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1. Prüfer: Prof. Dr. H. Fraas
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Chapter 1

Introduction

The Standard Model (SM) of elementary particle physics [1–3] describes with great
success the known elementary particles and their strong and electroweak interac-
tions in the framework of quantum field theory. The discovery of neutrino oscil-
lations is the first experimental signal that can not be described in the framework
of the SM (for a review see e.g. [4]).

The SM is a gauge theory built on the gauge groups SU(3)C × SU(2)L × U(1)Y ,
which, however, at low energies, is spontaneously broken to SU(3)C × U(1)EM.
A currently favoured mechanism for this spontaneous symmetry breaking is the
Higgs mechanism [5–7]. It introduces a new fundamental scalar field with non-
vanishing vacuum expectation value, the Higgs field, whose associated boson is
expected to be established experimentally at the Large Hadron Collider (LHC).

However, even if the Higgs boson is discovered it seems clear that the SM is not the
fundamental theory [8, 9]. Supersymmetry (SUSY) is one of the most promising
concepts for new physics with the SM as the low energy limit. It introduces a whole
set of new particles and interactions, which will be the subject of detailed studies at
future colliders. In fact, the search for new physics, and especially supersymmetric
particles, is an important topic at the LHC which is projected to start operation in
2008. SUSY is also an important topic in the planning process for the next e+e−

collider, the International Linear Collider, ILC [10]. Here, beam polarisation is
considered to be of significant value in the precise study of the properties of new
particles [11].

Earlier works showed that the e−e− mode may offer some advantages compared to
the e+e− mode, especially for the study of the selectron properties [12–21]. How-
ever, these works either did not consider all polarisation options, especially trans-
verse polarisation, or lacked the effects from slepton mixing and Lepton Flavour
Violation (LFV).

This work is based on the most general form of slepton production at the ILC
including all possible polarisation modes, CP violation from both the slepton
sector as well as the neutralino sector and the possible flavour violating effects in
the slepton sector. It is organised as follows: First, a short introduction to SUSY

— 7 —



8 CHAPTER 1. INTRODUCTION

centred on the relevant features for this work is given in chapter 2. This includes
the mixing in the neutralino and slepton sector for complex parameters as well as
analytical approximations for a three generation mixing in the slepton sector.
The slepton pair production process e−e− → ℓ̃aℓ̃b is introduced in chapter 3 in-
cluding all possible polarisation modes. There, already some interesting features
of this process mediated by the exchange of heavy Majorana fermions, the neu-
tralinos, are revealed. This also justifies the general approach to the, at first sight
seemingly, simple process. In chapter 4 some scenarios are discussed. The selection
of these points in the SUSY parameter space is based mainly on previous studies
done for the evaluation of the potential of the ILC. Some of the scenarios are of
special interest for the discussion of CP violation while at others the e−e− mode
would offer good chances to establish LFV.
After this general part, numerical studies on the possibilities of measuring CP -
sensitive observables are made in chapter 5. First, the production cross section is
studied as a CP -even observable. Contrary to earlier works [22], the full neutralino
mixing is taken into account. Then a CP -sensitive observable based on transverse
polarisation is constructed and evaluated.
The effect of LFV is considered in chapter 6. In some scenarios a background
free measurement is possible in the e−e− mode [23]. This is a clear advantage
compared to the e+e− mode. In this context, a numerical study of the actual
slepton composition in the case of full three generation mixing is presented. This
extends earlier studies done via random parameter scans [24–28]. An important
result is that obeying the stringent experimental bounds from the branching ratios
of ℓa → ℓbνν̄ as well as ℓa → ℓbγ (table 6.1), large flavour violating cross sections
are possible.
It is shown, that the analytical approximations derived for the three generation
slepton mixing are in very good agreement to the numerical results within the
current experimental bounds. Within these bounds, sleptons with nearly equal
selectron and smuon components are possible.
Similar studies of CP violation and LFV as in e−e− are also possible at a muon
collider in the µ−µ− mode. A short comparison of these two modes is given in
chapter 7.
The SM and SUSY background is considered in chapter 8 and numerically esti-
mated in the SPS 1a′ scenario as an example.
A summary and conclusions are given in chapter 9.



Chapter 2

Supersymmetry

2.1 Why Supersymmetry?

This section gives a brief overview for the motivation of Supersym-

metry based on the problems of the SM.

Although the SM offers a good description of nearly all known non gravitational
phenomena, there are some theoretical and phenomenological problems partly as-
sociated with the Higgs boson [8,9]. For this reason, today it is believed, that the
SM can not be the fundamental theory of the elementary particles and their inter-
actions, but is the low energy limit of a more fundamental theory. Some problems
and their possible solutions in a supersymmetric framework will be discussed in
this section.

2.1.1 Problems of the SM...

Some of the most important problems of the SM are

• Gauge coupling unification. The appealing idea of a Grand Unified Theory
(GUT) that unifies all forces at a certain high energy scale is not realised
within the SM [29–31].

• Hierarchy problem [32, 33]. This problem is also related to fine-tuning
and the Higgs mechanism. To describe the electroweak symmetry break-
ing correctly by this mechanism, the mass of the Higgs scalar has to be
of O(100) GeV. However, as there is no symmetry protecting scalars from
higher order contributions to their mass, the “natural” mass of the Higgs
boson would have to be O(1016) GeV.

• Family structure and fermion masses. There is no explanation of the exis-
tence of exactly three generations.

— 9 —
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• Neutrino masses. Within the SM, neutrinos are massless and strictly left-
handed particles. For this reason the observed neutrino oscillations [34–36]
already give a clue that new physics exist beyond the SM.

• Cosmology. The SM offers no explanation for the baryon asymmetry of the
universe, nor a good candidate for the cold dark matter (CDM). Addition-
ally, embedding gravity within the standard model does not seem possible.

