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A new road to an old dream:

Apply string theory to explain experiment

1998 - 2018  
20 years of AdS/CFT  =  Holography  =  Gauge/Gravity duality

… AdS/QCD:    The strongly coupled regime of QCD
 
… AdS/RHIC:    The collective many body physics of QCD

… AdS/CMT:     Strongly correlated condensed matter

- Quantum Critical Systems
- Holographic Superconductor
- MIT/Leiden Fermions

’98 Witten,…  

’04 Policastro, Son,  
     Starinets, …

’07 Herzog, Kovtun, Sachdev, Son
’08 Gubser; Hartnoll, Herzog, Horowitz

’09 Liu, McGreevy, Vegh  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• AdS/CFT applied to condensed matter:

1. Generating functional for new non-trivial  
unknown IR fixed points 

2. Far superior method to compute real time  
finite temperature/density correlation functions
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• Quantum Critical Phenomena

• Physics controlled by a Quantum Critical Point

• Theory without quasiparticles: Qualitatively different 
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The strange metal in high Tc cuprates

Keimer et al, 
Nature 518 (2015) 179



What is the theory of the strange metal?



Why is a strange metal “strange”?

• Linear-in-T resistivity  
 
 

e.g. Anderson, Physics Today 2013
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�
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Resistivity

Martin et al Phys. Rev. B 41:846 (1990 )

Bi - 2201

Cu

Resistivity is very large, linear in T, non-
saturating
Implies strong local (back-)scattering
Mean free path is a lattice constant or less -
-- is this a meaningful concept?

Martin et al, 
PRB41 (1990) 846

⇢metal ⇠ T 2



Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Power Law in AC conductivity  
 
 

e.g. Anderson, Physics Today 2013
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Scaling in AC conductivity

Van Der Marel et al.

Holographic conductivity, Elias Kiritsis
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Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Power Law in AC conductivity

• Hall angle vs DC conductivity scaling 
 
 
 
 
 
 
 

e.g. Anderson, Physics Today 2013
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Chien et al, 
PRL 67, 2088 (1991)
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Figure 28. Temperature dependence of the Hall angle as measured in a series of Zn doped YBa2Cu3O7

samples demonstrating the T 2 dependence of ✓H independent of the impurity concentration. Reprinted
figure with permission from T.R. Chien, Z.Z. Wang, and N.P. Ong, Physical Review Letters 67, 2088
(1991) [24]. Copyright c� (1991) by the American Physical Society.

the optical conductivity confirmed the non-Drude nature of charge dynamics in thin
films of YBa2Cu3O7 and could be qualitatively explained on the basis of the two
distinct scattering rates [293]. The T 2 dependence of the Hall angle is now known to
be endemic to many cuprate superconductors and was used extensively to empha-
size on the anomalous transport properties of many cuprate families. Prominent
examples include the case of Zn, Co, Fe and Pr substituted YBa2Cu3O7 [24, 294–
296], Y, Ni and Zn substituted Bi2Sr2CaCu2O8 [297], and Fe, Co, Ni, Zn and Ga
substituted La1.85Sr0.15CuO4 [298]. An interesting manifestation of the existence
of two time scales was the reformulation of the Kohler’s scaling rule in terms of
the Hall angle. In conventional metals, the Kohler’s rule mandates that the orbital
contribution to magnetoresistance [⇢xx(H)�⇢xx(0)]/⇢xx(0) can be scaled as a func-
tion of the term H/⇢xx(0). Harris and co-workers demonstrated that this scaling
clearly breaks down in the case of YBa2Cu3O7 and La2�xSrxCuO4 [134]. They also
showed that the temperature dependence of the magnetoresistance varies with the
square of the Hall angle, which is in line with the scenario of two scattering relax-
ation rates. A phenomenological transport equation was developed [299, 300] for
the cuprates which allowed distinct scattering rates for ⌧tr and ⌧H as envisaged in
the spin-charge separation scenario. This reproduced the violation of Kohler’s rule
and made predictions for the thermopower [301] but required the two scattering
rates to di↵er significantly in magnitude which was later shown not to be consistent
with optical transport [293].
Besides the spin charge separation scenario, a prime candidate in explaining

the anomalous transport properties in the cuprates is the nearly antiferromagnetic
Fermi liquid (NAFFL) theory as described in a series of papers by Pines and others
[26, 302–306]. This model relies on an anisotropic reconstruction of the (otherwise
isotropic) Fermi surface in the presence of (antiferro-)magnetic spin fluctuations.
This is achieved by the formation of “hot” spots and “cold” regions on the Fermi
surface, with the hot spots being located at positions in the momentum space
where the antiferromagnetic Brillouin Zone intersects the Fermi Surface. All the
transport properties would thus be normalized with respect to these (modified)
scattering rates. It was suggested [26] that the Hall e↵ect in these NAFFL systems

tan tan



Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Power Law in AC conductivity

• Hall angle vs DC conductivity scaling

• Inverse Matthiessen law  
 
 
 
 
 
 
 

e.g. Anderson, Physics Today 2013
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Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Power Law in AC conductivity

• Hall angle vs DC conductivity scaling

• Inverse Matthiessen law

• Lots of Power law scaling 
 
 
 
 

e.g. Anderson, Physics Today 2013
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Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Lots of Power law scaling

• Hall angle vs DC conductivity scaling

• Inverse Matthiessen law  
 
 
 
 
 
 
 

e.g. Anderson, Physics Today 2013
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Why is a strange metal “strange”?

• Linear-in-T resistivity  
 

• Lots of Power law scaling

• Hall angle vs DC conductivity scaling

• Inverse Matthiessen law  
 
 
 
 
 
 
 

e.g. Anderson, Physics Today 2013
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Two lifetimes

• Hall angle in “strange metals” 
 
 

• Theory (e.g. Drude, memory matrix)  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Needs “Inverse Matthiessen” Interacting ordinary systems 
are “Matthiessen”

Fundamental puzzle:
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A strange metal is a state of matter consisting of two sectors,
one of which is a quantum critical state. 

two simultaneously coexisiting nearly independent 
sets of low energy degrees of freedom (two lifetimes),

two sectors:

long-range entangled
charge conjugation symmetric Lifshitz scale invariant
hyperscaling violating critical theory. 

quantum critical
state:

Key insight from holography: (novel IR fixed point)



A strange metal is a state of matter consisting of two sectors,
one of which is a quantum critical state. 

two simultaneously coexisiting nearly independent 
sets of low energy degrees of freedom (two lifetimes),

two sectors:

long-range entangled
charge conjugation symmetric Lifshitz scale invariant
hyperscaling violating critical theory. 

quantum critical
state:

Key insight from holography: (novel IR fixed point)

1. anti-Matthiessen rule for DC transport
2. line widths are significantly broadened

3. unparticle physics 
4. lots of scaling behavior (linewidths)
5. universality 
6. very unstable



A strange metal is a state of matter consisting of two sectors,
one of which is a quantum critical state.

