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Modes of Entanglement

Entanglement Structure

- of basic interest are the patterns of entanglement in any quantum 
theory, especially quantum field theories

• in gauge/gravity duality, expected to play a central role in ‘bulk 
emergence’

• in condensed matter physics, a primary observable especially in 
topological states of matter

- entanglement inequalities, such as the positivity and monotonicity of 
relative entropy, play a powerful role, constraining QFTs in 
interesting ways
• recent work on establishing ANEC, QNEC is but one example
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Modes of Entanglement

Bi-partite entanglement

- often in QFT, interested in spatial entanglement
• standard construction presupposes 

- for a state       on    , trace over degrees of freedom in 
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Modes of Entanglement

Bi-partite entanglement

- works well for some QFTs, such as scalars and spinor fields

- it doesn’t work for gauge theories, as the Hilbert space does not 
factorize

- observables aren’t generally local
• cutting and gluing of regions involves degrees of freedom on cut

- in 3d CS, this is particularly familiar

• bulk is topological, but WZW on 1+1 edges
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Modes of Entanglement

3d Chern-Simons

- the non-factorizability of the Hilbert space is strikingly evident here
• think of C-S theory on 3-mfld (locally) of the form
• path integral over half-spacetime with (space-like) boundary     gives a 

wave-functional (half-spacetime ~ solid    )
• thus associate a Hilbert space        to 

• the various states in        correspond to non-trivial Wilson loops 

- The simplest example is 

- Thus entanglement knows about edge modes
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Modes of Entanglement

Entanglement Entropy in CS

- A convenient basis for the Hilbert space is obtained by inserting 
Wilson loops in some representation of the gauge group

- Bi-partite entanglement entropy, in the case where space is the 
aforementioned Riemann surface   , is determined by dual CFT data, 
principally the modular S-matrix

- depends on the topology of the entanglement cut, as well as details 
of the pure state. 

- Can be computed in a generic situation by the replica trick, using 
surgery methods.
• These methods bypass the issues associated with edge modes
• Isolate topological entanglement, UV divergence formally invisible
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Modes of Entanglement

Multi-partite Entanglement

- An interesting generalization of that story is to take the 3d space-
time to be a link complement

- Such a multi-boundary structure can be thought of as giving 
information about multi-partite entanglement.
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[1611.05460, 1801.01131]M(n) = S3\N(Ln)
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Modes of Entanglement

Multi-boundary states in CS3

- a simple way to generate such manifolds is to start with a closed 3-
manifold X (e.g. S3) and an n-component link      in X

- fatten each component into a tubular neighbourhood, yielding 

- the link complement                              is a 3-mfld with n-
component boundary

- CS path integral on         gives a state 

- Study entanglement by tracing over a subset of components
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Modes of Entanglement

Multi-partite Entanglement

- One finds that entanglement entropy is a framing-independent link 
invariant.

- Completely understood for Abelian theories
• Depends only on Gauss linking

- Case-by-case for non-Abelian theories 
• (e.g.,            ,             )  

- Various entanglement measures can be used to distinguish links

- Broad classes of link states are associated with standard classes of 
multi-partite entanglement 
• (e.g., torus links are GHZ-like, others W-like) 
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Modes of Entanglement

Heterogeneous CS

- Edge modes play a more direct role in entanglement if one 
considers distinct CS theories that share an interface

• The previous studies corresponds to one of these being trivial
• Previously studied in a “coupled wire construction” 

- When separate, the two phases would typically support chiral 
massless boundary modes

- As they are brought together, generically expect gapping interactions
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Modes of Entanglement

Heterogeneous CS

- In the continuum, these gapping interactions can be thought of as 
corresponding to (topological) interface conditions

- What is perhaps surprising is that even though the edges modes are 
gapped, they contribute anomalously to entanglement measures.
• Specifically, when the entanglement cut is taken to lie along the interface

 11

CSR CSB



Modes of Entanglement

- The simplest examples are           theories with different K-matrices

- The action on the interface can be taken to be topological
• More general interface actions, involving a choice of complex structure, are 

believed to modify only high energy physics, at least in the case that the 
interface is completely gapped.

