
String Theory I - Exercise Sheet 4

Due to Thu Jun 1 2017 14-16 Uhr SE3

Problem 4.1: Center of Mass Motion of the String and Lorentz
generators

1. Use Noether’s theorem to show that the conserved charge arising from the
target space-time translation invariance Xµ → Xµ + cµ of the Polyakov action
in conformal gauge is the center of mass momentum pµ in the mode expansion
of the closed string

Xµ(τ, σ) = xµ + α′pµτ + i
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Argue why xµ in the same expansion is the center of mass position.

Hint: First derive the current Pα
µ . Then construct the conserved charge by

integrating the world sheet time component of the current over the world sheet
spatial direction.

2. Use Noether’s theorem to show that the generators of the target space-time
Lorentz symmetry Xµ → Λµ

νX
ν , i.e. the conserved charges corresponding

to Lorentz transformations, of the Polyakov action for the closed string in
conformal gauge take the form
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after evaluating them on the mode expansion (1).

Hint: First show that the conserved current is Jαµν = Pα
µXν −Pα

ν Xµ, where Pα
µ

is the conserved current of space-time translations. Then use the definition of
the conserved charge Mµν =

∫
dσJτµν to show (2).
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Problem 4.2: Commutators in Covariant Quantization

Use the mode expansion (1) to derive from the Heisenberg operator equal time com-
mutation relations in the covariant approach

[Xµ(τ, σ),Πν(τ, σ
′)] = iδ(σ − σ′)δµν (3)

[Xµ(τ, σ), Xν(τ, σ′)] = [Πµ(τ, σ),Πν(τ, σ
′)] = 0 (4)

the commutation relations for the center of mass and oscillator modes

[xµ, pν ] = iηµν , [αµn, α
ν
m] = [α̃µn, α̃

ν
m] = nηµνδn+m,0 . (5)

Note that Πµ = δL
δẊµ = Ẋµ

2πα′
. is the momentum conjugate to Xµ.

Problem 4.3: Massless modes in covariant quantization

Impose the normal ordered Virasoro constraints L1 =:
∑
m

α1−m · αm : and L̃1 =:∑
m

α̃1−m · α̃m : on the massless state |ζ; p >= ζµνα
µ
−1α̃

ν
−1|0; p > to show that the

polarization tensor must be transverse,

pµζµν = pνζµν = 0 .
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