Holography provides the computational theoretical framework. 

two simultaneously coexisiting nearly independent 
sets of low energy degrees of freedom (two lifetimes),

two sectors:

long-range entangled
charge conjugation symmetric Lifshitz scale invariant
hyperscaling violating critical theory. 

quantum critical
state:

Key role for holography: (superior computation)

1. anti-Matthiessen rule for DC transport
2. line widths are significantly broadened

3. unparticle physics 
4. lots of scaling behavior (linewidths)
5. universality 
6. very unstable



• Hall angle in “strange metals” 
 
 

• Holography: two sectors 
 
 

• Holography: cc-invariant quantum critical 
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trick is to find quantities that are independent of the
bulk radial coordinate. These are provided for us by
the perturbed Maxwell equations, which give us the two
constant fluxes

Jx = �Z(�)U�a

0
x + Q�htx � BZ(�)U�hry

Jy = �Z(�)U�a

0
y + Q�hty + BZ(�)U�hrx (4)

from which we can evaluate the conductivities via the
ratios

�xx =
Jx

Ex
�xy =

Jy

Ex

Since Jx and Jy are constants, we can calculate these
ratios anywhere in the bulk. The simplest place to do
this is at the horizon, where the constraints of regularity
are enough to determine the conductivity. That is, we
demand the smooth behaviour

�axi = � Ei

4⇡T

ln(r � r+) + O(r � r+)

��i = O((r � r+)0)

�htxi = U�hrxi + O(r � r+) (5)

The quickest way to evaluate the conductivity is to plug
these requirements into the t�x component of Einstein’s
equations. This results in a pair of simultaneous equa-
tions for the value of �htxi at the horizon.
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Inverting these equations gives the values of the graviton
at the horizon, from which we can proceed to extract the
Hall conductivity
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We are now able to turn to the question of ultimate in-
terest, which is to calculate the Hall angle ✓H = �xy/�xx

for holographic theories in a magnetic field. Whilst trans-
port properties in a magnetic field can be unfamiliar, the
Hall angle is especially simple. In many ways it behaves
like the familiar DC conductivity- in the absence of a
lattice it is an infinite delta function, that will now be
resolved via momentum dissipation into a Drude peak.

The holographic results above imply that the Hall an-
gle takes the somewhat clumsy form
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Holes Particles

B

FIG. 2: In the presence of a magnetic field, the particle-hole
pairs responsible for �

ccs

are deflected in the same direction.
They therefore cannot carry a Hall current.

Whilst this formula is complicated, we can extract the
physics by noticing that for all geometries the quantity
in square brackets is simply a number bounded between
one and two. We can therefore deduce that the scaling of
the Hall angle is predominantly controlled by the overall
factor outside the brackets which may be written as

✓H ⇠ 4⇡BQ
k

2�(�)s

����
r+

(8)

Furthermore, for small magnetic fields the thermody-
namic and lattice factors appearing in (1) and (8) must
agree and so we may write

✓H ⇠ B

Q�diss (9)

The central point of this letter is the observation that,
in contrast to the DC conductivity, there is only a single
contribution to the Hall angle.

In particular, there is no additive contribution to the
Hall angle analogous to the ‘charge-conjugation symmet-
ric’ conductivity in �DC . In fact, at least at weak cou-
pling, it is easy to see why this should be the case. Re-
call that this current was carried by particle-hole pairs
moving in opposite directions. Upon adding a magnetic
field, these pairs are deflected in the same direction and
hence they do not contribute to the Hall conductivity �xy

(Fig. 2). This simple observation continues to hold in
strongly coupled theories - �xy is odd under charge con-
jugation symmetry and hence must vanish when Q = 0.

Motivated by the experimental results, our goal is to
understand how we can obtain di↵erent scalings in the
Hall angle and DC conductivity. It is easy to repro-
duce the original puzzle of the Hall angle. For geometries
where the lattice is very small, �diss � 1, then the DC
conductivity is dominated by the second term in (1), and
so scales in the same manner as the Hall angle.

This result should not be a surprise. In this regime, the
correct framework to describe strongly coupled transport
is the memory matrix [9, 19, 20]. Within this framework,
every operator that has a projection onto the momentum
operator, such as the electric and Hall currents, is con-
trolled by the momentum relaxation rate. The physics
is dominated by this single timescale and hence the Hall
angle and DC conductivity must agree.

2

We assume that the geometry has a regular horizon at
r = r+ where the gauge field vanishes a ⇠ (r � r+) and
U ⇠ 4⇡T (r � r+). As the radial coordinate r ! 1 we
assume that the metric approaches anti-de Sitter space
and that the gauge field approaches a constant which is
interpreted as the chemical potential, µ, in the boundary.

Associated to the chemical potential is a constant
charge density, Q, which is identified with the conserved
electric flux of the bulk theory Q = �e

2V
Z(�)a0. In

order to have a finite conductivity at Q 6= 0 we must
break translational invariance. This is done by demand-
ing that the scalar fields are non-vanishing on the bound-
ary �1 ! kx, �2 ! ky as r ! 1. This corresponds to
introducing oscillatory lattices in the scalar fields �i.

DC conductivity Before proceeding to calculate the
Hall conductivity, it will be important to first highlight
some features of the DC conductivity of these holographic
models. There has recently been a large amount of
progress in obtaining analytic expressions for the trans-
port properties of holographic theories [11–16]. The key
idea [11] is that the DC conductivity does not evolve in
the radial direction and hence can be expressed solely in
terms of horizon data. In particular, for the above holo-
graphic models, the resulting expression derived in [13]
is

�DC =


Z(�) +

4⇡Q2

k

2�(�)s

�

r+

(1)

where s = e

2V
/4⇡|r+ is the entropy density.

An important observation is the division of the con-
ductivity into two distinct terms. A precise distinction
can be made by comparison to the electrothermal con-
ductivity, ↵̄, computed in [16]

↵̄ =


4⇡Q

k

2�(�))

�

r+

(2)

from which we can see that the first term in the DC
conductivity, Z(�)|r+ , does not contribute to the elec-
trothermal conductivity. Such a term is already present
at Q = 0, where the theory is charge conjugation sym-
metric. In a weakly coupled system one can understand
this ‘charge conjugation symmetric’ conductivity as aris-
ing from particle hole pairs moving in opposite directions,
as illustrated in Fig. 1. However, we stress that for the
holographic theories discussed here, which are strongly
interacting and contain no quasiparticles, this intuition
is suggestive at best. Nevertheless, since �DC is even
under charge conjugation symmetry, there is a non-zero
conductivity for Q = 0 even at strong coupling.

A more surprising and novel feature of these holo-
graphic theories is that this ‘charge-conjugation symmet-
ric’ conductivity �ccs = Z(�)|r+ remains present even at
finite density. For the case of relativistic free fermions,
for instance in graphene, the addition of a chemical po-
tential would introduce a gap for particle-hole creation

Jx

Px

Holes Particles

FIG. 1: At weak coupling, the conductivity of a
charge-conjugation symmetric theory can be understood as

arising from particle hole pairs of opposite momenta.

proportional to µ and we would expect such a term to be
exponentially suppressed below this scale. In contrast,
for the strongly coupled holographic theories discussed
here, �ccs can have a power-law dependence on T even
at finite density [17].

When Q 6= 0 we also have to consider the second term
in (1). For a translationally invariant theory this term
would diverge, but is rendered finite in our models by
the presence of the lattice. As we outlined in the intro-
duction we will refer to this term, which is associated
with momentum dissipation, as �diss. The key point of
(1) is that the finite density conductivity consists of two
terms added together - that is they follow an ‘inverse-
Matthiessen’ law

�DC = �ccs + �diss (3)

In particular we reiterate that within these holographic
models both of these terms can remain at low energies,
even in the presence of a chemical potential.
Hall conductivity Having explained the salient fea-

tures of the DC conductivity, we now wish to generalise
the techniques of [13] to calculate the Hall conductiv-
ity. In Lorentz invariant theories, the conductivity in the
presence of a magnetic field is constrained to obey the
simple form �xx = 0, �xy = Q/B which was originally
reproduced from holography in [18].

Calculating the Hall conductivity in theories without
translational invariance is more complicated. To do this,
we consider the same class of models as before, but we
add a magnetic field Ay = Bx to the background. In
order to calculate the conductivity, we perturb the back-
ground solution by a constant electric field Ax = �Ext

as performed in [13]. The bulk equations then force us
to turn on other fields, for which a consistent ansatz is

Axi = �Eit + �axi(r)

gtxi = e

2V
�htxi(r)

grxi = e

2V
�hrxi(r)

�i = kxi + ��i(r)

where i runs over (1, 2) and we of course mean that x1 =
x, x2 = y. As is well-known in these calculations, the

Blake, Donos
PRL 114 (2015) 021601
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• AdS/CFT applied to condensed matter:

1. Generating functional for new non-trivial  
unknown IR fixed points 

2. Far superior method to compute real time  
finite temperature/density correlation functions





Holographic strange metals

• AdS/CFT: 

• a dual gravitational description of a (strongly) interacting 
quantum field theory.

