
String Theory I - Exercise Sheet 3
Due to Thu May 18 2017 14-16 Uhr SE3

Problem 3.1: Euler Characteristic of an Open Manifold

It is well known that the Euler characteristic χ of a surface with boundary

χ =
1

4π

∫
M

dτdσ
√
−γR +

1

2π

∫
∂M

ds k (1)

is a topological invariant, i.e. it does not depend on the metric on the surface. Herein

k = ±tanb∇at
b (2)

is the surface gravity and ta, nb are respectively unit vectors tangent and orthogonal
(outward pointing) to the boundary. ∇a is the usual covariant derivative. Prove by
explicit computation that, in particular, χ is invariant under Weyl transformations

γ′ab = e2ω(σ,τ)γab. (3)

1. Show that the Christoffel symbols and the Ricci curvature R will transform
under (3) as

Γ′abc = Γabc + ∂bωδ
a
c + ∂cωδ

a
b − ∂dωγadγbc (4)

R′ = e−2ω(R− 2∇a∂
aω) (5)

In our conventions the curvature tensor takes the form

Ra
bcd = ∂dΓ

a
cb − ∂cΓadb + ΓecbΓ

a
de − ΓedbΓ

a
ce (6)

2. Use the normalization of the unit vectors ta, nb to deduce their transformation
properties. Then check the transformation

k′ = e−ω(k ± tatanb∂bω). (7)

Which sign must you choose if ta is spacelike/timelike? What is the final
expression for the transformation of k?

3. Use ds′ = eω ds and Stokes theorem∫
M

dτdσ
√
−γ∇av

a =

∫
∂M

dsnava (8)

for any va to derive χ′ = χ.
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Problem 3.2: Some Differential Geometry

Show that the number of independent components of the Riemann tensor Rabcd on
a D-dimensional space-time is

CD =
D2

12
(D2 − 1) .

Use that the Riemann tensor is antisymmetric in each pair of indices and symmetric
under the exchange of both pairs of indices,

Rabcd = −Rbacd = −Rabdc = +Rcdab ,

as well as the cyclicity
Rabcd +Racdb +Radbc = 0 .

Hint: Use the first two properties to show that the cyclic sum is also completely
antisymmetric.

Use this result to show that in two dimensions the Riemann tensor can be written
as

Rabcd =
R

2
(gacgbd − gadgbc) .

Using (5) above one can show that at least locally it is always possible to find a
conformal factor such that R = 0. Argue why a vanishing Riemann tensor (in any
dimension) implies that the space-time is flat, gab = ηab.

2


