated with shears (transformations that
preserve the volume), and the transverse direction may be
associated with scaling.
An equivalent point of view is to keep the domain

fixed and to consider deformations of the metric instead.
The parameter space of flat metrics is then the same as
that of constant strains. Explicit formulas relating strains
and metrics, as well as convenient coordinates on the
corresponding parameter space, will be given later.
Now let 0 denote the Hamiltonian in a domain D in

d-dimensional space with metric g. By the principle of
virtual work [12], —BH/Bu is the observable associated
with total stress tensor, fo[6H/6 u(x)] d vol(x).
Adiabatic deformations of constant strain give the

quantum version of Eq. (1):~ ~

~

~

BH BF. + g A p~pu~g . (8)
u

0

FIG. 1. Parallelogram in the complex plane associated with
the lattice with periods cu1 = (V/r2)', cu2 = (V/r2)'

Here (BH/Bu p) is the total stress tensor which is
related to the (ordinary) stress tensor o. by rr p =—(1/V)(BH/Bu p) T. he first term on the right-hand
side of Eq. (8) means that the elastic modulus tensor is
A p~& = 2 8 F/Bu p r1u~&. It is symmetric in the pairs
of indices (n p) and (y6) and under the transposition of
(n P) and (y 6).
The adiabatic curvature A p~s is antisymmetric with

respect to the transposition of the first and second pairs
of indices, and plays the role of nondissipative viscosity.
The adiabatic curvature A and the viscosity q~ are two
related notions of viscosity, in rough analogy to conduc-
tance and conductivity. Here 0, is a dimensionless mea-
sure of quantum viscosity and has units of Planck constant
h. It relates the total stress (whose dimension coincides
with energy) to the strain rate. The conventional viscosity
rI~ has a dimension of 6 /V, where V is the volume and
relates the stress (whose dimension coincides with pres-
sure) to the strain rate. The two notions of viscosity are
related by

Whether one chooses to focus on II or on g" is to an
extent a matter of taste. In the example we shall consider,
A is quantized, whereas g~ is a local characteristic of the
fluid.
Let us illustrate these ideas with a concrete example.

Consider two-dimensional quantum Hall fluid on a torus
represented by the unit square in the configuration space
(x, y) E Q = [0, I] X [0, I] with opposite sides identi-
fied. As coordinates on the s ace of flat metrics on Q,
we use the area V = (detg)' 2 and complex parameter
7. = ~~ + i~2 describing shears, i.e., deformations that
preserve the volume. In this parametrization, flat metrics
are

U
g(V, r) = —(dx + 2r1dxdy + ~r~2dy ),

72
x, y, E Q.

An equivalent point of view is to associate this configura-
tion torus to the lattice in the complex plane with periods

V )1/2 V ) 1/2
co~=, cu2 =

as shown in I'ig. 1. The complex coordinate g on the
parallelogram in Fig. 1 is related to coordinates (x, y) H
Q by z = (V/r2)'/ (x + ry). In terms of coordinate z,
one has g = ~dz j; i.e., the metric is Euclidean.
The I andau Hamiltonian describes the kinetic energy

of a charged (spinless) particle in a constant magnetic
field and Aharonov-Bohm gauge fields. It is given by the
5-parameter family

H(v, r, y) = [~r~'D,' —r, (n, D, + n, n, )+D,'],
Uvp

(12)
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HALL VISCOSITIES AND BERRY CURVATURE

The aim of this section is to derive Eqs. (19)-(21) of the main text. For this derivation we follow [6]. Applying
strain on a physical system is equivalent at the linear order to deforming the background space

gij = �ij + uij , (28)

where �ij is the non-deformed metric and uij the strain tensor. This interpretation allows to relate the strain rates
with the parameters ⌧, V as follows

du11 =
1

2

✓
dV

V
� d⌧2

⌧2

◆
, du22 =

1

2

✓
dV

V
+

d⌧2
⌧2

◆
, du12 =

1

2

d⌧1
⌧2

. (29)

On the other hand, the Berry curvature in general will have the following form

⌦ = ⌦⌧1⌧2d⌧1 ^ d⌧2 + ⌦⌧1V d⌧1 ^ dV + ⌦⌧2V d⌧2 ^ dV , (30)

which can be written in terms of the physical variables (strain) as

⌦ = 2⌧2(⌧2⌦⌧1⌧2 � V ⌦⌧1V )du11 ^ du12 + 2⌧2(⌧2⌦⌧1⌧2 + V ⌦⌧1V )du12 ^ du22 � 2⌧2V ⌦⌧2V du11 ^ du22. (31)

Using these relations, we extract the components of the Hall viscosity

⌘xxxy =
B

2⇡N
(⌧22⌦⌧1⌧2)� ⌧2⌦⌧1V (32)

⌘xyyy =
B

2⇡N
(⌧22⌦⌧1⌧2) + ⌧2⌦⌧1V (33)

⌘xxyy = �⌧2⌦⌧2V (34)

MASSLESS PHASE

As discussed in the main text, the Landau Hamiltonian under study can be exactly diagonalized when m0 = 0. In
this case, the Hamiltonian in Eq. (6) of the main text reads

HL = !
⇥
(a�+ + a

†
��)⌧z + (d̄�+ + d��)⌧0

⇤
. (35)

Eq. (35) simplifies due to the fact that it decomposes into two decoupled systems as the Hamiltonian is block diagonal.
Thus, for each subsystem, the eigenenergies are obtained to be

✏n = ±!
p
n , n � 0. (36)

The corresponding eigenstates are
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In practice, the decoupling implies that a Berry curvature can be associated to each subsystem, in other words the
Berry curvature is diagonal in the subsystem space
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where p, q = 1, 2 label the subsystems and ↵,� = 1, 2, . . . , N the magnetic degeneracy.
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FIG. 4: Scaling of the subtracted viscosity tensor as a function
of the magnetic length. Dots correspond to the numerical
data whereas solid lines represent the fitting.

where the strain is expressed in terms of a deformation
vector ukl = @kul+@luk. The first term in that expansion
�ijkl corresponds to a generalized Hooke’s elasticity ten-
sor and the second term ⌘ijkl corresponds to the viscosity
tensor. Note that ⌘ijkl is symmetric under exchange of
i with j and k with l [38]. In general, ⌘ can be divided
into ⌘ = ⌘S + ⌘A, where ⌘S is symmetric with respect to
interchanging first pair (ij) with (kl) whereas ⌘A is an-
tisymmetric under exchange of (ij) with (kl). Since an-
tisymmetric part is odd under time-reversal ⌘A 6= 0 only
when time reversal symmetry is broken. As the antisym-
metric part of the viscosity tensor is non-dissipative, it
may survive at zero temperature. From now on we only
focus on the antisymmetric non-dissipative part and re-
move the label A for brevity and clarity.

For generic two dimensional (2D) systems without time
reversal, ⌘ijkl has in principle three independent compo-
nents ⌘xxxy, ⌘xyyy and ⌘xxyy. However, for rotationally
invariant systems, the number of independent quantities
reduces, and ⌘ijkl is solely determined by a single vis-
cosity, denoted as ⌘H since ⌘H = ⌘xxxy = ⌘xyxx and
⌘xxyy = 0. This single object turns out to be an univer-
sal quantity ⌘H = s̄⇢/2, where s̄ is the orbital angular
momentum, and ⇢ is the average number density.