Electric Field

UV
Charge 
Density

Q

Systems at finite temperature/density = AdS charged black hole



The Schroedinger Equation

Superconductor Fermi liquid

?? Strange Metal /
Marginal Fermi liquid ??

Detailed 
Atomic physics

Universal 
Macroscopic physics



Superconductor Fermi liquid
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Macroscopic physics



Superconductor Fermi liquid

?? Strange Metal /
Marginal Fermi liquid ??

Universal 
Macroscopic physics

CFT 



CFT (holography)

Holographic 
Superconductor

Holographic 
Strange Metals

Holographic 
Landau Fermi liquid

Universal 
Macroscopic physics

ZCFT = exp(iSAdS)



• Holographic prediction:  
 
Emergent scale invariant hyperscaling violating theories 
 
 
 
 
 
 
 

Holography describes new states of matter
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• Holographic prediction:  
 
Emergent scale invariant hyperscaling violating theories 
 
 
 
 
 
 
 

Holography describes new states of matter
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• There is invariance under:

xi → λ xi , t → λz t , r → λ r , ds → λ
θ
d ds

• The entropy scales as

S ∼ T
d−θ
z

which gives an interpretation to the hyperscaling violation exponent.

• There is a third exponent, associated with the charge density, the con-
duction exponent ζ:

Gouteraux+Kiritsis, Gouteraux

At = Q rζ−z

• If non-zero it also violates hyperscaling.

Holographic conductivity, Elias Kiritsis
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Emergent scale invariant hyperscaling violating theories 
 
 
 
 
 
 
 
 
Lifshitz quantum critical theory supported by an ordered state

• At finite      ,               , and quantum criticality is ultralocal



• Holographic prediction:  
 
Emergent scale invariant hyperscaling violating theories 
 
 
 
 
 
 
 
 
Lifshitz quantum critical theory supported by an ordered state

• Experimental signature:  Quantum critical sector  
 

Holography describes new states of matter
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• Holographic prediction:  
 
Emergent scale invariant hyperscaling violating theories 
 
 
 
 
 
 
 
 
Lifshitz quantum critical theory supported by an ordered state

• Experimental signature: Thermoelectric response 
 

Holography describes new states of matter
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• There is invariance under:

xi → λ xi , t → λz t , r → λ r , ds → λ
θ
d ds

• The entropy scales as

S ∼ T
d−θ
z

which gives an interpretation to the hyperscaling violation exponent.

• There is a third exponent, associated with the charge density, the con-
duction exponent ζ:

Gouteraux+Kiritsis, Gouteraux

At = Q rζ−z

• If non-zero it also violates hyperscaling.

Holographic conductivity, Elias Kiritsis
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Inverse Matthiessen law: two independent sectors

Transport:
“Fluid Gravity”

Policastro, Son, Starinets;
Many people: 

Davison, Donos, Gauntlett
Hartnoll, Herzog, Horowitz, 

Iqbal, Liu,
…
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Can we show that the high      cuprate strange metals are 
Lifshitz quantum critical theories supported by an ordered state?

Tc

Challenge to experiment
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Figure 1: The Fermi surface of a strange metal projected onto the funnel in space-time associated with an 
event horizon near a black hole. This figure encapsulates the holographic correspondence linking theories of 
interacting electron systems at finite density with those of quantum gravity in a higher dimension [1]. 
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• The single fermion function from AdS/CFT

• The groundstate has a clear Fermi surface

Holographic strange metals

G(!, k) =
1
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Holographic strange metals

• The single fermion function from AdS/CFT

• The exponent                                    is a free parameter

• Fermi surface excitations disperse as

G(�, k) =
Z

� � vF (k � kF )� ei��2⇥kF
+ . . .

Cubrovic, Zaanen, Schalm; 
Science 325 (2009) 439

Faulkner, Liu, McGreevy, Vegh
PRD 83 (2011) 125002, 
Science 329 (2010) 1043
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Holographic strange metals

• The single fermion function from AdS/CFT

G(�, k) =
Z

� � vF (k � kF )� ei��2⇥kF
+ . . .

Cubrovic, Zaanen, Schalm; 
Science 325 (2009) 439

Faulkner, Liu, McGreevy, Vegh
PRD 83 (2011) 125002, 
Science 329 (2010) 1043

⌫kF < 1/2 ⌫kF = 1/2 ⌫kF > 1/2

artificially broadenend

Fermi LiquidMarginal Fermi LiquidNon-Fermi Liquid



• The                     NFL is a system without quasiparticles

• Physics: the probe fermion interacts 
with a quantum critical sector

• Transport does not follow from FS excitations (alone). The 
quantum critical sector contributes significantly

Holographic strange metals

⌫kF < 1/2 ⌫kF = 1/2 ⌫kF > 1/2

⌃ ⇠ !2⌫kF

⌫kF < 1/2

9.4 The physics of the holographic fermions 333

 

Quantum
Critical

Figure 9.5: A cartoon illustrating the structure of the self-energy diagram behind
the “Fermi-surface” holographic phases highlighted in Fig. 9.4.

resummed in a Dyson series [364]. The “unparticles” of the AdS2 metal
just act as a simple “heat bath” damping the free fermions. One notices
that this is precisely coincident with the central assumption of the original
marginal Fermi-liquid phenomenology. In the original marginal Fermi liquid
context, the puzzle has all along been why there are these two subsystems.
But even if one takes this for granted, the more pressing question is why
can one get away with a naive resummation of second order perturbation
theory. In a single system of interacting electrons on the microscopic scale
diagrammatics would insist that one has to include vertex corrections as
well as “boson” self-energies, and it has been argued many times that these
also should become singular [365]. An old proverb states that Fermi-liquids
are like pregnancy, while it is impossible to be marginally pregnant.

How can we understand the emergence of nearly free fermions and the
validity of re-summed second order perturbation theory in the holographic
result? The first key is from section 6.3. We learned that by capping o↵ the
deep interior geometry one finds a confining state in the boundary. In the
radial direction the bulk turns into an e↵ective box and the standing waves
formed in this box dualise in non interacting gauge singlet mesons in the
boundary. They are truly free as the interactions through pion exchange are
1/N suppressed. Here the deep potential well manifest in the Schrödinger
formulation acts in a very similar way to this confining box. The only dif-
ference is that the bulk Dirac fermion has a finite probability to tunnel into
the RN horizon. This dualises in the “local quantum critical” self energy
that provides a finite width to the otherwise free fermions.

Holography teaches us here a valuable lesson regarding the physics of
strongly interacting Yang-Mills fields when the density becomes finite. Fer-
mionic probes in the “deconfining” or “fractionalised” vacuum of the local



Fig 1. Experimental electronic self 
energy Σ’’ as a function of energy, 
temperature, and doping.  a) The 
self energy is extracted from an 
ARPES spectrum (top left) located at 
the node  (green cut, bottom right) by 
taking momentum cuts at constant 
energy ( top r ight ) to ex t ract 
momentum widths ΓMDC(ω) (bottom 
left) which are directly proportional to 
Σ”(ω). (b) Measured temperature and 
energy dependence of Σ” for four 
different samples from overdoped 
Tc=75K (OD75K) through optimal 
d o p e d T c = 9 1 K ( O P T 9 1 K ) t o 
underdoped Tc=63K (UD63K). (c) Fit 
results for the three main parameters 
in the model as a function of doping.  
The superconducting dome is 
schematically illustrated by the 
inverted parabola. The most relevant 
parameter is the power α which is 
seen to have a simple l inear 
dependence on doping with value 0.5 
very near optimal doping.
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a quantum critical phase