2.1.2 ...and Supersymmetric Solutions

Many of the problems mentioned in the previous subsection can be solved by
SUSY:

• Gauge coupling unification. It was shown [37, 38] that the Minimal Su-
persymmetric Standard Model (MSSM) allows gauge coupling unification, if
the supersymmetric particles have masses of O(1) TeV. As can be seen in
figure 2.1 this leads to a unification scale of Λ ≈ 1016 GeV [29–31,39].

• Fine-tuning problem [32, 33]. As bosonic and fermionic loop contributions
to the Higgs mass enter with a different sign, this would result in exact
cancellation of all loop contributions to the Higgs masses in case of exact
SUSY.

For broken SUSY though, this cancellation is not exact; the loop corrections
are much smaller than in the SM, actually of the order of the mass splitting
between the SM particles and their supersymmetric partners.

• Cosmology. If R-Parity is conserved, the lightest supersymmetric particle
(LSP) is stable and provides a good candidate for cold dark matter (CDM).
Typical candidates are the lightest neutralino or the gravitino [32,40,41].

• Local SUSY offers a way to integrate gravity into the theory. This results
in the so called SUGRA models.

Additionally, there are also some indirect hints that nature might be supersym-
metric:

• SUSY predicted in the early 1980s a heavy top quark as necessary ingredient
for the electroweak symmetry breaking. [42,43].

• SUSY-GUTs predicted the presently measured value of sin2 θw, e. g. [37,38,
43].

• SUSY prefers a light Higgs boson [44,45] as it is also preferred by electroweak
precision data and the latest results from LEP [46–50].

• Most string theories, which are believed to describe physics at the high scale,
require supersymmetry.
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Figure 2.1: RG evolution of the inverse gauge couplings α−1
a (Q) in the

SM (dashed) and the MSSM (solid). In the MSSM case the sparticle
mass thresholds are varied between 250 GeV and 1 TeV, and α3(mZ)
between 0.113 and 0.123. Two-loop effects are included. [32]

2.2 The MSSM

This section gives a short introduction to the MSSM. Without going

into details, some common schemes for SUSY breaking are shortly

introduced. The relevant parts of the SUSY breaking Lagrangian

as well as the particle spectrum of the MSSM are given and the

neutralino mixing is discussed.

The MSSM [32, 51–53] has the same gauge structure SU(3)C × SU(2)L × U(1)Y
as the SM and introduces a minimal set of superfields and interactions. That is,
each chiral fermion field is replaced by a chiral superfield and each gauge field is
replaced by a vector superfield. Each of these superfields now contains the SM
particles as well as their proper superpartners. From this procedure follows that
each fermion in the SM has its spin zero superpartner, the sfermion (f̃), and each
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gauge boson has its spin-1
2 superpartner, the gaugino.

Additionally, one has to extend the Higgs sector of the SM. Besides the presence of
the Higgs superpartners, the spin-1

2 higgsinos, a second Higgs doublet is required
to give masses to up- and down-type chiral fermions [51, 52]. This results in the
particle spectrum shown in table 2.1. The mass eigenstates shown will be discussed
in greater detail in section 2.2.2 and section 2.3. This procedure and the resulting
supersymmetric lagrangian can be found in the literature e. g. [32,51–55].

SM particle SUSY-Partner
interaction eigenstate mass eigenstate

Leptons: ℓ = e, µ, τ Sleptons: ℓ̃R, ℓ̃L Sleptons: ℓ̃1, ℓ̃2

Neutrinos: ν = νe, νµ, ντ Sneutrinos: ν̃ Sneutrinos: ν̃
Quarks: q = u, d, s, c, b, t Squarks: q̃L, q̃R Squarks: q̃1, q̃2

W-boson: W± Wino: W̃±

Higgs boson: H−
1 Higgsino: H̃−

1 Chargino: χ̃±
j

Higgs boson: H+
2 Higgsino: H̃+

2 (j = 1, 2)
Photon: γ Photino: γ̃

Z-boson: Z Zino: Z̃ Neutralino: χ̃0
j

Higgs boson: H0
1 Higgsino: H̃0

1 (j = 1, . . . , 4)

Higgs boson: H0
2 Higgsino: H̃0

2

Gluon: g Gluino: g̃ Gluino: g̃

Table 2.1: Particle spectrum of the MSSM

2.2.1 SUSY Breaking

In a supersymmetric world one would observe an exact mass degeneracy between
supersymmetric particles and their SM counterparts. As no supersymmetric par-
ticles have yet been observed [56], supersymmetry has to be broken at some higher
energy scale. This breaking can be mediated by several mechanisms, the most
popular being gravity, which leads to the so-called minimal supergravity models
(mSUGRA). The inclusion of gravity establishes a connection between local and
global supersymmetry.

However, the ordinary gauge interactions can also be responsible for supersymme-
try breaking. In this so-called gauge mediated supersymmetry breaking (GMSB)
some new chiral supermultipletts called messengers are introduced, which couple
to the source of SUSY breaking in a hidden sector as well as the (s)particles and
higgsinos through ordinary SU(3)C × SU(2)L × U(1)Y gauge boson and gaugino
interactions. The still existing gravitational couplings between the MSSM and the
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hidden sector are negligible compared to the gauge interaction effects, and the
models can be understood mainly in terms of loop effects.
The last large class commonly considered is the so-called anomaly mediated su-
persymmetry breaking (AMSB). This mechanism often involves extra dimensions
that are suggested by string theory.
As the actual breaking mechanisms at the high scale are not relevant for this study,
they will not be further discussed. A description of these various SUSY breaking
mechanisms can be found in the literature, e. g. [8,32,57]. Those parts of the soft
SUSY breaking Lagrangian (i. e. that keep the theory renormalisable) relevant
here are found to be [32]:

LSSB = −1

2
(M1B̃B̃ +M2W̃ W̃ + h.c.)

−ℓ̃†Lm2
Lℓ̃L − ℓ̃Rm

2
Rℓ̃

†
R + h.c.