Since the odd viscosity tensor is a multicomponent ten-
sor for a generic 2D system, we relate di↵erent compo-
nents of Berry curvature to the viscosity coe�cients. To-
gether with Eq. (12), (18), and evaluating strain rate on
the non-deformed torus ⌧ = i, V = 1, we obtain

2⇡Nl
2
B
⌘xxxy = ⌦⌧1⌧2 � ⌦⌧1V

2⇡Nl
2
B
⌘xyyy = ⌦⌧1⌧2 + ⌦⌧1V (19)

2⇡Nl
2
B
⌘yyxx = ⌦⌧2V ,

where each component of ⌦ can be extracted from
Eq. (14) (see supplementary material). In the isotropic
case, ⌦⌧2V and ⌦⌧1V turn out to be identically zero. Thus

⌘xxxy = �⌘yyxy is the only parameter that determines re-
sponse to the geometry of the QH states. However, due
to the anisotropic nature of the Dirac system, each term
in Eqs. (19) contributes to the viscosities except for ⌦⌧2V

which turns out to be zero (see Fig. 3).
Fig. (3) illustrates the di↵erent components of the vis-

cosity tensor after subtracting the isotropic value (�⌘ =
⌘ � ⌘iso) as a function of the ratio b/m0. It is evi-
dent that the di↵erent components of ⌘ start to devi-
ate from the universal isotropic value as we increase b for
fixed m0 and become maximum near the ideal semi-Dirac
phase (b/m0 = 1). Thus, the anisotropy b 6= 0 leads to
more than single viscosity coe�cients, in contrast to the
isotropic case (b = 0). If we further increase b/m0, both
nonzero components of ⌘ start to reduce and merge again
to the isotropic value. This is attributed to the fact that
in the large b � m0 limit, we obtain two well-separated
Dirac nodes, in conjunction with the earlier discussion.
Consequently, the wave function behaves approximately
as Eqs. 10, which in turn gives the isotropic value of Hall
viscosity.
We next aim to find the dependence of viscosity coe�-

cients on the magnetic field B near the semi-Dirac phase.
It is known for typical isotropic 2D system, ⌘ ⇠ B [1],
irrespective of the relativistic or non-relativistic nature
of the electrons. In contrast, we find a di↵erent scaling
behavior of the subtracted viscosity near the semi-Dirac
point. Fig. 4 illustrates the maximum of �⌘ for several
values of m0 lB . In the given range of analysed data,
we can fit the power-law scaling as seen in Fig. 4. We
observe �⌘ goes to zero for large magnetic fields. This
confirms an intuitive picture that for large enough energy
scale, the system behaves as isotropic.
Conclusion.– We have introduced a framework for

studying the non-dissipative transport in anisotropic
Dirac semi-metals, where the anisotropy is present due
to a preferred direction. This distinguishes this model
from the previous cases studied in the literature, where
isotropy is broken by a tensor [18, 19]. We have in-
troduced a relativistic model with an anisotropic vector
that reproduces the spectrum of the non-relativistic semi-
Dirac system Eq. (1) at low energies for certain values
of parameters. We have derived an universal formula for
a Berry curvature in this model that succinctly captures
the anisotropy for semi-Dirac. Using the formula, we
have numerically investigated how the anisotropy leads
to the departure from one Hall viscosity coe�cient for the
zeroth Landau level. We have shown that at the critical
semi-Dirac point, the odd stress tensor has two non-equal
entries. In addition to that, we have shown that the third
entry is identically zero for this model.
Our theory allows one to have detailed further stud-

ies of Hall transport in anisotropic semi-Dirac systems.
The theory is covariant and can be used to perform sys-
tematic studies based on e↵ective actions and geometric
responses.
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nian for an anisotropic 2D Dirac semi-metal

H = �
0(p · � + b · ��5 +m0). (2)

Here �µ = (⌧x,�i⌧
y�), �5 = ⌧

z are 4⇥4 Dirac matrices,
satisfying {�

µ
, �

⌫
} = 2⌘µ⌫14, where ⌘ = (1,�1,�1,�1);

⌧ and �’s are the Pauli matrices in spin and pseudo-
spin space, respectively, p = (px, py, 0); m0 denotes mass
gap and b = (b, 0, 0) is the anisotropic parameter of the
Hamiltonian.

The energy spectrum of Eq. (2) is given by

E(px, py) = r

r
p2
x
+ p2

y
+ b2 +m

2
0 + 2s

q
b2(m2

0 + p2
x
),

(3)

where r, s = ±. Note that r = ±1, s = �1 corre-
spond to lowest conduction and highest valence band,
respectively. The competition between mass gap m0 and
anisotropy b leads to three distinct phases (c.f Fig. 1). For
b > m0, the spectrum is gapless with two-Dirac nodes at
(±

p
b2 �m

2
0, 0, 0), while b < m0 corresponds to a gapped

insulating phase. On the other hand, for b = m0, we ob-
tain a critical phase where two Dirac nodes merge and
lead to a semi-Dirac phase. Thus, the variation of b/m0

changes the Fermi surface topology, leading to a Lifshitz
transition.

Landau levels and Wavefunctions on a torus.– Let us
now focus on finding out the Landau spectrum and corre-
sponding wavefunctions of Eq. (2) on a torus. The metric
of the torus is given by

ds
2 =

V

⌧2

�
dx2 + 2⌧1dxdy + |⌧ |

2dy2
�
, (4)

where ⌧ = ⌧1+i⌧2 is the modular parameter and V is the
volume of the torus. With this, the Landau Hamiltonian
in the presence of a constant perpendicular magnetic field
B = ✏

ij
@iAj [35] is obtained to be

HL = �
0(⇧iea

i
�
a +m0 + biea

i
�
a
�
5), (5)

where a, i, j 2 (1, 2), ⇧i = pi � eAi, and ea
i’s are

the frame vectors satisfying g
ij = ea

i
�
ab
eb

j . With
this construction, the kinematical momenta ⇧i satisfy
[⇧i,⇧j ] = i✏ij l

�2
B

, where lB = ~/(eB) is the magnetic
length. For simplicity, we set ~ = e = 1 for the rest of
this study.

To diagonalize Eq. (5), we introduce ladder operators
a, a

†, satisfying [a, a†] = 1. This leads to

HL = !
⇥
(a�+ + a

†
��)⌧z + (d̄�+ + d��)⌧0 +M�x⌧0

⇤
,

(6)

where a bar denotes complex conjugation, �± = �x ±

�y, ! =
p
2l�1

B
, a = i(V ⌧2)�1/2(⇧y � ⌧⇧x)/!, d =

�i(V ⌧2)�1/2
⌧b/!, and M = m0/!.

FIG. 2: Positive energy Landau levels (n). The zeroth Lan-
dau level is non-degenerate irrespective of the values of b for
finite m0. The black dots for b = 0 correspond to the Landau
energies ✏n ⇠

p
n+M2, while black dots for b/m0 � 1 cor-

respond to ✏n ⇠
p
n, showing agreement between numerical

and analytical results.