The strange metal in high Tc cuprates

strange metal 
= quantum critical point



The strange metal in high Tc cuprates

strange metal 
= quantum critical phase

line of critical points



• Linear resistivity in the High-Tc cuprates

Nigel Hussey 
High Field Magnet Laboratory  
Radboud University, Nijmegen 

Physics@FOM, Veldhoven, 20th January 2016 

Strange metals,  
       curious cuprates 

Cooper, Hussey et al.
 Science 323 (2009) 609

Pnictides vs. Cuprates 

Totally different ‘criticality’ in the two SC families  

– at least in the dc transport 

Cooper, NEH et al.,  
Science 323 609 (09) 

pcrit1 

D2 = A  

Analytis, NEH et al.,  
Nature Phys. 10 194 (14)    
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• Most recent data…

Thanks to
L. Bawden, M. Berben, 
M. Golden, S. Smit E. 

van Heumen,

⌃00
measured = ⌃00

intrinsic + ⌃00
anything else
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Two specific predictions from holography



• Evidence of the quantum critical sector in the spectral function  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Holographic strange metal: novel lattice effects

• The quantum critical contribution to the spectral function

• On a lattice

• The Green’s function is no  
longer strictly periodic
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r
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X
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Figure 2. The behavior of the di↵erent powers of !2⌫k�K ,!2⌫k ,!2⌫k+K in the lattice AdS2-metal

spectral function as a function of k. The IR of the Green’s function is controlled by the lowest

branch: !2⌫k+K in the ` = �1 Brillioun zone, !2⌫k in the ` = 0 Brillioun zone, and !2⌫k�K in the

` = 1 Brillioun zone.

logarithmic correction is easily understood as the leading term in the expansion

!2⌫

k

(µ) = !2⌫

k

(µ

0

)(1� 4k2�µ(x, y) ln! + . . .); (2.6)

it is present in the higher Brillioun corrections as well, but for ` > 0 these corrections

are subleading compared to the Umklapp correction. The logarithmic correction has an

interesting collusion right at the Brillioun zone boundary. Due to the “resonant” con-

dition in the bulk, at the boundary yet another scaling arises, associated with a factor

!2⌫

k | ln(!)|2. This takes over in the deep IR at the first Brillioun zone boundary, in a

regime �k
x

⌧ ⌫
k

/| ln(!)|, where �k
x

denotes the deviation of the momentum from the

boundary of the first Brillioun zone. This understanding allows us to immediately guess

what the answer will be at higher order in perturbation theory. At every next order in

perturbation theory one can Umklapp to one further Brillioun zone:
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This phenomenon of Umklapp imprinting on the scaling behavior of the fermion prop-

agators is most easily discerned in the AdS
2

metal. As we already emphasized, the AdS
2

-

metal is the ultimate “algebraic pseudo-gap” state, where the fermion spectra are charac-

terized by pseudogaps at all momenta, but where the algebraic rise of the spectral function

is characterized by the momentum dependence of the exponents. This result therefore

predicts that upon adding a periodic potential, the power law responses acquire generically

subdominant corrections. However, in the deep IR it is these subdominant corrections

– 8 –
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Figure 3. This sequence of AdS2 metal spectral functions for a fixed generic k shows how the

Umklapp contribution takes over at low frequencies. For ` = 0, inside the 1st BZ, we show the

full corrected spectral function Afull(!,~k) ⇠ ImG (red), the original “bare” holographic spectral

function Apure AdS(!,~k) ⇠ ImG0 (brown), and the Umklapp correction due to the periodic chemical

potential modulation �Alattice(!,~k) ⇠ Im�G (black).

Figure 4. The behavior of the AdS2 metal. The spectral function in three distinct regimes: the

first Brillion zone, the Brillioun edge and higher Brillioun zones. In each case the full spectral

function ImG(!,~k) = ImG0 + Im�G is plotted in red, the “bare” component G0 in brown and the

Umklapp contribution, Im�G in black. The frequency scale is chosen such that the contributions

are comparable by zooming as in Fig. 3. Below the ratio of the full spectral function in units of the

“bare” spectral function is plotted for the full range of frequencies. This shows the excess states at

low frequency that appear due to the lattice.

which control the density of states (Fig.4). Consistency argues that this can only be an

enhancement of the number of states at low energy (otherwise there would be a zero in the

spectral weight at small but finite !). In the first Brillioun zone (` = 0) the logarithmic

– 9 –

Liu, Schalm, Sun, Zaanen, 
JHEP 1210 (2012) 036



Comparison to Experiment:
Dynamics of the superconducting gap



�BCS ⇠ hOi ⇠ T↵

• In the superconducting state, massive fermionic quasiparticles

11

weight around the origin of FIG. 4 suggests that this is
not the case; however, to see this effect in the conductiv-
ity it would be necessary compute a 1/N2 correction as
in [26].

It would be interesting to understand better what
property of the boundary theory is reflected by the pres-
ence of the η5 coupling, which is required to produce an
actual gap in the fermion response. One clue is that its
presence specifies the ‘intrinsic parity’ of the dual oper-
ator, i.e. the dual operator acquires an interesting phase
under a parity transformation. Realizing string vacua
where this coupling is nonzero would probably be valu-
able.

So far we have considered the fermion spectral func-
tion at zero temperature. FIG 7 shows what happens
as one raises the temperature. The temperatures shown
are much less than Tc. As T → Tc, the condensate goes
to zero, so its coupling to the fermions goes to zero and
the gap disappears. Actually, the thermal broadening of
the peak makes the gap disappear at about .7Tc. In the
opposite limit, as T → 0, the width of the peak vanishes
rapidly. It appears to vanish faster than a power law, but
the general temperature dependence deserves further in-
vestigation.

!0.010 !0.005 0.000 0.005 0.010
0

10

20

30

40

Ω

Im
G

FIG. 7: The effect of temperature (much less than Tc) on the
fermion spectral function. Shown are plots at qϕ = 1, m2

ϕ =
−1, qζ = 1

2
, mζ = 0, η5 = .025, and momenta where the peak

is closest to ω = 0. The different curves correspond to differ-
ent temperatures approaching T = 0.

We close with a few comparisons with real phenomena.
Here we make a simple observation which follows from
the sharpness of the peaks in the ‘no man’s land’ regime
(i.e. outside the IR light cone). This regime is induced by
the superconducting order. This means that if we start at
high temperature in the normal phase with some Fermi
surface without stable quasiparticles (like say a marginal
Fermi liquid case, ν = 1

2 in the notation of [17]), and
cool into the superconducting phase, sharp quasiparticle
peaks appear, at least for η5 not too big. This matches a
mysterious piece of cuprate phenomenology: in the nor-
mal phase, photoemission experiments show no stable

quasiparticle peak, but a coherent peak emerges in the
superconducting phase (see e.g. figure 47 of the review
[50]). From the gravity point of view, this is happening
because the scalar condensate is removing the AdS2 re-
gion which was responsible for the finite lifetime of the
holographic quasiparticles [17]: this is the gravity state-
ment that the condensate is lifting the many gapless ex-
citations into which the quasiparticle could decay. The
mechanism for the stability of these excitations is very
similar to the recent holographic explanation [51] of the
critical velocity in a (holographic) superfluid below which
there is no drag, and above which energy is dissipated by
the creation of IR AdS4 unparticles.

This similarity can be made more precise. In a BCS
superfluid, the decay of the quasiparticles can be medi-
ated by emission of a Goldstone boson (this mode is eaten
in a superconductor, and the following effect is absent).
It can happen that this decay is kinematically forbid-
den: the decay cannot happen if the group velocity of
the quasiparticle is larger than the speed of sound (see
appendix B of [52]). In our system, the quasiparticles
develop a finite lifetime when they can decay into the
modes of the IR CFT dual to the IR AdS4 region. These
modes are distinct from the Goldstone mode (which is
apparently hidden by powers of N), but the effect is the
same.