−ℓ̃RAℓ̃LH1 + h.c.

−m2
H1
H†

1H1 −m2
H2
H†

2H2 − (BµH1H2 + h.c.) (2.1)

The B̃ is the supersymmetric partner of the B-boson of the SM, which, together
with the W 0, forms the photon and Z-boson. M1 is the U(1)Y - and M2 the
SU(2)L- gaugino mass parameter. By redefinition of the fields, one of these (con-
ventionally M2) can be made real, whereas the other (M1) can have a CP violating
phase. This will be subject of the studies concerning CP violation (see section 2.4
and chapter 5). The complex 3 × 3 matrix A describes the trilinear couplings of
the scalar fields. The parameters mH1

and mH2
are the soft SUSY breaking con-

tributions to the Higgs masses and BµH1H2 is a mass term, parametrising the
mixing of the Higgs bosons.
LSSB contains contributions to the slepton masses given by hermitian 3×3 matrices:
mL for the left sleptons and mR for the right ones. The sleptons are then given
by two triples: (ẽ, µ̃, τ̃)L for the left sector and (ẽ, µ̃, τ̃ )R for the right one. The
matrices A are again the matrices of the trilinear couplings. These couplings
contain a source for CP violation in the slepton sector and are also relevant for
the mixing of left and right sleptons (see also section 2.3). The latter is only of
some importance in the τ̃ -sector as it is proportional to the corresponding lepton
mass.
The final important parameter is the higgsino mass parameter µ. This parameter
is found in the following part of the MSSM Lagrangian LMSSM

LMSSM ⊃ −µ(H̃+
2 H̃

−
1 + H̃0

2 H̃
0
1 ) + h.c.

−|µ|2
(

|H̃0
1 |2 + |H̃−

1 |2 + |H̃0
2 |2 + |H̃−

2 |2
)

+ h.c.

+µ∗
(

ℓ̃†Ryℓ̃LH
0
2 + ℓ̃†Lyν̃H

+
2
∗
)

+ h.c. (2.2)

This part contains the higgsino mass terms, again contributions to the Higgs
masses and the Yukawa couplings of the sleptons by means of the y-matrix.
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2.2.2 Neutralinomixing

If SUSY was exact, the mass and interaction eigenstates of the new particles
would coincide. As a result of supersymmetry breaking, however, the interaction
eigenstates mix to mass eigenstates. The partners of the W-boson (the winos)
together with the charged higgsinos form the charginos, whereas the partners of
the neutral gauge bosons (the Bino B̃ and Zino Z̃) together with the neutral
higgsinos form the neutralinos (see table 2.1).

The mixing matrix of the partners of the gauge bosons to the neutralinos as mass
eigenstates can be parametrised [53,58,59] by the

• U(1)Y -Gaugino mass parameter: M1

• SU(2)L-gaugino mass parameter: M2

• higgsino mass parameter: µ

• Ratio of the Higgs vacuum expectation values

tan β =
〈H0

2 〉
〈H0

1 〉
=
v2
v1
. (2.3)

In case of CP conservation the parameters M1,M2 and µ are real and M1,2 > 0 is
conventionally chosen. If GUT relations are assumed, M1 and M2 are found to be
related due to gaugino mass unification by

M1

M2
=

5

3
tan2 θw. (2.4)

However, there is no strict requirement that gauge coupling unification can be
achieved only together with mass unification. Mass unification merely avoids prob-
lems that might arise with flavour changing and CP violating effects [32]. When
dropping the restriction of mass unification other relations between M1 and M2

are possible. It may even happen that both of them are free parameters of the
theory. In most scenarios it is assumed M1 < M2 giving the lightest neutralino
a larger bino contribution. Nevertheless, the lightest neutralino can also have a
more wino-like character if M1 > M2.

The character of the neutralinos is also influenced by the relation of µ to M2.
The relations of table 2.2 can be found as a rule of thumb for this interplay.
Additionally, increasing values of tan β lead to a stronger mixing, e. g. for M2 > µ
the lighter two neutralinos get a stronger gaugino component with increasing tanβ.

One refers to a gaugino-(higgsino-)like scenario in case the lighter two neutralinos
are mainly gauginos (higgsinos) and the heavier two are then higgsino-(gaugino-)-
like.
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Character of χ̃0
1, χ̃

0
2

M2 > µ higgsino-like
M2 ≈ µ mixed, i. e. no dominating character
M2 < µ gaugino-like

Table 2.2: Effect of the relation between the higgsino mass parameter
µ and the gaugino mass parameter M2 on the mixing of the neutralinos.

From the SUSY Lagrangian the mass term of the neutralinos are thus obtained
[59,60]:

L
0
mass = −1

2
ψ0

i Y
′
ijψ

0
j + h.c., j = 1..4 (2.5)

with the Weyl spinors

ψ0
j = (−iλγ ,−iλZ , ψ

a
H , ψ

b
H), j = 1..4 (2.6)

in the photino-zino (λγ , λZ , ψ
a
H , ψ

b
H) basis.

The neuralino mass matrix is found in this basis [59]

Y =









M2s
2
w +M1c

2
w (M2 −M1)swcw 0 0

(M2 −M1)swcw M2c
2
ws

2
w mZ 0

0 mZ µs2β −µc2β

0 0 −µc2β −µs2β









, (2.7)

where sw = sin θw, cw = cos θw, s2β = sin 2β and c2β = cos 2β.