For nonzero b and m0, Eq. (6) cannot be exactly di-
agonalized. Thus, we choose an algebraic semi-analytic
method to diagonalize Eq. (6) and obtain the Hall vis-
cosities. To do so, let us introduce new shifted ladder
operators ad = a+ d, a†

d
= a

† + d̄. This leads to a set of
basis states |n,↵, d, ⌧i, satisfying

a†
d
ad|n,↵, d, ⌧i = n|n,↵, d, ⌧i . (7)

The index ↵ = 1, . . . , N labels the magnetic degeneracy,
which for notational simplicity we ignore in the rest of
the Letter. For a detailed discussion on the existence of
these eigenvectors and how to impose the proper bound-
ary conditions on the torus see Ref. [8, 28]. Having these
basis, we proceed to expand each Landau level eigenstate
as follows

| i =
X

n

cn|n, d, ⌧i, (8)

where cn is a set of four components constant fermion,
depending only on the values of ⌧, V . At this point, the
problem of diagonalizing Eq. (6) is translated into the
eigenvalues problem of the infinite matrix

Hnmcm = ✏ncn , where Hnm = hn, d, ⌧ |HL|m, d, ⌧i .

(9)
In general cn’s have to be obtained numerically by trun-
cating the series at some large enough values of n. How-
ever, there are two limiting cases in which the diagonal-
ization process of Eq. (6) can be done analytically, the
first and simplest case corresponds to m0 = 0 (see Fig.
1). In this case, the Hamiltonian decouples into two 2-
bands subsystem which do not interact with each other.
The eigenenergies turn out to be ✏n = ±!

p
n for each
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the Letter. For a detailed discussion on the existence of
these eigenvectors and how to impose the proper bound-
ary conditions on the torus see Ref. [8, 28]. Having these
basis, we proceed to expand each Landau level eigenstate
as follows
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where cn is a set of four components constant fermion,
depending only on the values of ⌧, V . At this point, the
problem of diagonalizing Eq. (6) is translated into the
eigenvalues problem of the infinite matrix
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In general cn’s have to be obtained numerically by trun-
cating the series at some large enough values of n. How-
ever, there are two limiting cases in which the diagonal-
ization process of Eq. (6) can be done analytically, the
first and simplest case corresponds to m0 = 0 (see Fig.
1). In this case, the Hamiltonian decouples into two 2-
bands subsystem which do not interact with each other.
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change in energy if the system is taken along a closed
loop in parameter space.
In the special case where ~P) is a (normalized) multi-

particle state corresponding to N noninteracting fermions
in the single particle (normalized) states ~pt) with ener-
gies Ft(X) (all depending smoothly on parameter X), one
has

~I,k = Im p (~,Ptl~kgt),
8=1

Z(X) = P Z, (X).

To apply all this to viscosity, one needs to identify
appropriate parameters so that —BH/BX/ is related to the
stress tensor and X to the rate of strain. Consider a fluid
confined to a given domain in d-dimensional Euclidean
space (planar parallelogram shown in Fig. 1 is an example
for d = 2). A uniform deformation is represented by the
(symmetric) tensor u of constant strain [1]:

BLtp BQ
uap = 2 +

Bx~ Bxp )

where u = x' —x are the coordinates of the displace-
ment vector, and x' is a linear transformation of x. In two
dimensions, the space of linear deformations (i.e., con-
stant strains) is three dimensional. A two-dimensional
subspace is associated with shears (transformations that
preserve the volume), and the transverse direction may be
associated with scaling.
An equivalent point of view is to keep the domain

fixed and to consider deformations of the metric instead.
The parameter space of flat metrics is then the same as
that of constant strains. Explicit formulas relating strains
and metrics, as well as convenient coordinates on the
corresponding parameter space, will be given later.
Now let 0 denote the Hamiltonian in a domain D in

d-dimensional space with metric g. By the principle of
virtual work [12], —BH/Bu is the observable associated
with total stress tensor, fo[6H/6 u(x)] d vol(x).
Adiabatic deformations of constant strain give the

quantum version of Eq. (1):~ ~

~

~

BH BF. + g A p~pu~g . (8)
u

0

FIG. 1. Parallelogram in the complex plane associated with
the lattice with periods cu1 = (V/r2)', cu2 = (V/r2)'

Here (BH/Bu p) is the total stress tensor which is
related to the (ordinary) stress tensor o. by rr p =—(1/V)(BH/Bu p) T. he first term on the right-hand
side of Eq. (8) means that the elastic modulus tensor is
A p~& = 2 8 F/Bu p r1u~&. It is symmetric in the pairs
of indices (n p) and (y6) and under the transposition of
(n P) and (y 6).
The adiabatic curvature A p~s is antisymmetric with

respect to the transposition of the first and second pairs
of indices, and plays the role of nondissipative viscosity.
The adiabatic curvature A and the viscosity q~ are two
related notions of viscosity, in rough analogy to conduc-
tance and conductivity. Here 0, is a dimensionless mea-
sure of quantum viscosity and has units of Planck constant
h. It relates the total stress (whose dimension coincides
with energy) to the strain rate. The conventional viscosity
rI~ has a dimension of 6 /V, where V is the volume and
relates the stress (whose dimension coincides with pres-
sure) to the strain rate. The two notions of viscosity are
related by

Whether one chooses to focus on II or on g" is to an
extent a matter of taste. In the example we shall consider,
A is quantized, whereas g~ is a local characteristic of the
fluid.
Let us illustrate these ideas with a concrete example.

Consider two-dimensional quantum Hall fluid on a torus
represented by the unit square in the configuration space
(x, y) E Q = [0, I] X [0, I] with opposite sides identi-
fied. As coordinates on the s ace of flat metrics on Q,
we use the area V = (detg)' 2 and complex parameter
7. = ~~ + i~2 describing shears, i.e., deformations that
preserve the volume. In this parametrization, flat metrics
are

U
g(V, r) = —(dx + 2r1dxdy + ~r~2dy ),

72
x, y, E Q.

An equivalent point of view is to associate this configura-
tion torus to the lattice in the complex plane with periods

V )1/2 V ) 1/2
co~=, cu2 =

as shown in I'ig. 1. The complex coordinate g on the
parallelogram in Fig. 1 is related to coordinates (x, y) H
Q by z = (V/r2)'/ (x + ry). In terms of coordinate z,
one has g = ~dz j; i.e., the metric is Euclidean.
The I andau Hamiltonian describes the kinetic energy

of a charged (spinless) particle in a constant magnetic
field and Aharonov-Bohm gauge fields. It is given by the
5-parameter family

H(v, r, y) = [~r~'D,' —r, (n, D, + n, n, )+D,'],
Uvp

(12)
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ANISOTROPIC BERRY CURVATURE