The energy distribution curves (A(k, ω) at fixed k)
shown in FIG. 5 exhibit another feature in common
with ARPES measurements on the cuprates, namely the
so-called ‘peak-dip-hump’ structure: in addition to the
quasiparticle peak, one sees a broad maximum at larger
ω. This is a consequence of the IR lightcone. Over-
ambitiously, if this were the correct interpretation, the
location of the hump would give a measurement of the
speed of light of the quantum critical theory.
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• In the superconducting state, massive fermionic quasiparticles
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• In the superconducting state, fermionic quasiparticles are gapped

�BCS ⇠ hOi ⇠ T↵ �Hol ⇠ 1



2.0 Unusual superconductivity too…

Kondo et al., 
Nat Commun 6 7699 (2015)

Li et al., 
Nat Commun 9 26 (2018)

Superconductivity appears to be destroyed not when the pairing amplitude 
vanishes, but when inelastic scattering becomes of order the pairing strength.



see also Li et al
Nat.Comm 9, 26 (2018)



A universal linear resistivity



• Ordinary metals

• Momentum relaxes 
before collective behavior  
sets in  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• Ordinary metals

• Momentum relaxes 
before collective behavior  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• Strongly correlated metals (no quasiparticles)  

• Hydro sets in when
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Resistivity and hydrodynamics

• Hydrodynamics is a universal LEET

• What choice for the impurity operator     ?

• Hydrodynamics: 

• For 

• Caveat:  theory must be locally quantum critical
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• Universal linear-in-T resistivity from hydro + disorder 
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A universal mechanism for a linear resistivity

T

s(T ) ⇠ T + . . .

⇢DC ⇠ s(T ) ⇠ T + . . .

Caveat: holography has many other “linear resistivity” scenarios

2.2 Normal state pseudogap

First seen as a suppression of density of states in 
the spin then charge channels in UD cuprates.

Reduction in the specific heat anomaly at Tc
indicates that spectral weight lost at T* is not 
recovered in the superconducting state –
suggesting some competing mechanism.

No specific heat anomaly at T* suggests that it is 
a crossover not a phase transition.

Pseudogap is also a states-non-conserving gap.
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Resistivity and hydrodynamics

• Hydrodynamics is a universal LEET

• What choice for the impurity operator     ?

• Hydrodynamics: 

• Full thermoelectric transport for      conserved current. 
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Figure 1: testingFigure 1: A comparison of our hydrodynamic theory of transport with the experimental results of

[33] in clean samples of graphene at T = 75 K. We study the electrical and thermal conductances
at various charge densities n near the charge neutrality point. Experimental data is shown
as circular red data markers, and numerical results of our theory, averaged over 30 disorder
realizations, are shown as the solid blue line. Our theory assumes the equations of state described
in (27) with the parameters C

0

⇡ 11, C

2

⇡ 9, C

4

⇡ 200, ⌘

0

⇡ 110, �

0

⇡ 1.7, and (28) with
u

0

⇡ 0.13. The yellow shaded region shows where Fermi liquid behavior is observed and the
Wiedemann-Franz law is restored, and our hydrodynamic theory is not valid in or near this
regime. We also show the predictions of (2) as dashed purple lines, and have chosen the 3
parameter fit to be optimized for (n).

where e is the electron charge, s is the entropy density, n is the charge density (in units of length�2),
H is the enthalpy density, ⌧ is a momentum relaxation time, and �q is a quantum critical e↵ect, whose
existence is a new e↵ect in the hydrodynamic gradient expansion of a relativistic fluid. Note that up to
�q, �(n) is simply described by Drude physics. The Lorenz ratio then takes the general form

L(n) =
L

DF

(1 + (n/n

0

)2)2
, (3)

where

L
DF

=
v

2

F

Ts

2

⌧

H , (4a)

n

2

0

=
H�q

e

2

v

2

F

⌧

. (4b)

L(n) can be parametrically larger than L
WF

(as ⌧ ! 1 and n ⌧ n

0

), and much smaller (n � n

0

).
Both of these predictions were observed in the recent experiment, and fits of the measured L to (3) were
quantitatively consistent, until large enough n where Fermi liquid behavior was restored. However, the
experiment also found that the conductivity did not grow rapidly away from n = 0 as predicted in (2),
despite a large peak in (n) near n = 0, as we show in Figure 1. Furthermore, the theory of [25] does not
make clear predictions for the temperature dependence of ⌧ , which determines (T ).

In this paper, we argue that there are two related reasons for the breakdown of (2). One is that the
dominant source of disorder in graphene – fluctuations in the local charge density, commonly referred to as
charge puddles [43, 44, 45, 46] – are not perturbatively weak, and therefore a non-perturbative treatment
of their e↵ects is necessary.3 The second is that the parameter ⌧ , even when it is sharply defined, is

3See [47, 48] for a theory of electrical conductivity in charge puddle dominated graphene at low temperatures.
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!  
! ! Electron!transport!is!conventionally!determined!by!the!momentum5relaxing!

scattering!of!electrons!by!the!host!solid!and!its!excitations.!Hydrodynamic!fluid!flow!through!

channels,!in!contrast,!is!determined!partly!by!the!viscosity!of!the!fluid,!which!is!governed!by!

momentum5conserving!internal!collisions.!A!long5standing!question!in!the!physics!of!solids! !

has!been!whether!the!viscosity!of!the!electron!fluid!plays!an!observable!role!in!determining!

the!resistance.!Here!we!report!experimental!evidence!that!the!resistance!of!restricted!

channels!of!the!ultra5pure!two5dimensional!metal!PdCoO!!! has!a!large!viscous!contribution.!

Comparison!with!theory!allows!an!estimate!of!the!electronic!viscosity!in!the!range!between!

!×!!!!! kg(ms)!!!! and! !×!!!!! kg(ms)!!!,!to!be!compared!with! 1×10!!! kg(ms)!!!! for!

water!at!room!temperature.! !  
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! ! Fig.! 4.! ! Hydrodynamic! effect! on! transport.! (A,! B)! The! measured! resistivity! of!

PdCoO!!! channels! normalised! to! that! of! the!widest! channel! (!!),! plotted! against! the! inverse!

channel!width!1/W!multiplied!by! the!bulk!momentumK! relaxing!mean! free!path! !!" ! (closed!

black!circles).!Blue!solid! line:! ! prediction!of!a!standard!Boltzmann!theory! including!boundary!

scattering!but!neglecting!momentumKconserving!collisions!(Red!line:prediction!of!a!model!that!

includes! the! effects! of! momentumKconserving! scattering! (see! text).! In! (C)! we! show! the!

predictions!of!the!hydrodynamic!theory!over!a!wide!range!of!parameter!space. 
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Graphene hosts a unique electron system in which electron-phonon scattering is extremely weak but 
electron-electron collisions are sufficiently frequent to provide local equilibrium above liquid nitrogen 
temperature. Under these conditions, electrons can behave as a viscous liquid and exhibit 
hydrodynamic phenomena similar to classical liquids. Here we report strong evidence for this 
long-sought transport regime. In particular, doped graphene exhibits an anomalous (negative) voltage 
drop near current injection contacts, which is attributed to the formation of submicrometer-size 
whirlpools in the electron flow. The viscosity of graphene’s electron liquid is found to be |0.1 m2 s-1, an 
order of magnitude larger than that of honey, in agreement with many-body theory. Our work shows a 
possibility to study electron hydrodynamics using high quality graphene.  
 