Y can be diagonalised by a unitary matrix N :

N∗Y N−1 = M0
D. (2.8)

It was shown, even in the presence of CP violating phases, that this diagonalisation
can be done analytically [61], but for practical purposes numerical methods are
more feasible. The mass eigenstates can be written as

χ0
i = Nijψ

0
j , (2.9)

where i, j = 1..4. If the Majorana spinors are introduced

χ̃0
i =

(

χ0
i

χ0
i

)

(2.10)

one finds for the lepton-slepton-neutralino interaction [51–53]

Lℓℓ̃iχ̃0
k

= gfL
lkℓ̄PRχ̃

0
k ℓ̃L + gfR

lk ℓ̄PLχ̃
0
k ℓ̃R + h.c., (2.11)
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where the relevant couplings are given by

fL
lk =

√
2

[(

1

sin 2θw
− tan θw

)

Ni2 +Ni1

]

(2.12)

and

fR
lk =

√
2 [tan θwNi2 −Ni1] . (2.13)

These forms of the couplings remain as the building blocks even in the presence of
left-right or flavour mixing in the slepton sector.

2.3 Slepton Mixing

In this section the mixing of the slepton interaction eigenstates to

the mass eigenstates is discussed in the framework of pure LR mix-

ing and the more general LFV. Finally, analytical formulae are de-

rived that allow to estimate the composition of the slepton mass

eigenstates in the limit of small LR mixing.

Apart from the mixing of the partners of the gauge and Higgs bosons to neutrali-
nos and charginos there is in general also a mixing of the other sfermions. In
most models though, the mixing of left and right sleptons is proportional to the
associated lepton mass and thus is ignored for the lighter two generations. It can,
however, be important for the τ̃ sector. Slepton mixing within the left or right
sector plays in any case a crucial role in the presence of LFV.

In supersymmetric extensions of the SM there is no symmetry enforcing that the
mass matrices for the superpartners are diagonal in the same basis as those for the
SM particles [62]. For this reason, there is generally a mixing between the sleptons.
The most general form of the slepton mass matrix squared can be written as

M2
ℓ̃

=

(

M2
LL M2†

RL

M2
RL M2

RR

)

, (2.14)

where theMij (i, j = R,L) are 3×3 submatrices that are diagonal in the absence of
flavour violation. The M2

RL entries account for LR mixing, which will be discussed
in section 2.3.1. However, one has to keep in mind that off-diagonal entries in M2

RL

would also induce flavour violation as off diagonal entries in M2
RR or M2

LL do.

2.3.1 Left-Right Mixing

In the case of flavour and LR mixing the matrices M2
RL are in general complex

3 × 3 matrices connecting the left and right sleptons of various generations. In
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mSUGRA scenarios however, the entries M2
RL of the general slepton mass matrix

conserve flavour and M2
RL (2.14) can be written as

M2
RL =





me(Ae − µ tan β) 0 0
0 mµ(Aµ − µ tan β) 0
0 0 mτ (Aτ − µ tan β)



 , (2.15)

where ml is the lepton mass and Al the trilinear coupling (l = e, µ, τ). Due to the
smallness of the electron and muon mass, me and mµ, respectively, sizeable LR
mixing is only to be expected in the stau sector.
On the other hand this also means that any signature of LR mixing in the pro-
duction of selectrons is a clear hint for physics beyond mSUGRA. Therefore in
general, it should not be ruled out entirely, but regarded as a test for the model.
In the absence of flavour violation in M2

RL (i. e. if this matrix is diagonal as well
as the M2

LL and M2
RR being diagonal) the slepton LR mixing can be parametrised

by a mixing angle θℓ̃ for each generation of sleptons [20,63,64]:

(

ℓ̃1
ℓ̃2

)

=

(

cos θℓ̃ sin θℓ̃
− sin θℓ̃ cos θℓ̃

)(

ℓ̃L
ℓ̃R

)

, (2.16)

which is a simple rotation.
Then the general lepton-slepton-neutralino interaction Lagrangian (2.11) in the
presence of LR mixing becomes

Lℓℓ̃χ̃0
i

= gℓ̄(aikPR + bikPL)χ̃0
i ℓ̃k + h.c. (2.17)

with the new couplings

ai1 = fL
i cos θℓ̃, ai2 = −fL

i sin θℓ̃, (2.18)

bi1 = fR
i sin θℓ̃, and bi2 = fR

i cos θℓ̃. (2.19)

The introduction of these rotations is a convenient way to parametrise LR mixing
if it only concerns one generation. In a more general framework including flavour
mixing (that is off-diagonal entries in M2

RL and especially in M2
LL and M2

RR) as
well as LR mixing, however, the introduction of several subsequent rotations is
necessary to parametrise the full mixing of the sleptons. Here, it turns out to
be better to stick to the form of (2.15) for phenomenological analysis and to
parametrise LR mixing by the insertion of suitable off-diagonal elements in MRL.
This parametrisation of the slepton mass matrix is also used for the study of LFV.

2.3.2 Lepton Flavour Violation

The recent discovery of neutrino oscillations [34–36] gives evidence for finite neu-
trino masses and is the first clear hint for physics beyond the SM. One approach
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to explain the smallness of the neutrino masses is provided by the seesaw mech-
anism [65–67] which leads to lepton flavour violating entries in the slepton mass
matrix. Signals of this mechanism have been extensively studied, e. g. [68–76]. A
bottom-up approach to reconstruct the seesaw scenario and the SUSY parameters
involved is given in [77].

All these studies, however, start out with a specific scenario to create LFV and
relate this to a single source, namely the neutrino sector. Having the advantage of
being quite predictive, this approach has the drawback of assuming a somewhat
specialised scenario, whereas lepton flavour is typically violated in any supersym-
metric extension to the SM, because the slepton mass matrices do not have to
be diagonal in the same basis as those of the leptons [62]. Thus SUSY generally
predicts quite large flavour violating effects which can be circumvented by mass
unification at the GUT-scale. This is, however, an ad hoc assumption [32].

Not knowing what is actually realised in nature, it might be instructive not to rely
on such a detailed model, but to use just the restrictions on the size of flavour
violating effects determined by other processes like rare decays and electric and
magnetic dipole moments. Following this approach, even by implementing all
current experimental constraints [78–82], there are allowed areas in the parame-
ter space with rather large flavour violation in the slepton sector [24–28]. These
scenarios all feature full three generation mixing, thus allowing for cancellations
among the flavour changing contributions.