In general the computation of Berry curvature demands the knowledge of the Hamiltonian’s eigenstates. However,
diagonalising a system is not always under full analytical control. In this section, we will use the algebraic properties of
the ladder operator eigenstates to write a general formula, which happens to be useful for the numerical computation
of Berry curvature. As a first step, we introduce the set of ladder operators

ab = i(2V ⌧2)
�1/2

lB(⇧y + by � ⌧(⇧x + bx)), (1)

a†b = �i(2V ⌧2)
�1/2

lB(⇧y + by � ⌧̄(⇧x + bx)), (2)

satisfying the commutation relations [ab, a
†
b] = 1, where [⇧x,⇧y] = iV B. On the torus, the magnetic flux is quantized

l
�2
B V = 2⇡N . Given these operators, there is a basis obeying

a†dad|n,↵, d, ⌧i = n|n,↵, d, ⌧i , t
N
1 |n,↵, d, ⌧i = |n,↵, d, ⌧i , t

N
2 |n,↵, d, ⌧i = |n,↵, d, ⌧i , (3)

where t
N
1,2 are magnetic translations along the two cycles of the torus (For details on this topic and the specific form

of these operators, see [1, 2]). The vacuum states are defined as follow

ad|0,↵, d, ⌧i = 0 , t
�
1 |0,↵, d, ⌧i = e

�2⇡i �n
N |0,↵, d, ⌧i , t

�
2 |0,↵, d, ⌧i = |0,↵� �, d, ⌧i . (4)

The ladder operators and the magnetic translations commute. This allows us to construct the whole tower of degen-
erate states

|n,↵, d, ⌧i = 1p
n!
(a†d)

n|0,↵, d, ⌧i , hm,�, d, ⌧ |n,↵, d, ⌧i = �m,n��,↵ , (5)

where the meaning of the label ↵ is clarified now. It corresponds to the magnetic degeneracy and takes values
↵ = 1, 2, . . . , N .

At this point, we can use this basis to expand the anisotropic four component fermion for a given Landau level as

| ↵i =
X

n

cn|n,↵, d, ⌧i (6)

with cn =
�
c
1
n, c

2
n, c

3
n, c

4
n

�
. For simplicity, we assume the Landau levels do not have other degeneracy than the magnetic

one. Under this assumption, the Berry connection reads

A↵� = ih ↵|d| �i = i�↵�

X

n

(c⇤n · dcn) +
X

n,m

(c⇤n · cm)Anm
↵� , (7)

where we define the following one form

Anm
↵� = ihn,↵, d, ⌧ |d|m,�, d, ⌧i , (8)

which corresponds to the Berry connection of Schrödinger particles when n = m [2]. To compute the one form A↵� ,
we will follow an algebraic approach based on [2–4]. In doing so, we introduce the generators of SL(2,R)

J1 =
1

8⇡N

�
(py + by)

2 � (px + bx)
2
�
= � 1

4

⇣
adad + a†da

†
d

⌘����
⌧=i

, (9)

J2 = � 1

8⇡N
((px + bx)(py + by)� (py + by)(px + bx)) = � 1

4i

⇣
adad � a†da

†
d

⌘����
⌧=i

, (10)

J3 = � 1

8⇡N

�
(py + by)

2 + (px + bx)
2
�
= � 1

2

✓
a†dad +

1

2

◆����
⌧=i

, (11)

2

nian for an anisotropic 2D Dirac semi-metal

H = �
0(p · � + b · ��5 +m0). (2)

Here �µ = (⌧x,�i⌧
y�), �5 = ⌧

z are 4⇥4 Dirac matrices,
satisfying {�

µ
, �

⌫
} = 2⌘µ⌫14, where ⌘ = (1,�1,�1,�1);

⌧ and �’s are the Pauli matrices in spin and pseudo-
spin space, respectively, p = (px, py, 0); m0 denotes mass
gap and b = (b, 0, 0) is the anisotropic parameter of the
Hamiltonian.

The energy spectrum of Eq. (2) is given by

E(px, py) = r

r
p2
x
+ p2

y
+ b2 +m

2
0 + 2s

q
b2(m2

0 + p2
x
),

(3)

where r, s = ±. Note that r = ±1, s = �1 corre-
spond to lowest conduction and highest valence band,
respectively. The competition between mass gap m0 and
anisotropy b leads to three distinct phases (c.f Fig. 1). For
b > m0, the spectrum is gapless with two-Dirac nodes at
(±

p
b2 �m

2
0, 0, 0), while b < m0 corresponds to a gapped

insulating phase. On the other hand, for b = m0, we ob-
tain a critical phase where two Dirac nodes merge and
lead to a semi-Dirac phase. Thus, the variation of b/m0

changes the Fermi surface topology, leading to a Lifshitz
transition.

Landau levels and Wavefunctions on a torus.– Let us
now focus on finding out the Landau spectrum and corre-
sponding wavefunctions of Eq. (2) on a torus. The metric
of the torus is given by

ds
2 =

V

⌧2

�
dx2 + 2⌧1dxdy + |⌧ |

2dy2
�
, (4)

where ⌧ = ⌧1+i⌧2 is the modular parameter and V is the
volume of the torus. With this, the Landau Hamiltonian
in the presence of a constant perpendicular magnetic field
B = ✏

ij
@iAj [35] is obtained to be

HL = �
0(⇧iea

i
�
a +m0 + biea

i
�
a
�
5), (5)

where a, i, j 2 (1, 2), ⇧i = pi � eAi, and ea
i’s are

the frame vectors satisfying g
ij = ea

i
�
ab
eb

j . With
this construction, the kinematical momenta ⇧i satisfy
[⇧i,⇧j ] = i✏ij l

�2
B

, where lB = ~/(eB) is the magnetic
length. For simplicity, we set ~ = e = 1 for the rest of
this study.

To diagonalize Eq. (5), we introduce ladder operators
a, a

†, satisfying [a, a†] = 1. This leads to

HL = !
⇥
(a�+ + a

†
��)⌧z + (d̄�+ + d��)⌧0 +M�x⌧0

⇤
,

(6)

where a bar denotes complex conjugation, �± = �x ±

�y, ! =
p
2l�1

B
, a = i(V ⌧2)�1/2(⇧y � ⌧⇧x)/!, d =

�i(V ⌧2)�1/2
⌧b/!, and M = m0/!.

FIG. 2: Positive energy Landau levels (n). The zeroth Lan-
dau level is non-degenerate irrespective of the values of b for
finite m0. The black dots for b = 0 correspond to the Landau
energies ✏n ⇠

p
n+M2, while black dots for b/m0 � 1 cor-

respond to ✏n ⇠
p
n, showing agreement between numerical

and analytical results.

For nonzero b and m0, Eq. (6) cannot be exactly di-
agonalized. Thus, we choose an algebraic semi-analytic
method to diagonalize Eq. (6) and obtain the Hall vis-
cosities. To do so, let us introduce new shifted ladder
operators ad = a+ d, a†

d
= a

† + d̄. This leads to a set of
basis states |n,↵, d, ⌧i, satisfying

a†
d
ad|n,↵, d, ⌧i = n|n,↵, d, ⌧i . (7)

The index ↵ = 1, . . . , N labels the magnetic degeneracy,
which for notational simplicity we ignore in the rest of
the Letter. For a detailed discussion on the existence of
these eigenvectors and how to impose the proper bound-
ary conditions on the torus see Ref. [8, 28]. Having these
basis, we proceed to expand each Landau level eigenstate
as follows

| i =
X

n

cn|n, d, ⌧i, (8)

where cn is a set of four components constant fermion,
depending only on the values of ⌧, V . At this point, the
problem of diagonalizing Eq. (6) is translated into the
eigenvalues problem of the infinite matrix

Hnmcm = ✏ncn , where Hnm = hn, d, ⌧ |HL|m, d, ⌧i .