 

Collective behavior of many-particle systems that undergo frequent inter-particle collisions has been 
studied for more than two centuries and is routinely described by the theory of hydrodynamics (1,2). The 
theory relies only on the conservation of mass, momentum and energy and is highly successful in 
explaining the response of classical gases and liquids to external perturbations varying slowly in space 
and time. More recently, it has been shown that hydrodynamics can also be applied to strongly 
interacting quantum systems including ultra-hot nuclear matter and ultra-cold atomic Fermi gases in the 
unitarity limit (3-6). In principle, the hydrodynamic approach can also be employed to describe 
many-electron phenomena in condensed matter physics (7-13). The theory becomes applicable if 
electron-electron scattering provides the shortest spatial scale in the problem such that κee ,ܹا κ 
where κee is the electron-electron scattering length, ܹ the characteristic sample size, κ ؠ  ୊߬ theݒ
mean free path, ݒ୊  the Fermi velocity, and ߬  the mean free time with respect to 
momentum-non-conserving collisions such as those involving impurities, phonons, etc. The above 

3 

 

Fig. 1. Viscous backflow in doped graphene. (A,B) Calculated steady-state distribution of current 

injected through a narrow slit for a classical conducting medium with zero ߥ (A) and a viscous Fermi 

liquid (B) E. (C) Optical micrograph of one of our SLG devices. The schematic explains the measurement 

geometry for vicinity resistance. (D,E) Longitudinal conductivity ߪ௫௫  and ܴ୚  as a function of ݊ 

induced by applying gate voltage. ܫ = 0.3 PA; ܮ = 1 Pm. The dashed curves in (E) show the 

contribution expected from classical stray currents in this geometry (18). 

To reveal hydrodynamics effects, we employed the geometry shown in Fig. 1C. In this case, ܫ is injected 

through a narrow constriction into the graphene bulk, and the voltage drop ୚ܸ is measured at the 

nearby side contacts located at the distance 1 ~ ܮ Pm away from the injection point. This can be 

considered as nonlocal measurements, although stray currents are not exponentially small (dashed 

curves in Fig. 1E). To distinguish from the proper nonlocal geometry (24), we refer to the linear-response 

signal measured in our geometry as “vicinity resistance”, ܴ୚ = ୚ܸ/ܫ. The idea is that, in the case of a 

viscous flow, whirlpools emerge as shown in Fig. 1B, and their appearance can then be detected as sign 

reversal of ୚ܸ, which is positive for the conventional current flow (Fig. 1A) and negative for viscous 

backflow (Fig. 1B). Fig. 1E shows examples of ܴ୚ for the same SLG device as in Fig. 1D, and other SLG 

and BLG devices exhibited similar behavior (18). One can see that, away from the CNP, ܴ୚ is indeed 

negative over a wide range of intermediate ܶ, despite a significant offset expected due to stray 

currents. Figure 2 details our observations further by showing maps ܴ୚(݊,ܶ) for SLG and BLG. The two 

Fermi liquids exhibited somewhat different behavior reflecting their different electronic spectra but ܴ୚ 

was negative over a large range of ݊ and ܶ for both of them. Two more ܴ୚ maps are provided in fig. 
S9. In total, seven multiterminal devices with ܹ from 1.5 to 4 Pm were investigated showing the 

vicinity behavior that was highly reproducible for both different contacts on a same device and different 

devices, independently of their ܹ, although we note that the backflow was more pronounced for 

devices with highest ߤ and lowest charge inhomogeneity.  
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the spin then charge channels in UD cuprates.
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Two specific predictions from holography



12

T (K)

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●
●●●●●
●●●●●●●

●●●●●●
●●●●●
●●●●●●●●●●●

●●●●●
●●●●●●●

●●●●
●●●●●
●●●●●●●●

●●●●●●●
●●●●●●

●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●

●●●●●●●●●●●
●●●●●●

●●●●●●●●●
●●●●●●

●●●●●●●
●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●

●●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●●●
●●●●●●●●

●●●●●
●●●●●●●

●●●●●●●●●●●
●●●●●●●

●●●●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●

●●●●●●●●●●
●

●●●●●
●●●●●●●●

●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●●●●●●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●

●●●
●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●●
●●
●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●
●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●●
●●●●●●

●●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●
●●
●●
●
●
●
●
●
●
●
●
●●
●●
●●
●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●

●●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●
●●●●●●●●

●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●
●●●●●●●●

●●●●●●●●●●●
●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●
●●
●●
●●
●●
●●
●
●●
●
●
●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●
●●●
●●●
●●●●
●●●●●
●●●
●●●●●●
●●●●
●●●●
●●●●●●●●

●●●●
●●●●●●

●●●●●●●
●●●●●●

●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●
●●
●●
●●
●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●
●●●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●
●●●●●●●

●●●●●●●●●
●●●●●●

●●●●●●●●●●
●●●●●●

●●●●●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●●●●●●●
●
●
●
●
●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●

●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●●●

●●●●●●●●●●
●●●●●●●●●

●●●●●●
●●●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●

●●●●●●●●●●●
●●●●●●●

●●●●●●●●●●●●
●●●●●●

●●●●●●●●●
●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●

� �� �� �� ��
�

��

��

��

���

���

���

���

��

��

��

���

���

���

���

● ●
●

●
●

●

●

●

●● ● ●

●
●

� �� ��� ��� ���

���

���

���

���

a b

c

��
���
���
���
���

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●
●
●
●
●
●●
●●
●●
●●●
●●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●

� �� ��� ��� ��� ��� ���
�

��

���

���

���

���

���

ρ 
(μ
Ωc

m
)

180K

140K

110K

80K

65K

50K

40K

ρ 
(μ
Ωc

m
) ρ/α (K)

B (T)

T (K)

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●●
●●
●●
●●●
●●●●
●●●●
●●●●●
●●●●●●
●●●●●●●
●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●
●●●●●●●
●●●●●●
●●●●●●
●●●●●●●
●●●●●●
●●●●●●●
●●●●●●
●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●

●

●

●

●

● ● ●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

� �� �� ��� ��� ����

��

���

���

���

��

���

���

ρ 
(μ
Ωc

m
) ρ/α (K)

α

T (K)

d

ρ 
(μ
Ωc

m
)

β 
(μ
Ωc

m
/T

)β

35K
30K
25K
20K
15K
10K
4K

Figure 1. Magnetoresistance up to 80T of the thin-film La2�x

Sr
x

CuO4 at x = 0.190. a

Field scans up to 80T for a set of temperatures up to 180K. The vertical ticks on the right

indicate the resistivity in temperature units, ⇢/↵, obtained using linear fit in panel b. The

aspect ratio is such that 1inch either horizontally or vertically represent the same value in

natural energy units, µ
B

B and k

B

T (80T corresponds approximately to 53.7K). b

Zero-field resistivity in a broad temperature range up to room temperature. The gray line

indicates a linear-fit for resistivity above superconducting transition temperature, T
c

,

⇢ = a+ ↵T , where the intercept a ⇡ 1.5(±1.5)µ⌦cm and the temperature-slope

↵ ⇡ 1.02(±0.01)µ⌦cm/K. The uncertainty in a,↵ reflects variation in a running slope

analysis over broad temperature range. c Temperature dependence of resistivity at fixed

field (indicated by color legend). Gray points indicate the zero-field resistivity from panel

a. The vertical ticks on the right indicate the resistivity in units of temperature, ⇢/↵, same

as in panel a. The solid line through a set of 80T points at low temperatures is a guide for

the eye. d Temperature dependence of field-slope of resistivity at fixed field (calculated as

linear regression for 65T < B < 77T field range). The slope saturates below about 25K.