Although first results may already be obtained at LHC [27] and be improved in
the cleaner environment of the ILC, in certain cases it might be worthwhile to
check if the e−e− option of this collider does offers advantages. As the background
plays an important role in these processes, one might expect to gain from the
e−e− mode, because there, the total background is generally reduced compared to
e+e−. In certain scenarios, namely when τ̃1 is the NLSP, even a background free
measurement may be possible at an e−e−-collider [23].

LFV can be observed in e−e− collisions by means of the following processes:

• Selectron production with flavour violating decay: this corresponds to a
flavour conserving production process with rather high cross sections. The
selectrons then decay leptonically: one flavour conserving to an electron and
a neutralino, the other to a µ− or τ− and a neutralino. This process thus
contains one flavour violating vertex. The decay to the lighter chargino
χ̃+

1 νe is suppressed in the scenarios considered here.

• Flavour violating slepton production with flavour conserving decay: this im-
plies flavour violation already in the production process. Both sleptons then
decay leptonically and flavour conserving, thus again, one flavour violating
vertex is included.

• Flavour violating slepton production with flavour violating decays: The
strong suppression can be verified numerically, as such processes contain
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at least two flavour violating vertices (one in the production and another
one in the decay).

Technically, one can approach LFV the same way as LR mixing, where the rotation
matrix can be parametrised similarly to the Cabbibo-Kobayashi-Maskawa-Matrix
[83–85] in the SM. Disregarding LR mixing, the left and the right sector decouple
and one gets two independent CKM-type rotation matrices. As in the case of the
CKM-matrix there may also exist additional CP phases. The general rotation
matrix in this case reads [62]

Ri =







cφi
12
cφi

13
sφi

12
cφi

13
sφi

13
e−iηi

−sφi
12
cφi

23
− cφi

12
sφi

23
sφi

13
eiηi cφi

12
cφi

23
− sφi

12
sφi

23
sφi

13
eiηi sφi

13
cφi

13

sφi
12
sφi

23
− cφi

12
cφi

23
sφi

13
eiηi −cφi

12
sφi

23
− sφi

12
cφi

23
sφi

13
eiηi cφi

23
cφi

12






,

(2.20)

where i = L,R. φi
12, φ

i
23, φ

i
13 are the mixing angles, ηi is the CP phase for the

left and right sector, respectively, sφij
= sinφij , and cφij

= cosφij . Unfortunately,
this procedure gives quite complicated formulae for the off-diagonal entries of the
mass matrix, especially, if LR mixing is taken into account.
Assuming no CP violation is introduced via the slepton mass matrix, this matrix
can be diagonalised by a single unitary matrix WL/R:

m2
L/R = W ∗

L/Rm
2
D,L/RWL/R. (2.21)

From this, the interaction Lagrangian for the sleptons (to simplify the notation,
only the left sector is given explicitly) is obtained:

L
W
lℓ̃χ̃0

i

= gfL
l,kW

∗
L,iαℓ̄αPRχ̃

0
kℓ̃L,i + gfL∗

l,kWL,iαℓ̃
∗
L,iχ̃

0
kPLℓα

+ (L→ R). (2.22)

The case of CP violation can be treated equivalently, but then two unitary matrices
to diagonalise the slepton mass matrix are needed:

m2
L = U †

Lm
2
D,LVL. (2.23)

The resulting interaction Lagrangian now reads

L
W
lℓ̃χ̃0

i

= gfL
l,kV

∗
L,iαℓ̄αPRχ̃

0
kℓ̃L,i + gfL∗

l,kUL,iαℓ̃
∗
L,iχ̃

0
kPLℓα

+ (L→ R). (2.24)

For convenience, the new couplings a and b, are introduced in analogy to [20]:

aik = fL
l,kV

∗
L,ik, a∗ik = fL∗

l,kUL,ik, (2.25)

and

bik = fR
l,kV

∗
R,ik, b∗ik = fR∗

l,k UR,ik. (2.26)
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Resulting from the diagonalisation of the slepton mass matrix, these couplings
include the full mixing of the sleptons, i. e. flavour and LR mixing, as well as CP
violation. Here, LR mixing can formally be seen as just a special case of LFV.
Parametrising the slepton mass matrix and inserting off-diagonal elements δ̂ij turns
out to be a more viable approach for phenomenological studies of slepton mixing
[86, 87]. This avoids dealing with a complex and complicated 6 × 6 rotation. As
the diagonalisation of the mass matrix is done numerically, this does not make a
difference in practise.
In the case of LR mixing, it has been pointed out that this violation of chiral sym-
metry might yield large effects when using transverse beam polarisation [88]. From
the formalism it is clear that the violation of chiral symmetry is formally related
to flavour violation, so one might expect large effects from transverse polarisation
there as well. This motivates the examination of the process under consideration,
including the full slepton mixing, as well as all possible polarisation configurations.
Additional support for this approach comes from the investigation of CP violation
as stated in section 2.4.

2.3.3 Analytical Approximations

As the full slepton mass matrix is a (in general even complex) 6 × 6 matrix,
it is difficult to estimate the effect of full three generation mixing. However, if
one neglects the LR mixing, this matrix separates into two 3 × 3 submatrices for
the left and the right sector, respectively. Keep in mind that this is already an
approximation which may not be justified, especially in the τ̃ sector. With this
approximation the submatrices M2

ii (i = R,L) can now be treated analytically and
one finds that there might be a sizeable mixing between the selectrons and smuons
even for vanishing direct mixing, i. e. δ̂12 = 0.
Starting out, e. g., with the right submatrix

M2
RR =





m2
1 δ̂12 δ̂13

δ̂∗12 m2
2 δ̂23

δ̂∗13 δ̂∗23 m2
3



 (2.27)

where mi are the mass parameters for the sleptons and the flavour mixing param-
eters δ̂ij , one arrives at the eigenvalue equation