(9)
In general cn’s have to be obtained numerically by trun-
cating the series at some large enough values of n. How-
ever, there are two limiting cases in which the diagonal-
ization process of Eq. (6) can be done analytically, the
first and simplest case corresponds to m0 = 0 (see Fig.
1). In this case, the Hamiltonian decouples into two 2-
bands subsystem which do not interact with each other.
The eigenenergies turn out to be ✏n = ±!

p
n for each

where �’s are the Dirac matrices in the chiral representation and the local mo-

menta are pi = ka ei
a
(bi = ba ei

a
), with ei

a
the frame vectors satisfying

g
ab

= �
ij
ei

a
ej

b
. In particular we will use the following ansatz for the back-

ground metric

ds
2
=

V

⌧1

�
dx

2
+ 2⌧1dxdy + |⌧ |2dy2

�
,

p
g = V , (5)

where ⌧ = ⌧1+i⌧2. With all this ingredients we can write p = (V ⌧2)
�1/2

(kx⌧2, ky�
⌧1kx), b = (V ⌧2)

�1/2
bx(⌧2,�⌧1)

1
.

The spectrum of this Hamiltonian is:

E1,2 =

(
�
r
|p|2 + |b|2 +m2 � 2|b|

q
m2 + (pk)2,

r
|p|2 + |b|2 +m2 � 2|b|

q
m2 + (pk)2

)

E3,4 =

(
�
r
|p|2 + |b|2 +m2 + 2|b|

q
m2 + (pk)2,

r
|p|2 + |b|2 +m2 + 2|b|

q
m2 + (pk)2

)

(6)

The bands E3,4 are gapped, and the lower bands E1,2 touch in two separated

points separated by a distance � =

p
|b|2 �m2. In particular when �/m ⌧ 1

and pk/m ⌧ 1, the lowest bands take the form

E1,2 = ±
r
p
2
? +

1

4m4

⇣
p
2
k � �2

⌘2
, (7)

which coincides with the spectrum of H after the substitutions Py ! p? and

Px ! pk. Notice that in the underformed limit (⌧2 ! 1, ⌧1 ! 0, V ! 1),

kx = Px, ky = Py and �
2
= b

2
x �m

2
as expected.

Having checked the original system (1) is contained in the linear Hamiltonian

(4). We will work from now on with the later. After some redefinitions the

Hamiltonian (4) can be written as follows

H̃ =

0

BB@

0 (a+ d)
†

M 0

a+ d 0 0 M

M 0 0 (d� a)
†

0 M d� a 0

1

CCA (8)

with H̄ = !H̃, ! =
p
2l

�1
B , m = !M , b� = !d and P� = !a. Where X± =

X1 ⌥ iX2. In order to simplify the eigenvalue problem is convenient to square

the Hamiltonian, doing so the system split in two systems with eigenenergies

✏
2
= (!

�1
E)

2 �M
2

H14 =

✓
N(d) 2Md

†

2Md N(�d) + 1

◆
H32 =

✓
N(�d) 2Md

†

2Md N(d) + 1

◆
(9)

1For simplicity we have set by = 0

2

As usual for a Landau system the Hamiltonian 

can be written in term of ladder operators.


Notice the dependence on the deformation parameters

is hidden in the definitions of a, d, M



3

subsystem. Then the wavefunctions for zeroth Landau
level of the two subsystems read o↵

 
1
0 = (1, 0, 0, 0) |0, d, ⌧i,

 
2
0 = (0, 0, 1, 0) |0,�d, ⌧i. (10)

For transparency, the higher excited wavefunctions are
presented in the supplementary material.

In contrast, the second analytically solvable case, b =
0, is slightly more involved because there is no decou-
pling. After a careful calculation, the eigenenergies are
found to be ✏n = ±!

p
n+M2. The zero mode here turns

out to be nondegenerate and the states with n > 0 are
doubly degenerate. The zeroth Landau level wavefunc-
tion is

 0 =
1
p
2
(1, 0,±1, 0)|0, 0, ⌧i . (11)

As before, the degenerate excited wavefunctions can be
obtained easily and they are presented in the supplemen-
tary material for simplicity. These limiting behaviors of
Eq. (6) are expected to be reflected in the Hall viscosi-
ties (discussed in the next section) for both b � m0 and
b ⌧ m0, in which a single viscosity exist and can be
computed analytically.

Berry Curvature.–According to the adiabatic response
theorem by Feynman and Hellmann, the expectation
value of the variation of the Hamiltonian, with respect
to some set of parameters xi, is given by

⌧
@H

@xj

�
=
@E

@xj

� ⌦ij ẋj . (12)

The first term is a result of the energy change of the
ground state deformation. The second term is the adia-
batic Berry curvature

⌦ij = i


@

@xi

⌧
 

����
@ 

@xj

�
�

@

@xj

⌧
@ 

@xi

���� 
��

, (13)

which is nonzero if the phase of the state  changes along
a closed path in the space of deformations. Plugging
the eigenstates Eq. (8) into Eq. (13), the total Berry
curvature can be readily obtained by

⌦ = id
�
c†
n
· dcn

�
+ d

�
c†
n
· cm

�
^A

nm + c†
n
· cmF

nm
.

(14)

Here repeated indices denote Einstein’s notation and the
exterior derivative d acts on the space expanded by the
parameters ⌧, V . The detailed derivation is shown in the
supplementary material. The explicit form of A and F

evaluated at non-deformed torus ⌧ = i read

A
mn = �

1

4

⇣p
m(m� 1)�m,n�2d⌧̄

+
p
(m+ 1)(m+ 2) �m,n+2d⌧

⌘
, (15)

F
mn = �

i

4

✓
m+

1

2

◆
�m,nd⌧ ^ d⌧̄ . (16)

FIG. 3: Subtracted viscosity coe�cients (�⌘ = ⌘ � ⌘iso) as a
function of the ratio b/m0.

For m0 = 0, the first and second terms in Eq. (14) identi-
cally vanishes since cn are independent of V, ⌧ . The only
surviving contribution produces the value for the Berry
curvature at ⌧ = i [36]

⌦pq = �
i

4

✓
n+

1

2
�n,0

◆
d⌧ ^ d⌧̄ �pq , (17)

where p, q = 1, 2 label the degenerate subspace associ-
ated to each subsystem as pointed out before. Evidently,
⌦ is diagonal in the subsystem subspace. Thus, we re-
cover the Berry curvature for isotropic Dirac systems us-
ing Eq. (14)[29][37].
Similarly, for b = 0 and for zeroth Landau level,

cn ⇠ �n,0, leading to ⌦ = �
i

8
d⌧^d⌧̄

⌧
2
2

. For higher Landau

levels, the calculation of Berry curvature is subtle due
to two-fold degenerate Landau levels (not to be confused
with magnetic degeneracy) as discussed in the preceding
sections. These subtleties, however, do not change the
message we want to convey, because the degeneracy is
not present around the critical point. For simplicity, we
focus mainly on the zeroth Landau level in our analysis.
For nonzero b and m0, cn 6= �n,0, thus we may have

nonzero contribution from the first and second terms of
Eq. 14, which in turn may lead to more than one Hall
coe�cient as will be evident shortly. Thus, this is one of
the main results of this study.
Anisotropy and Hall viscosity.–Armed with the deriva-

tion of Berry curvature, we now relate di↵erent compo-
nent of ⌦ to the viscosity components and show how
anisotropy in a Dirac system leads to more than one Hall
viscosity coe�cient. The odd transport coe�cients are
the most readily visible at the level of constitutive rela-
tions. One can expand the average stress tensor in time
derivatives of the strain