12

T (K)
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Figure 1. Magnetoresistance up to 80T of the thin-film La2�x

Sr
x

CuO4 at x = 0.190. a

Field scans up to 80T for a set of temperatures up to 180K. The vertical ticks on the right

indicate the resistivity in temperature units, ⇢/↵, obtained using linear fit in panel b. The

aspect ratio is such that 1inch either horizontally or vertically represent the same value in

natural energy units, µ
B

B and k

B

T (80T corresponds approximately to 53.7K). b

Zero-field resistivity in a broad temperature range up to room temperature. The gray line

indicates a linear-fit for resistivity above superconducting transition temperature, T
c

,

⇢ = a+ ↵T , where the intercept a ⇡ 1.5(±1.5)µ⌦cm and the temperature-slope

↵ ⇡ 1.02(±0.01)µ⌦cm/K. The uncertainty in a,↵ reflects variation in a running slope

analysis over broad temperature range. c Temperature dependence of resistivity at fixed

field (indicated by color legend). Gray points indicate the zero-field resistivity from panel

a. The vertical ticks on the right indicate the resistivity in units of temperature, ⇢/↵, same

as in panel a. The solid line through a set of 80T points at low temperatures is a guide for

the eye. d Temperature dependence of field-slope of resistivity at fixed field (calculated as

linear regression for 65T < B < 77T field range). The slope saturates below about 25K.
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Figure 1. Magnetoresistance up to 80T of the thin-film La2�x

Sr
x

CuO4 at x = 0.190. a

Field scans up to 80T for a set of temperatures up to 180K. The vertical ticks on the right

indicate the resistivity in temperature units, ⇢/↵, obtained using linear fit in panel b. The

aspect ratio is such that 1inch either horizontally or vertically represent the same value in

natural energy units, µ
B

B and k

B

T (80T corresponds approximately to 53.7K). b

Zero-field resistivity in a broad temperature range up to room temperature. The gray line

indicates a linear-fit for resistivity above superconducting transition temperature, T
c

,

⇢ = a+ ↵T , where the intercept a ⇡ 1.5(±1.5)µ⌦cm and the temperature-slope

↵ ⇡ 1.02(±0.01)µ⌦cm/K. The uncertainty in a,↵ reflects variation in a running slope

analysis over broad temperature range. c Temperature dependence of resistivity at fixed

field (indicated by color legend). Gray points indicate the zero-field resistivity from panel

a. The vertical ticks on the right indicate the resistivity in units of temperature, ⇢/↵, same

as in panel a. The solid line through a set of 80T points at low temperatures is a guide for

the eye. d Temperature dependence of field-slope of resistivity at fixed field (calculated as

linear regression for 65T < B < 77T field range). The slope saturates below about 25K.

Intercept at T=0 is at
to very high precision 

⇢ = 0

⇢DC ⇠ lim
!!0

Z
dkk(⌘k2 + . . .) ⇠ s(T ) ⇠ T

MIR bound



• Entropy density at low  
                                      
 

 
 

• Universal linear-in-T resistivity from hydro + disorder 

Davison, Schalm, Zaanen
PRB89 (2014) 245116

A universal mechanism for a linear resistivity

T

s(T ) ⇠ T + . . .

⇢DC ⇠ s(T ) ⇠ T + . . .

Caveat: holography has many other “linear resistivity” scenarios

2.2 Normal state pseudogap

First seen as a suppression of density of states in 
the spin then charge channels in UD cuprates.

Reduction in the specific heat anomaly at Tc
indicates that spectral weight lost at T* is not 
recovered in the superconducting state –
suggesting some competing mechanism.

No specific heat anomaly at T* suggests that it is 
a crossover not a phase transition.

Pseudogap is also a states-non-conserving gap.

Alloul et al., 
PRL 56 R11423 (1989)
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Fig. 1 | T-linear resistivity in five overdoped cuprates.  

In-plane electrical resistivity ρ of cuprates showing a T-linear resistivity at low 

temperature. a) Nd-LSCO at p = 0.24 (blue, H = 16 T; from ref. 11) and Bi2212 

at p = 0.23 (red squares, H = 55 T; this work, Fig. 2a). b) Temperature-

dependent part of the resistivity, ρ(T) - ρ0, for LSCO at p = 0.21 (green, H = 48 

T; from ref. 8), p = 0.23 (orange, H = 48 T; from ref. 8), p = 0.26 (blue, H = 18 T; 

from ref. 40) (see Supplementary Section 7). c) ρ(T) - ρ0 for Nd-LSCO at             

H = 33 T,  at p = 0.22 (green) and 0.23 (orange)  (from ref. 12) and at p = 0.24 

(blue; from ref. 7). For p = 0.22 and 0.23, a pressure of 2 GPa was applied to 

suppress the pseudogap phase (see Supplementary Section 4). d) ρ(T) – ρ0      

for LCCO at x = 0.15 (green, H = 8 T), x = 0.16 (orange, H = 6.5 T) and x = 0.17 

(blue, H = 4 T) (from ref. 14), and PCCO at x = 0.17 (red, H = 16 T; this work, 

see Supplementary Section 5). All dashed lines are a linear fit. 
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Fig. 3 | Effective mass m* and slope of T-linear resistivity A1
☐ vs p in hole-

doped cuprates.  

a) Effective mass m* of LSCO and Nd-LSCO as a function of doping, in units of 

the electron mass m0, for p > p*. The value of m* is obtained from specific heat 

data, via Eq. 2 (see Methods): in LSCO (green squares) at p = 0.26 and 0.29 

(ref. 34), and at p = 33 (ref. 33); in Nd-LSCO (blue circles) at p = 0.24, 0.27, 

0.36 and 0.40 (ref. 35). The solid line is a fit through the data, assumed to 

extend smoothly below p = 0.24. b) Slope of the T-linear resistivity, plotted as             

A1
☐ = A1 / d, where d is the (average) distance between CuO2 planes (see 

Methods): in LSCO (green squares) at p = 0.21, 0.23 and 0.26 (Supplementary 

Section 7); in Nd-LSCO (blue circles) at p = 0.22, 0.23 (Fig. 1c) and 0.24          

(Fig. 1a); in Bi2212 at p = 0.23 (red hexagon, Fig. 2b). The experimental values 

are compared to the Planckian estimate (solid line) given by Eq. 1 with α = 1.0, 

namely A1
☐ = (m* / n) (kB / e2 ħ d) (= h / 2e2TF), using m* from panel (a) (solid 

line in (a)) and n = (1-p) / (a2d) (Methods). Error bars are explained in the 

Methods; the dotted lines represent the uncertainty on m*. 

 

⇢DC ⇠ lim
!!0

Z
dkk(⌘k2 + . . .) ⇠ s(T )

@

@T
⇢DC ⇠ @

@T
s(T ) =

cV
T

⌘ �

⇤ : 2D FL : � = (
⇡

3
NAa

2)m⇤

specific heat � is the

measured quantity



⇧(!, k) = hn(!, k)n(�!,�k)i



• Plasmon in Fermi liquids

• Can be deduced from dielectric response
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 Fig. 2 – Scaling collapse of the continuum in optimally-doped BSCCO. (a) 
Dynamic charge susceptibility, ( , )qχ ω′′ , for a selection of momenta along the (1, 1)  
direction at 295 K (red symbols). The spectra were divided by q2 and offset for clarity. 
Error bars represent statistical, Poisson error. Grey lines are fits to the data using Eqs. 
1 and 2 (see text). (b)-(d) Parameters used for the fits at every momentum measured 
(red symbols). 0Π  represents the overall magnitude of the continuum, cω  is the UV 
cutoff, and V(q) is the Coulomb propagator near the surface. The dashed line in panel 
(b) represents a q2 fit. The dashed line in panel (d) represents a fit using 

( ) exp[ ] /V q qz q∝ − 18. Errors in q are given by the experimental momentum resolution. 
Parameter errors represent systematic uncertainty derived from a variation of 0.5±  in 
the exponent of the ratio ( )c qω ω  in Eq. 2. (e) Scaled collapse of the polarizability, 

( , )q ω′′Π , for all measured momenta (see text). The grey line is the fit function reported 
in Eq. 2. (f) Plot of the polarizability against the rescaled energy / Fv qω , showing 

2 2/q ω  scaling above the cutoff. The gray dashed line corresponds to 2 2/q ω′′Π ∝ . 
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Fig. 1 - Probing anomalous density fluctuations in the normal state of cuprates. 
(a) Schematic temperature-doping phase diagram of BSCCO showing the points 
investigated in this work, with filled symbols indicating where a complete q-
dependence was carried out. Here, AFI = Antiferromagnetic Insulator, 
PG = Pseudogap, SC = Superconductivity, FL = Fermi liquid, NFL = Non Fermi 
liquid, TN = Néel temperature, T* = Pseudogap temperature, Tc = Superconducting 
critical temperature. (b) Scattering geometry of the M-EELS experiment. ik  and fk  
represent momenta of the incident and scattered electron, respectively, and q is the in-
plane momentum transfer. (c) Lindhard polarizability, ( , )q ω′′Π , of a 2D Fermi liquid 
with a circular Fermi surface.  
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Plasmon width should know 
about quantum critical sector



• Towards experimental strange metals from Holography

2D Lattice

d-wave superconductor

nodal-anti-nodal dichotomy 

All phenomena in one model. 