0 =

∣

∣

∣

∣

∣

∣

m2
1 − λ δ̂12 δ̂13
δ̂∗12 m2

2 − λ δ̂23
δ̂∗13 δ̂∗23 m2

3 − λ

∣

∣

∣

∣

∣

∣

= (m2
1 − λ)(m2

2 − λ)(m2
3 − λ)

− |δ̂23|2(m2
1 − λ) − |δ̂13|2(m2

2 − λ) − |δ̂12|2(m2
3 − λ)

+ 2ℜe
{

δ̂12δ̂23δ̂
∗
13

}

(2.28)
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= (m2
1 − λ)

[

λ2 + λ(a+ b− 2m2
1) −m2

1(a+ b−m2
1) + ab

− |δ̂23|2 − |δ̂13|2 − |δ̂12|2
]

− |δ̂13|2a− |δ̂12|2b− 2ℜe
{

δ̂12δ̂23δ̂
∗
13

}

(2.29)

with the mass squared differences a = m2
1 − m2

2 and b = m2
1 −m2

3. Considering
current experimental limits, δ̂12 has to be small. Setting δ̂12 = 0 as a first approxi-
mation simplifies the calculation significantly and thus seems justified. Still, it can
check numerically that the following results are a good approximation for δ̂12 6= 0
up to the current experimental bound.

As parameter a measures the mass difference between the lighter two sleptons, it
should also be small, since in most scenarios ẽ and µ̃ are nearly degenerated in
mass. This degeneration is especially valid if mass unification at a higher scale is
assumed. Neglecting thus a|δ̂13|2 the simplified eigenvalue equation reads

0 = (m2
1 − λ)

×
[

λ2 + λ(a+ b− 2m2
1) +m2

1(a+ b−m2
1)

−|δ̂23|2 − |δ̂213| + ab
]

(2.30)

immediately yielding

λ2 = m2
1. (2.31)

It has been checked numerically that this is a very good approximation in the
scenarios considered.

For the other two eigenvalues the following approximation

λ1,3 =
1

2

[

2m2
1 − a− b±

√

(a− b)2 − 4(|δ̂13|2) + |δ̂23|2
]

. (2.32)

is leading to the hierarchy λ1 < λ2 < λ3. Numerical checks reveal, that the
two eigenvalues λ1 and λ3 are not reproduced as accurately as λ2. However, as
LR mixing is neglected entirely, it is obvious that very precise results cannot be
expected as soon as staus are involved.

In the analytical approximation, the associated normalised eigenvector to λ2 is

~η2 =
δ̂13

√

|δ̂23|2 + |δ̂13|2







− δ̂23
δ̂13
1
0






. (2.33)

This eigenvector shows a nearly equal ẽ and µ̃ contribution to ℓ̃2 once δ̂23 ≈ δ̂13.
This is especially noteworthy as the direct mixing of these two components via
δ̂12 was set to zero in this approximation. Additionally, one can see that the
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slepton associated with η2 has no τ̃ admixture. As an immediate consequence
the flavour violating decay of this particle to τ + χ̃0 will be forbidden, even if
kinematically accessible, due to the vanishing coupling to the τ . Finally, one can
qualitatively understand the numerical result of nearly equal mixing of ẽ and µ̃ in
certain scenarios, even when all current bounds are satisfied.

The other two eigenvectors are

~η1,3 =
1

√

λ1,3 −m2
1 + |δ̂13|2 + |δ̂23|2





δ̂13
δ̂23

λ1,3 −m2
1



 (2.34)

though, as stated above, their precision is not as good as for η2 due to the neglected
LR mixing of the τ̃ . However, already another important fact can be noticed:
the stau-component of the two sleptons ℓ̃1 and ℓ̃3 depends only on the difference
between their mass and m1. It specifically does not depend on the “stau-mixing
parameters” δ̂13 or δ̂23. This can be understood from the near mass degeneration
of the lighter two sleptons, i. e. a is assumed to be small.

These analytical approximations can now be checked numerically. Indeed, the
result for the second slepton is reproduced to very good accuracy. A direct con-
sequence of this is the possibility of quite large flavour violating production cross
sections for the production of the two ẽ/µ̃-like sleptons (in most cases ℓ̃2/ℓ̃3 in the
left and ℓ̃4/ℓ̃5 in the right sector) provided that δ̂13 ≈ δ̂23. Additionally, these two
sleptons in principle can be distinguished, as one of them, even in the case of LFV,
cannot decay to a τ . This results immediately from its vanishing τ̃ -component.
The other slepton, however, does have this decay channel.

2.4 Sources of CP -Violation

This section discusses the possible sources of CP violation in the

neutralino sector as far as it is relevant for the subsequent studies

of this work.

Supersymmetry allows several additional complex phases that result in CP vio-
lating effects [62, 89–91]. Relevant sources for CP violation in the process under
consideration are phases from the higgsino mass parameter µ = |µ|eiφµ and from
the gaugino mass parameter M1 = |M1|eiφM1 [92].

Additionally, the slepton mass matrix can give rise to CP violation, e. g. by the
trilinear scalar coupling parameter Af = |Af |eiφAf for the sfermion f̃ , though this
should be suppressed by the smallness of the electron mass at least in mSUGRA-
theories. This effect is taken into account in the analytical calculations, but not
evaluated numerically.
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CP violating phases, however, are constrained by measurements of electric dipole
moments (EDMs). An overview is given, e. g., in [93,94] and references therein. As
supersymmetric contributions to these parameters arise at one loop level already
(whereas the contributions from the quark sector of the SM arise only at two
loop level) they are expected to be rather large. This introduces the so called
supersymmetric CP -problem.
Strong limits on the supersymmetric phases were proposed [95–98] to solve this,
as well as cancellations between SUSY contributions to the EDMs have been sug-
gested. It was shown that in the constrained MSSM the phase φM1