- Such interface (boundary) conditions have been studied and classified 

- Corresponds to instructions on how to glue the CS theories together, 
equivalent to gapping interactions from the pov of the interface modes

- Boundary conditions pick a ‘Lagrangian subspace’ of the K-matrix, so 
pick a polarization on the interface
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Modes of Entanglement

- Generically an interface will support global           charges 
• In figures, depicted as Wilson lines ending on the interface

- Topological interface conditions provide an identification of the 
gauge group across interface, describing Wilson lines that can cross

- Thus the physics of edge modes is fundamental here
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Modes of Entanglement

- Particular linear combinations of fields remains invariant under 
residual          ; specified by vectors 

• These determine the structure of the gapping interactions, and interface 
conditions

- A quantity relevant to entanglement is an effective K-matrix

- e.g., determines entanglement entropy
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Modes of Entanglement

Heterogeneous CS

- One way to proceed is via the replica trick

- This leads to an interesting complication — the path integrals 
representing Rényi entropies are “striped” with alternating phases
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Modes of Entanglement

- One can visualize/organize this in several ways

- Fold into n copies, gluing condition determined by top int conditions
• Single homogeneous theory with K-matrix        on n-replicated mfld.

- UV cutoff (around entangling cut) plays role of finite size of torus
• The last figure corresponds to an interpretation as a transition between 

boundary states — Ishibashi states emerge 
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Modes of Entanglement

WZW Interpretation

- The Ishibashi interpretation comes about through WZW supported 
on regulator surface

- There is a complementary “extended Hilbert space" picture 
•  A technique for embedding states in a larger Hilbert space, managing 

edge mode states 
• Need this to construct a reduced density matrix in gauge theories

- E.g., 
• Define embedding of        by gauge invariance
• Depends on identification of gauge transformations at shared interface
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Modes of Entanglement

Extended Hilbert Space Interpretation

- Gauge transformations on disks generated by

- e.g., choose    continuous across interface — 

- Then gauge invariance of state      reads

- Tracing over         is trace over oscillator modes

- CS subregion entanglement       Ishibashi L-R entanglement

- When applied to heterogeneous example, reproduces ent ent.
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�
<latexit sha1_base64="LErM20sa1bpNwYNtNn0iH9fU6UU=">AAACSnicdVDLSgMxFM3UqrU+q0s3g0VwY5kRQRcuBDcuK9gHdEq5k7nThiaZIckoZehHuNVf8gf8DXfixvQhaKsHAodz7r2cnDDlTBvPe3MKK8XVtfXSRnlza3tnd6+y39RJpig2aMIT1Q5BI2cSG4YZju1UIYiQYysc3kz81gMqzRJ5b0YpdgX0JYsZBWOlVsDtaAS9vapX86Zwl4k/J1UyR71XcU6DKKGZQGkoB607vpeabg7KMMpxXA4yjSnQIfSxY6kEgbqbT/OO3WOrRG6cKPukcafqz40chNYjEdpJAWagF72J+J83uaj/MjuZiS+7OZNpZlDSWYo4465J3EkzbsQUUsNHlgBVzH7EpQNQQI3trxwolPhIEyFARnkQg2B8FGEMGTfjPNDxN/8VSMfTrGVbsL9Y5zJpntV8r+bfnVevr+ZVl8ghOSInxCcX5JrckjppEEqG5Ik8kxfn1Xl3PpzP2WjBme8ckF8oFL8A/2W0Eg==</latexit><latexit sha1_base64="LErM20sa1bpNwYNtNn0iH9fU6UU=">AAACSnicdVDLSgMxFM3UqrU+q0s3g0VwY5kRQRcuBDcuK9gHdEq5k7nThiaZIckoZehHuNVf8gf8DXfixvQhaKsHAodz7r2cnDDlTBvPe3MKK8XVtfXSRnlza3tnd6+y39RJpig2aMIT1Q5BI2cSG4YZju1UIYiQYysc3kz81gMqzRJ5b0YpdgX0JYsZBWOlVsDtaAS9vapX86Zwl4k/J1UyR71XcU6DKKGZQGkoB607vpeabg7KMMpxXA4yjSnQIfSxY6kEgbqbT/OO3WOrRG6cKPukcafqz40chNYjEdpJAWagF72J+J83uaj/MjuZiS+7OZNpZlDSWYo4465J3EkzbsQUUsNHlgBVzH7EpQNQQI3trxwolPhIEyFARnkQg2B8FGEMGTfjPNDxN/8VSMfTrGVbsL9Y5zJpntV8r+bfnVevr+ZVl8ghOSInxCcX5JrckjppEEqG5Ik8kxfn1Xl3PpzP2WjBme8ckF8oFL8A/2W0Eg==</latexit><latexit sha1_base64="LErM20sa1bpNwYNtNn0iH9fU6UU=">AAACSnicdVDLSgMxFM3UqrU+q0s3g0VwY5kRQRcuBDcuK9gHdEq5k7nThiaZIckoZehHuNVf8gf8DXfixvQhaKsHAodz7r2cnDDlTBvPe3MKK8XVtfXSRnlza3tnd6+y39RJpig2aMIT1Q5BI2cSG4YZju1UIYiQYysc3kz81gMqzRJ5b0YpdgX0JYsZBWOlVsDtaAS9vapX86Zwl4k/J1UyR71XcU6DKKGZQGkoB607vpeabg7KMMpxXA4yjSnQIfSxY6kEgbqbT/OO3WOrRG6cKPukcafqz40chNYjEdpJAWagF72J+J83uaj/MjuZiS+7OZNpZlDSWYo4465J3EkzbsQUUsNHlgBVzH7EpQNQQI3trxwolPhIEyFARnkQg2B8FGEMGTfjPNDxN/8VSMfTrGVbsL9Y5zJpntV8r+bfnVevr+ZVl8ghOSInxCcX5JrckjppEEqG5Ik8kxfn1Xl3PpzP2WjBme8ckF8oFL8A/2W0Eg==</latexit><latexit sha1_base64="LErM20sa1bpNwYNtNn0iH9fU6UU=">AAACSnicdVDLSgMxFM3UqrU+q0s3g0VwY5kRQRcuBDcuK9gHdEq5k7nThiaZIckoZehHuNVf8gf8DXfixvQhaKsHAodz7r2cnDDlTBvPe3MKK8XVtfXSRnlza3tnd6+y39RJpig2aMIT1Q5BI2cSG4YZju1UIYiQYysc3kz81gMqzRJ5b0YpdgX0JYsZBWOlVsDtaAS9vapX86Zwl4k/J1UyR71XcU6DKKGZQGkoB607vpeabg7KMMpxXA4yjSnQIfSxY6kEgbqbT/OO3WOrRG6cKPukcafqz40chNYjEdpJAWagF72J+J83uaj/MjuZiS+7OZNpZlDSWYo4465J3EkzbsQUUsNHlgBVzH7EpQNQQI3trxwolPhIEyFARnkQg2B8FGEMGTfjPNDxN/8VSMfTrGVbsL9Y5zJpntV8r+bfnVevr+ZVl8ghOSInxCcX5JrckjppEEqG5Ik8kxfn1Xl3PpzP2WjBme8ckF8oFL8A/2W0Eg==</latexit>