Tij = �

X

kl

�ijklukl �

X

kl

⌘ijkl
@ukl

@t
+ · · · (18)
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ANISOTROPIC BERRY CURVATURE

In general the computation of Berry curvature demands the knowledge of the Hamiltonian’s eigenstates. However,
diagonalising a system is not always under full analytical control. In this section, we will use the algebraic properties of
the ladder operator eigenstates to write a general formula, which happens to be useful for the numerical computation
of Berry curvature. As a first step, we introduce the set of ladder operators

ab = i(2V ⌧2)
�1/2

lB(⇧y + by � ⌧(⇧x + bx)), (1)

a†b = �i(2V ⌧2)
�1/2

lB(⇧y + by � ⌧̄(⇧x + bx)), (2)

satisfying the commutation relations [ab, a
†
b] = 1, where [⇧x,⇧y] = iV B. On the torus, the magnetic flux is quantized

l
�2
B V = 2⇡N . Given these operators, there is a basis obeying

a†dad|n,↵, d, ⌧i = n|n,↵, d, ⌧i , t
N
1 |n,↵, d, ⌧i = |n,↵, d, ⌧i , t

N
2 |n,↵, d, ⌧i = |n,↵, d, ⌧i , (3)

where t
N
1,2 are magnetic translations along the two cycles of the torus (For details on this topic and the specific form

of these operators, see [1, 2]). The vacuum states are defined as follow

ad|0,↵, d, ⌧i = 0 , t
�
1 |0,↵, d, ⌧i = e

�2⇡i �n
N |0,↵, d, ⌧i , t

�
2 |0,↵, d, ⌧i = |0,↵� �, d, ⌧i . (4)

The ladder operators and the magnetic translations commute. This allows us to construct the whole tower of degen-
erate states

|n,↵, d, ⌧i = 1p
n!
(a†d)

n|0,↵, d, ⌧i , hm,�, d, ⌧ |n,↵, d, ⌧i = �m,n��,↵ , (5)

where the meaning of the label ↵ is clarified now. It corresponds to the magnetic degeneracy and takes values
↵ = 1, 2, . . . , N .

At this point, we can use this basis to expand the anisotropic four component fermion for a given Landau level as

| ↵i =
X

n

cn|n,↵, d, ⌧i (6)

with cn =
�
c
1
n, c

2
n, c

3
n, c

4
n

�
. For simplicity, we assume the Landau levels do not have other degeneracy than the magnetic

one. Under this assumption, the Berry connection reads

A↵� = ih ↵|d| �i = i�↵�

X

n

(c⇤n · dcn) +
X

n,m

(c⇤n · cm)Anm
↵� , (7)

where we define the following one form

Anm
↵� = ihn,↵, d, ⌧ |d|m,�, d, ⌧i , (8)

which corresponds to the Berry connection of Schrödinger particles when n = m [2]. To compute the one form A↵� ,
we will follow an algebraic approach based on [2–4]. In doing so, we introduce the generators of SL(2,R)

J1 =
1

8⇡N

�
(py + by)

2 � (px + bx)
2
�
= � 1

4

⇣
adad + a†da

†
d

⌘����
⌧=i

, (9)

J2 = � 1

8⇡N
((px + bx)(py + by)� (py + by)(px + bx)) = � 1

4i

⇣
adad � a†da

†
d

⌘����
⌧=i

, (10)

J3 = � 1

8⇡N

�
(py + by)

2 + (px + bx)
2
�
= � 1

2

✓
a†dad +

1

2

◆����
⌧=i

, (11)

2

satisfying the commutation relations

[J1, J2] = �iJ3 , [J2, J3] = iJ1 , [J3, J1] = iJ2. (12)

All these properties allow us to write the following relation

1

2

✓
a†dad +

1

2

◆
= X1J1 �X2J2 �X3J3 = U(�J3)U�1 (13)

with U = exp (�i⇢ (sin�J1 � cos�J2)) and the following sequence of change of coordinates [5]

X1 =
1� |⌧ |2

2⌧2
, X2 =

⌧1

⌧2
, X3 =

1 + |⌧ |2

2⌧2
, (14)

X1 = sinh ⇢ cos� , X2 = sinh ⇢ sin� , X3 = cosh ⇢ . (15)

Therefore, we conclude that the harmonic oscillator eigenstate are unitarily related to the eigenstates of J3, which we
call |n,↵, d, ii

|n,↵, d, ⌧i = U|n,↵, d, ii. (16)

With this, Eq. (8) can be rewritten as

Anm
↵� = ihn,↵, d, i|U�1dU|m,↵, d, ii . (17)

Given the fact that U�1dU is an element of the Lie algebra SL(2,R), it can be expanded in terms of J1, J2, J3 and the
coe�cients are one forms. These one form are independent of the representation used for the generators. Therefore,
we use Pauli matrices, (J1, J2, J3) = (�1/2i,�2/2i,�3/2) to compute them

!1 = sin�d⇢+ cos� sinh ⇢d� , (18)

!2 = � cos�d⇢+ sin� sinh ⇢d� , (19)

!3 = �
⇣
1� cosh

⇢

2

⌘
d� , (20)

Anm
↵� = !1hn,↵, d, i|J1|m,↵, d, ii+ !2hn,↵, d, i|J2|m,↵, d, ii+ !3hn,↵, d, i|J3|m,↵, d, ii , (21)

where the expectation values can be computed explicitly using the ladder operator’s properties

hn,↵, d, i|J1|m,↵, d, ii = �1

4

⇣p
m(m� 1)�n,m�2 +

p
(m+ 1)(m+ 2)�n,m+2

⌘
(22)

hn,↵, d, i|J2|m,↵, d, ii = � 1

4i

⇣p
m(m� 1)�n,m�2 �

p
(m+ 1)(m+ 2)�n,m+2

⌘
(23)

hn,↵, d, i|J3|m,↵, d, ii = �1

2

✓
m+

1

2

◆
�n,m . (24)

Finally Anm
↵� in terms of the coordinates ⌧, ⌧̄ reads

Anm
↵� = � 1

4⌧2


1� i⌧

1 + i⌧̄
d⌧̄

p
m(m� 1)�n,m�2 +

1 + i⌧̄

1� i⌧
d⌧

p
(m+ 1)(m+ 2)�n,m+2 + (d⌧̄ + d⌧ + d⇤)

✓
m+

1

2

◆
�n,m

�
�↵� ,

(25)

where ⇤ = �4i tanh�1
⇣

⌧1
1+⌧2

⌘
. Taking the exterior derivative of the Berry connection, we obtain the Berry curvature