is not restricted,
though the phase |φµ| ≤ 0.1π [91,99,100]. Including lepton flavour violating terms,
however, even this restriction on φµ may disappear [101].
CP violation in the neutralino sector stems from the phases of M1 and µ. This has
recently been studied by means of neutralino production in the e+e− mode at the
ILC [94, 102–107]. The main CP -sensitive observables here are triple products of
momenta [106,108] that can be constructed due to the coupling of the production
and decay process by spin correlations [60,109–113].
However, it is not possible within the framework of this work since due to the scalar
character of the sleptons, there are no spin correlations between production and de-
cay. Instead, transverse polarisation allows to construct CP -sensitive observables.
In this case, a triple product from the transverse component of the electron spin
and two momentum vectors (e. g., the momentum vector of the incoming electron
and that of the produced selectron) can be formed. A detailed description of the
spin formalism can be found in [60, 109, 114, 115]. The construction of a suitable
CP -sensitive observable is shown in chapter 5.
Besides that, it might be possible to observe CP violating effects already in CP -
even observables. Neglecting neutralino mixing, this has been studied by [22],
showing rather large effects in the production of two L-selectrons. Including full
neutralino mixing, the CP -even observables will also be subject of the numerical
studies in chapter 5.
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Chapter 3

Production Process

3.1 Feynman Graphs and Amplitudes

This section gives the Feynman graphs for slepton production in

e−e−-scattering in the most general form on tree level. This includes

all effects from neutralino and slepton mixing as well as all possible

modes of polarisation of the incoming beams. In addition, some

general features of the process under consideration are discussed.

In tree approximation, slepton pair production in e−e−-scattering proceeds via the
exchange of neutralinos χ̃0

k(k = 1..4) in the t- and u-channel, respectively. The
relevant diagrams are shown in figure 3.1.

e−

e−

χ̃0
i

ℓ̃i

ℓ̃j

e−

e−

χ̃0
i

ℓ̃i

ℓ̃j

Figure 3.1: Production processes for two sleptons in e−e−-scattering.

From the interaction Lagrangian (2.24) and the couplings (2.25) amplitude for
the production of slepton pairs ℓ̃iℓ̃j (i, j = 1..6 in case of flavour violation) can be
calculated. The sleptons are ordered by their mass, ℓ̃1 being the heaviest, ℓ̃6 the
lightest. This ordering follows from the conventional form of the slepton mass ma-
trix (2.14). This is inverse to the mass ordering of the neutralinos, conventionally

— 25 —
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mχ̃0
1
< mχ̃0

2
< mχ̃0

3
< mχ̃0

4
. The amplitudes are

T λ1λ2

ij (χ̃0
k) = g2v̄(p2, λ2)(a

∗
ikPL + b∗ikPR)

∆k
t (6q +mχ̃0

k
)

(a∗jkPL + b∗jkPR)u(p1, λ1), (3.1)

Uλ1λ2

ij (χ̃0
k) = g2v̄(p2, λ2)(a

∗
kjPL + b∗kjPR)

∆k
u(6o+mk)

(a∗kiPL + b∗kiPR).u(p1, λ1) (3.2)

Here, T λ1λ2

ij (χ̃0
k) denotes the t-channel amplitude and Uλ1λ2

ij (χ̃0
k) the associated

u-channel amplitude. The helicities of the incoming electrons are given by λ1,2.

The neutralinos are heavy Majorana fermions. Thus, this process is one of the
very rare cases with heavy fermion propagators on tree level in the production
process. This leads to a very special structure of the polarisation dependence of
this process. The propagators are

(6q1 +mχ̃0
k
)∆k

t = (6q1 +mχ̃0
k
)

i

t−m2
χ̃0

k

, (3.3)

(6q2 +mχ̃0
k
)∆k

u = (6q2 +mχ̃0
k
)

i

u−m2
χ̃0

k

(3.4)

with the neutralino index k = 1..4. Here, the momentum transfers are given by
q1 = p1 − p3 and q2 = p1 − p4.
In most scenarios the left selectron is the lightest left slepton, whereas the right
selectron is the heaviest right one. This leads to the assignments τ̃2 = ℓ̃1, µ̃L = ℓ̃2,
ẽL = ℓ̃3 and ẽR = ℓ̃4, µ̃R = ℓ̃5 and τ̃1 = ℓ̃6.

However, the selectrons are nearly degenerated in mass with the smuons, so de-
pending on the actual values of A,µ and tanβ, they might interchange, resulting
in µ̃R = ℓ̃4, ẽR = ℓ̃5 and τ̃1 = ℓ̃6. This has to be kept in mind for parameter scans.
(The same goes for the left sector.)

For the calculation of the polarised cross section the amplitude squared has to be
folded with the spin density matrices of the incoming electrons. The formalism of
Bouchiat and Michel [109,114,115], taking all possible modes of polarisation into
account, gives the following helicity projection operators for a spin-1

2 particle with
mass m and momentum pµ

u(p, λ′)u(p, λ) =
1

2

[

δλλ′ + γ5 6sAσA
λλ′

]

(6p+m), (3.5)

v(p, λ′)v(p, λ) =
1

2

[

δλ′λ + γ5 6sAσA
λ′λ

]

(6p−m) (3.6)

in the basis of the Pauli matrices σA. The sA,µ (A = 1..3) are the basis vectors
for the polarisation. Together with p/m they form an orthonormal set of four-
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vectors [109]:

p · sa = 0, (3.7)

sa · sb = −δab, (3.8)

sa
µ · sb

ν = −gµν +
pµpν

m2
. (3.9)

~sA=3 is oriented along the beam axis, whereas the two transverse vectors sA=1 and
sA=2 are oriented perpendicular to it, forming a right-handed coordinate system.
This system is not fixed on the production plane but to an external frame of
reference, e. g., the laboratory. A detailed description for building this basis is
given in [11, section 1.2.1].
For the cross section contributions are obtained

• for unpolarised or longitudinally polarised beams proportional to

(1 ± PL
1 )(1 ± PL

2 )

and

• for simultaneous transverse polarisation of both beams proportional to

P T
1 P

T
2

Due to the mass term in the neutralino propagators (3.3) and (3.4) one obtains
contributions for proportional to

(1 ± PL
1,2)P

T
2,1,

even if the electron mass is neglected, if only one beam is transversely polarised.
Since this last term is unique to processes beyond the SM [116], in the calculation
of the amplitude all possible polarisations will be kept.