Scaling in the Optical Conductivity 

Homes Law 

Correlated scaling: Specific Heat, Magnetoresistance, 
Magnetic Hall

… 

Phase transitions to … 



The strange metal in high Tc cuprates



• Order parameter susceptibility

Non-canonical scaling dimension

Emergence from criticality

Probe:
Superconducting

High Tc
superconductor

Target:
Strange Metal 

Normal State Low Tc
superconductor

Current
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Voltage
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Thin
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barrier
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She, Overbosch, Sun, Liu, Mydosh, 
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The strange metal in high Tc cuprates

AF phase is a Mott insulator:
a Mott insulator is local “jammed” charge pinned to underlying lattice



Doping a holographic Mott Insulator

AF phase is a Mott insulator:
a Mott insulator is charge density wave pinned to underlying lattice

Andrade, Krikun, Schalm, Zaanen

In holography charge density wave are naturally 
“intertwined” with loop current order 

Nakamura, Ooguri, Park,
Donos, Gauntlett,

Varma

(a)

(b)
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Figure 1: Top left panel: Profiles of the diamagnetic currents (arrows) and charge density
(colour) in the (a) purely spontaneous intertwined CDW state and (b) commensurately
locked Mott state. Top right panel: Evolution of AC conductivity upon the phase tran-
sition from metallic to Mott state. Sharp Drude peak is seen in metallic state which
is pinned and broaden after the phase transition. Bottom: Gravitational profiles of the
electric field strength @zAt encoding the RG flow from the UV (bottom) to the IR (top)
Add arrow of (f) the pure lattice that fades from to UV to irrelevancy in the IR (d) The
spontaneous charge density wave that emerges in the IR (e) the lock-in that forms the
Mott state.
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• Loop current order in high Tc cuprates

Varma



• Loop current order in high Tc cuprates

Varma
Krikun, Balm, 

Romero-Bermudez, 
Schalm, Zaanen
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Fig. 2 | Temperature dependence of the resistivity in LSCO. 

In-plane electrical resistivity ρ of our four LSCO samples as a function of 

temperature, with dopings p as indicated. The continuous curve is data taken in 

zero magnetic field (H = 0). The dots are the value of ρ at H = 55 T, obtained 

from isotherms of ρ vs H (Fig. S2). The thin line through the dots is a guide to 

the eye, whose value at T = 0 gives ρ(0) (Fig. S1). The straight black line is a 

linear fit to the zero-field data at high temperature, whose extrapolation to T = 0 

gives ρ0 (Fig. S1). The data deviate from the linear fit below the pseudogap 

temperature T* (Fig. 1). This deviation grows to gradually develop into a large 

upturn as T → 0, the signature of what has been called the “metal-to-insulator 

crossover” of cuprates (refs. 3,4). The size of the upturn, measured by the ratio 

ρ(0) / ρ0 (see text), is seen to decrease with doping. 

 



Charge Density Waves in Cuprates

• A doped holographic Mott insulator

Onset of insulating phase is “mild”

Remnant quantum critical conductivity

Andrade, Krikun, Schalm, Zaanen

gravitational theory can be interpreted as the ”scaling direction” of the renormalisation

group of the dual field theory with UV fixed point located on the boundary of AdS

(z = 0 in our coordinates). In Figs. 1f and 1d we show this scaling flow of both the

explicit lattice potential and the spontaneous crystal respectively. The irrelevancy of the

Umklapp potential is directly seen in Fig. 1f: the electric field sourced by the external

potential falls o↵ moving from the boundary to the deep interior. The spontaneous crystal

displays precisely the opposite flow: it is relevant in the IR without having any sources

in UV (Fig. 1d). One can now read o↵ the commensurate pinning mechanism from the

”scaling diagram”, Fig. 1e: this pinning occurs at intermediate energy scales. One sees

that ”halfway” the radial direction the (decreasing) external potential starts to overlap

with the (increasing) ”hair” coding for the spontaneous crystal.

1/1 Mott state

3a disc. lattice (4/3)

2a disc. lattice (3/2)

0.94 0.96 0.98 1.00 1.02

T

Tc

0.05

0.10

0.15

rDC

(a) (b)

Figure 2: DC resistivity for various locked states. Left panel: linear-linear plot near the
phase transition, Right panel: Log-log plot. The power law tail is seen at low temperature,
signalling the reamining near horizon degrees of freadom, which are not gapped.

The near horizon geometry contains a substantial feature of holography, the deep inte-

rior scaling geometry which encodes the densely entangled nature of holographic strange

metal. It’s signature is seen in DC electrical transport. The quantum critical matter,

represented by this IR scaling is never localized and thence the insultor arising upon

commensurate pinning is never gapped (11). Instead its resistivity diverges at zero tem-

perature as a power law, as seen on Fig.2b, contrary to the exponential suppression in

the conventional insulator. It also a↵ects the metal-insulator transition (Fig. 2a), which

doesn’t exhibit the abrupt rise of resistivity near Tc. This is actually quite suggestive

towards experiment. It has been known for a long time that the resistivity in spin-stripe

7
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Figure 5: DC resistivity of the holographic Mott insulator. Left panel: Di↵erent
commensurate states share similar behavior, revealing power law scaling at low temper-
ature. This signals the presence of quantum critical degrees of freedom, which remain
ungapped. Right panel: At the critical point no abrupt change of resistivity is seen,
suggesting a metal-insulator crossover. The dashed lines show resistivity in the unbro-
ken state without CDW, which is metallic. Temperature is scaled with respect to the
corresponding critical temperature of a given state (see e.g. Fig. 3a)
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Inverse Matthiessen law: two independent sectors

Lifshitz quantum critical theory supported by an ordered state





Recent experimental results on strange metals

• Scaling in ARPES linewidths

• Gap dynamics of superconductor

• Transport without quasiparticles 

Universal linear-in-T resistivity

with zero intercept

proportional to entropy (specific heat)

• Density fluctuations and anomalous plasmon physics

• Charge density wave Mott insulator

doping independent commensuration

mild insulator transition

• … 

2015

2015, ‘18

2017

2014

2015

2017

Reber, Dessau et al
Bawden, van Heumen, Golden et al

Kondo et al;
Reber, Li, Dessau et al

Latest: Boebinger, Shekhter et al

Latest: Taillefer et al

Davis and many others

Abbamonte et al

2018 Legros, Taillefer et al

2016



The Theory of a Strange Metal

Many of these results follow from



A strange metal is a state of matter consisting of two sectors,
one of which is a quantum critical state. 

Key insight from holography: (novel IR fixed point)

The Theory of a Strange Metal

Many of these results follow from

Theory: A quantum critical system without quasiparticles, supported by an ordered state  
with transport characterized by collective behavior. 

Experiment: excitations around the FS do not determine transport.

Experiment: quantum critical sector exhibits scaling and controls decay widths

Experiment: particle intuition does not apply.



A strange metal is a state of matter consisting of two sectors,
one of which is a quantum critical state. 

Key insight from holography: (novel IR fixed point)

Key role for holography: (superior computation)

Holography provides the computational theoretical framework.

The Theory of a Strange Metal

Many of these results follow from



A new road to an old dream:

Apply string theory to explain experiment

Gauge/Gravity duality Wuerzburg 2018



Holography gives a consistent, predictive framework
 that captures the right physics of experimental strange metals.

There is a real possibility and opportunity that it can explain
puzzling observations in actual experiment.

A new road to an old dream:

Apply string theory to explain experiment

Gauge/Gravity duality Wuerzburg 2018
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