⌦↵� = dA↵� = i�↵�

X

n

d (c⇤n · dcn) +
X

n,m

d (c⇤n · cm) ^Anm
↵� +

X

n,m

c⇤n · cmFnm
↵� , (26)

where we introduce the two form, Fnm
↵� = dAnm

↵�

Fnm
↵� =

d⌧ ^ d⌧̄

8i⌧22


1� i⌧̄

1 + i⌧̄

p
m(m� 1)�n,m�2 +

1 + i⌧

1� i⌧
⌧

p
(m+ 1)(m+ 2)�n,m+2 +

✓
m+

1
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The deformations of the torus are is generated by acting with GL(2,R) 
transformations
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Hall viscosities

3

HALL VISCOSITIES AND BERRY CURVATURE

The aim of this section is to derive Eqs. (19)-(21) of the main text. For this derivation we follow [6]. Applying
strain on a physical system is equivalent at the linear order to deforming the background space

gij = �ij + uij , (28)

where �ij is the non-deformed metric and uij the strain tensor. This interpretation allows to relate the strain rates
with the parameters ⌧, V as follows

du11 =
1

2

✓
dV

V
� d⌧2

⌧2

◆
, du22 =

1

2

✓
dV

V
+

d⌧2
⌧2

◆
, du12 =

1

2

d⌧1
⌧2

. (29)

On the other hand, the Berry curvature in general will have the following form

⌦ = ⌦⌧1⌧2d⌧1 ^ d⌧2 + ⌦⌧1V d⌧1 ^ dV + ⌦⌧2V d⌧2 ^ dV , (30)

which can be written in terms of the physical variables (strain) as

⌦ = 2⌧2(⌧2⌦⌧1⌧2 � V ⌦⌧1V )du11 ^ du12 + 2⌧2(⌧2⌦⌧1⌧2 + V ⌦⌧1V )du12 ^ du22 � 2⌧2V ⌦⌧2V du11 ^ du22. (31)

Using these relations, we extract the components of the Hall viscosity

⌘xxxy =
B

2⇡N
(⌧22⌦⌧1⌧2)� ⌧2⌦⌧1V (32)

⌘xyyy =
B

2⇡N
(⌧22⌦⌧1⌧2) + ⌧2⌦⌧1V (33)

⌘xxyy = �⌧2⌦⌧2V (34)

MASSLESS PHASE

As discussed in the main text, the Landau Hamiltonian under study can be exactly diagonalized when m0 = 0. In
this case, the Hamiltonian in Eq. (6) of the main text reads

HL = !
⇥
(a�+ + a

†
��)⌧z + (d̄�+ + d��)⌧0

⇤
. (35)

Eq. (35) simplifies due to the fact that it decomposes into two decoupled systems as the Hamiltonian is block diagonal.
Thus, for each subsystem, the eigenenergies are obtained to be

✏n = ±!
p
n , n � 0. (36)

The corresponding eigenstates are

 
1
n =

1p
2

h
(
p
2� 1)�n,0 + 1

i
(|n,↵, d, ⌧i,±|n� 1,↵, d, ⌧i, 0, 0)

 
2
n =

1p
2

h
(
p
2� 1)�n,0 + 1

i
(0, 0, |n,↵,�d, ⌧i,±|n� 1,↵,�d, ⌧i) . (37)

In practice, the decoupling implies that a Berry curvature can be associated to each subsystem, in other words the
Berry curvature is diagonal in the subsystem space

⌦pq
↵� = � i

4

✓
n+

1

2
�n,0

◆
d⌧ ^ d⌧̄

⌧
2
2

�
pq
�↵� , (38)

where p, q = 1, 2 label the subsystems and ↵,� = 1, 2, . . . , N the magnetic degeneracy.



Summary

• Hall viscosity tensor can be computed even on systems 
with low symmetries


• We have written a general formula to obtain the Berry 
curvature depending on the isotropic states


• It seems the symmetries of the system are not broken 
enough because one of the components of the viscosity 
tensor remains zero



Outlook
• Can holography help to understand systems without rotational 

invariance?


• In 3+1d yes! Karl Landsteiner showed yesterday how to do it


• In 2+1d we suspect the answer is yes…


• How the relation                         gets modified?


• When rotational invariance is broken by a tensor B. Bradlyn et al 
found


• When the breaking parameter is a vector we don’t know the 
answer, and effective field theory analysis needs to be done.
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FIG. 4: Scaling of the subtracted viscosity tensor as a function
of the magnetic length. Dots correspond to the numerical
data whereas solid lines represent the fitting.

where the strain is expressed in terms of a deformation
vector ukl = @kul+@luk. The first term in that expansion
�ijkl corresponds to a generalized Hooke’s elasticity ten-
sor and the second term ⌘ijkl corresponds to the viscosity
tensor. Note that ⌘ijkl is symmetric under exchange of
i with j and k with l [38]. In general, ⌘ can be divided
into ⌘ = ⌘S + ⌘A, where ⌘S is symmetric with respect to
interchanging first pair (ij) with (kl) whereas ⌘A is an-
tisymmetric under exchange of (ij) with (kl). Since an-
tisymmetric part is odd under time-reversal ⌘A 6= 0 only
when time reversal symmetry is broken. As the antisym-
metric part of the viscosity tensor is non-dissipative, it
may survive at zero temperature. From now on we only
focus on the antisymmetric non-dissipative part and re-
move the label A for brevity and clarity.

For generic two dimensional (2D) systems without time
reversal, ⌘ijkl has in principle three independent compo-
nents ⌘xxxy, ⌘xyyy and ⌘xxyy. However, for rotationally
invariant systems, the number of independent quantities
reduces, and ⌘ijkl is solely determined by a single vis-
cosity, denoted as ⌘H since ⌘H = ⌘xxxy = ⌘xyxx and
⌘xxyy = 0. This single object turns out to be an univer-
sal quantity ⌘H = s̄⇢/2, where s̄ is the orbital angular
momentum, and ⇢ is the average number density.

Since the odd viscosity tensor is a multicomponent ten-
sor for a generic 2D system, we relate di↵erent compo-
nents of Berry curvature to the viscosity coe�cients. To-
gether with Eq. (12), (18), and evaluating strain rate on
the non-deformed torus ⌧ = i, V = 1, we obtain

2⇡Nl
2
B
⌘xxxy = ⌦⌧1⌧2 � ⌦⌧1V

2⇡Nl
2
B
⌘xyyy = ⌦⌧1⌧2 + ⌦⌧1V (19)

2⇡Nl
2
B
⌘yyxx = ⌦⌧2V ,

where each component of ⌦ can be extracted from
Eq. (14) (see supplementary material). In the isotropic
case, ⌦⌧2V and ⌦⌧1V turn out to be identically zero. Thus