�n = ��n
<latexit sha1_base64="C8FKoFyhRQVb5VgPs6wjj8euUGg="></latexit><latexit sha1_base64="C8FKoFyhRQVb5VgPs6wjj8euUGg="></latexit><latexit sha1_base64="C8FKoFyhRQVb5VgPs6wjj8euUGg="></latexit><latexit sha1_base64="C8FKoFyhRQVb5VgPs6wjj8euUGg="></latexit>

Ishibashi condition

$
<latexit sha1_base64="SXDx5K5hk0mYH3pV/JVPdp21jzc="></latexit><latexit sha1_base64="SXDx5K5hk0mYH3pV/JVPdp21jzc="></latexit><latexit sha1_base64="SXDx5K5hk0mYH3pV/JVPdp21jzc="></latexit><latexit sha1_base64="SXDx5K5hk0mYH3pV/JVPdp21jzc="></latexit>

HD2
R

<latexit sha1_base64="SZ41Z3mqLoBG+MyNO5pmkVYrAns="></latexit><latexit sha1_base64="SZ41Z3mqLoBG+MyNO5pmkVYrAns="></latexit><latexit sha1_base64="SZ41Z3mqLoBG+MyNO5pmkVYrAns="></latexit><latexit sha1_base64="SZ41Z3mqLoBG+MyNO5pmkVYrAns="></latexit>

Ĵ�n<latexit sha1_base64="dNI0wLkrKD2yMJ5On1fc3RV7Xvs="></latexit><latexit sha1_base64="dNI0wLkrKD2yMJ5On1fc3RV7Xvs="></latexit><latexit sha1_base64="dNI0wLkrKD2yMJ5On1fc3RV7Xvs="></latexit><latexit sha1_base64="dNI0wLkrKD2yMJ5On1fc3RV7Xvs="></latexit>



Modes of Entanglement

Summary

- topological field theories such as 3d CS is an important testing 
ground for quantum information ideas in the context of continuum 
field theories

- e.g., detailed understanding of extended Hilbert space techniques in 
the continuum

- Would like to formulate further multi-partite notions
• e.g., are there other states than Ishibashi states that play a similar role in 

multi-partite entanglement? “vertex states”
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