⌘xxxy = �⌘yyxy is the only parameter that determines re-
sponse to the geometry of the QH states. However, due
to the anisotropic nature of the Dirac system, each term
in Eqs. (19) contributes to the viscosities except for ⌦⌧2V

which turns out to be zero (see Fig. 3).
Fig. (3) illustrates the di↵erent components of the vis-

cosity tensor after subtracting the isotropic value (�⌘ =
⌘ � ⌘iso) as a function of the ratio b/m0. It is evi-
dent that the di↵erent components of ⌘ start to devi-
ate from the universal isotropic value as we increase b for
fixed m0 and become maximum near the ideal semi-Dirac
phase (b/m0 = 1). Thus, the anisotropy b 6= 0 leads to
more than single viscosity coe�cients, in contrast to the
isotropic case (b = 0). If we further increase b/m0, both
nonzero components of ⌘ start to reduce and merge again
to the isotropic value. This is attributed to the fact that
in the large b � m0 limit, we obtain two well-separated
Dirac nodes, in conjunction with the earlier discussion.
Consequently, the wave function behaves approximately
as Eqs. 10, which in turn gives the isotropic value of Hall
viscosity.
We next aim to find the dependence of viscosity coe�-

cients on the magnetic field B near the semi-Dirac phase.
It is known for typical isotropic 2D system, ⌘ ⇠ B [1],
irrespective of the relativistic or non-relativistic nature
of the electrons. In contrast, we find a di↵erent scaling
behavior of the subtracted viscosity near the semi-Dirac
point. Fig. 4 illustrates the maximum of �⌘ for several
values of m0 lB . In the given range of analysed data,
we can fit the power-law scaling as seen in Fig. 4. We
observe �⌘ goes to zero for large magnetic fields. This
confirms an intuitive picture that for large enough energy
scale, the system behaves as isotropic.
Conclusion.– We have introduced a framework for

studying the non-dissipative transport in anisotropic
Dirac semi-metals, where the anisotropy is present due
to a preferred direction. This distinguishes this model
from the previous cases studied in the literature, where
isotropy is broken by a tensor [18, 19]. We have in-
troduced a relativistic model with an anisotropic vector
that reproduces the spectrum of the non-relativistic semi-
Dirac system Eq. (1) at low energies for certain values
of parameters. We have derived an universal formula for
a Berry curvature in this model that succinctly captures
the anisotropy for semi-Dirac. Using the formula, we
have numerically investigated how the anisotropy leads
to the departure from one Hall viscosity coe�cient for the
zeroth Landau level. We have shown that at the critical
semi-Dirac point, the odd stress tensor has two non-equal
entries. In addition to that, we have shown that the third
entry is identically zero for this model.
Our theory allows one to have detailed further stud-

ies of Hall transport in anisotropic semi-Dirac systems.
The theory is covariant and can be used to perform sys-
tematic studies based on e↵ective actions and geometric
responses.

3

Anisotropic Chern-Simons theory. We now consider a
generic abelian, anisotropic one-component FQH system
in a curved space, coupled to a weak external electro-
magnetic field. The low energy theory for such a phase is
a U(1)k Chern-Simons action coupled to our anisotropy
connections, with k = 2p + 1. Note that an anisotropy
tensor V AB can be generated dynamically from the in-
terplay between the dielectric tensor, band mass curva-
ture, in-plane magnetic field, quadrupolar interactions,
etc. The only assumption we make is that such a V AB

exists. Although we will primarily be interested in cases
where the spatial metric is flat or nearly flat, we must
first formulate the theory in a general background, so as
not to miss any allowed couplings, nor introduce prohib-
ited ones.
Given our previous discussions, the most general low

energy effective action is [38]

S =
2p+ 1

4π

∫
ada−

1

2π

∫
Ada , (15)

where

Aµ = Aµ + sωµ + ςω̂µ + ξCµ . (16)

The coefficients s and ς must be quantized because ω and
ω̂ are connections (as opposed to one-forms), however ξ
can be an arbitrary function of the anisotropy. For small
anisotropy we expect ξ to be approximately independent
of the anisotropy, and we focus on this situation through-
out the remainder of the text. We note that a nonzero
ξ explicitly breaks the apparent symmetry between the
ambient and anisotropy metrics, and cannot be excluded
on the basis of effective field theory.
Supplementing the action (15) with an appropriate

gauge-fixing condition [8], we integrate out a to derive
the generating functional

W =
ν

4π

∫
AdA+

νs

2π

∫
Adω+

νς

2π

∫
Adω̂+

νξ

2π

∫
AdC ,

(17)
where ν = 1/(2p+ 1) and we have dropped purely grav-
itational terms. The electric charge density is given by

ρ =
ν

2π
B +

νs

4π
R+

νς

4π
R̂ +

νξ

4π
ϵij∂iCj , (18)

which implies the total particle number on a sphere

ν−1N = Nφ + S + ςNdiscl , (19)

where S = 2s̄ = 2(s + ς) is the shift[1, 21]. We see
that anisotropy provides a natural way to split the mean
orbital spin s̄ into two parts: one that comes from the ge-
ometric spin and another one that couples to anisotropy.
Thus we will refer to ς as anisospin by analogy. To re-
mind the reader that the anisospin bears a resemblance
to the ordinary orbital spin, we denote it by ς , the Greek
“final Sigma”. As an example, in the Supplementary Ma-
terial, we derive the generating function W for a micro-
scopic model of non-interacting electrons with band-mass
anisotropy.

Hall viscosity and response to anisotropy. We next
consider the response of the stress tensor to applied
strains, defined from the generating functional as

τµA =
δW

δeAµ
= λµ λ

A Be
B
λ + ηµ λ

A B∂0e
B
λ . (20)

We focus on the non-dissipative Hall viscosity

(ηH)
µ λ

A B =
1

2

(
ηµ λ

A B − ηλ µ
B A

)
. (21)

In the rotationally invariant case, it has one independent
component ηH = Sρ̄/4, proportional to the shift[19, 22],
and the average density ρ̄. In the presence of anisotropy
however, two new – and in general non-universal – con-
tributions to the viscosity tensor emerge. To study these,
we follow Haldane and introduce the contracted Hall ten-
sor [39, 40]

ηHAB =
1

2
ϵCDeA

′

µ eB
′

ν ϵA′AϵB′Bη
µ
C
ν
D. (22)

From the generating functional Eq. (17) we find [41]

ηHAB =
ρ̄

2
[sδAB + ςvAB + ξ (vACvCB − δAB)] . (23)

In the isotropic limit this reduces to ηHAB = ηHδAB. We
see that the Hall viscosity and the shift are only pro-
portional in the special cases that either the anisotropy,
or both ς and ξ vanish. The contributions from ξ and
ς can be distinguished through their scaling with V . In
the Supplementary Material, we use the Kubo formalism
to derive the Hall tensor ηH for a microscopic model of
non-interacting electrons with band-mass anisotropy.
The anisospin ς can also be calculated independent of

s via the response to anisotropy. To see this, we define
an “anisotropy current” [30]

N
A
α =

1

2λ

δW

δλαA
. (24)

Following the logic of Eqs. (17–23), we find for the (con-
tracted) odd part of the response of N to ∂0λαA,

ϑHAB =
ρ̄

2
(ς + ξ) vAB . (25)

Note that ϑHαβ contains only ς and ξ, but not s.
Anisospin for realistic systems. Next, let us consider

the case where anisotropy enters through the band mass
tensor m−1

ij , and through a distortion of the interaction
potential.

H = m−1
ij πiπj + U (|x− x′|; εij) , (26)

where πi is the momentum (independent of the
anisotropy) and U(|x − x′|; εij) is the Coulomb poten-
tial in a medium with a homogeneous – but not neces-
sarily isotropic – dielectric tensor εij [42]. We will as-
sume that these tensors are diagonal and unimodular,
with m−1

ij = diag(αm, 1
αm

) and εij = diag(αε, 1
αε

).