3.2 Squared Amplitude

The squared amplitude for slepton production in e−e−-scattering is

given in the manifest covariant form. Possible effects from LR mix-

ing are discussed as well as possible contributions to CP -sensitive

observables.

The production process proceeds, in contrast to the e+e− mode, via both the t- and
the u-channel. For this reason, writing the individual contributions in manifestly
covariant form allows to limit oneself to, e. g. only the t-channel, whereas the
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u-channel can be obtained by simple substitutions. The same is true for the t−u-
interference contributions. For this reason, this section gives the manifest covariant
form of the squared amplitude of the production process. The translation of these
equations into the laboratory system can be found in appendix, chapter B.

The squared amplitude is obtained from (3.1) and (3.2)

|Mij |2 =
∑

k,l

∑

λi,λ′
i

ρλ1,λ′
1
(e−1 )ρλ2,λ′

2
(e−2 )

×
[

T λ1 λ2

ij (χ̃0
k) + Uλ1λ2

ij (χ̃0
k)
] [

T
λ′
1λ′

2

ij (χ̃0
l ) + U

λ′
1λ′

2

ij (χ̃0
l )
]∗

(3.10)

= Et,ij + Eu,ij + Iij (3.11)

The exchange terms Et,ij and Eu,ij are given by the absolute squares

Et,ij =
∑

k,l

∑

λi,λ′
i

ρλ1,λ′
1
(e−1 )ρλ2,λ′

2
(e−2 )[T λ1 λ2

ij (χ̃0
k)] · [T

λ′
1λ′

2

ij (χ̃0
k)]

∗ (3.12)

Eu,ij =
∑

k,l

∑

λi,λ′
i

ρλ1,λ′
1
(e−1 )ρλ2,λ′

2
(e−2 )[Uλ1 λ2

ij (χ̃0
k)] · [U

λ′
1λ′

2

ij (χ̃0
k)]

∗ (3.13)

and the interference terms Iij by

Iij =
∑

k,l

∑

λi,λ′
i

2ℜe
{

ρλ1,λ′
1
(e−1 )ρλ2,λ′

2
(e−2 ) · T λ1λ2

ij (χ̃0
k) · U

λ′
1,λ′

2

ij

∗
(χ̃0

l )
}

. (3.14)

By means of (3.11) one obtains the total cross section

σ =

∫

1

8(2π)2
q

s3/2
|Mij |2dΩ (3.15)

with the solid angle element dΩ = sin θ dθ dφ.

From the individual contributions given in the following sections in a systematic
order, |Mij |2 can be constructed for the polarised case by

|Mij |2 =

4
∑

a=1

Ea
t,ij +Ea

u,ij + Ia
ij (3.16)

Here, Ea
t,ij, E

a
t,ij and Ia

ij refer to the various polarisation combinations. The total
contribution can be obtained by summation of all these

Et,ij =
∑

a

Ea
t,ij (3.17)

(analogous equations hold for Eu,ij and Iij).
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3.2.1 Exchange Terms

The exchange terms Et,ij are defined to be the t- or u-channel contributions to
|M|2 (3.11). All the contributions in this section have a common pre factor:

Xkl
t = g4∆k

t ∆
l∗
t (3.18)

for the t-channel and

Xkl
u = g4∆k

u∆l∗
u (3.19)

for the u-channel.

The following sections give t-channel contributions only, suppressing the explicit
sum over the neutralino indices k, l = 1..4. The u-channel can be obtained by the
replacements i↔ j, q1 ↔ q2 and t↔ u.

Longitudinal ⊗ Longitudinal Polarisation

The contributions from unpolarised and longitudinally polarised electron beams
to the total cross section are given by

E1
t,ij = 2Xkl

t ×
{

(1 + PL
1 )(1 − PL

2 )a∗kib
∗
kjaliblj

[

2(p1q1)(p2q1) − (p1p2)q
2
1

]

(3.20a)

+ (1 − PL
1 )(1 + PL

2 )b∗kia
∗
kjaljbli

[

2(p1q1)(p2q1) − (p1p2)q
2
1

]

(3.20b)

+ (1 − PL
1 )(1 − PL

2 )mkmla
∗
kia

∗
kjalialj(p1p2) (3.20c)

+ (1 + PL
1 )(1 + PL

2 )mkmlb
∗
kib

∗
kjbliblj(p1p2)

}

. (3.20d)

The terms are all CP -even and thus are not suitable to build CP -sensitive observ-
ables.

Introducing the LR mixing angle (2.16) of the produced sleptons one finds the
dependences of (3.20) to this angle as given in table 3.1. Notice, that in associate
(e−e− → ẽiẽj, i 6= j) as well as in pair production (e−e− → ẽiẽi) only one term
dominates, whereas all other contributions are suppressed by at least a factor
sin2 θℓ̃, as this angle should be small, especially for the lighter two generations.
The different dependence on θℓ̃ results in a different polarisation dependence of
pair and associate production and will enhance one channel while simultaneously
suppressing the other.

Longitudinal ⊗ Transverse Polarisation

The terms proportional to the product of transverse and longitudinal beam po-
larisation are unique to theories beyond the SM [116]. As already discussed, they
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pair production associate production

(3.20a) cos2 θℓ̃ sin2 θℓ̃ cos4 θℓ̃

(3.20b) cos2 θℓ̃ sin2 θℓ̃ sin4 θℓ̃

(3.20c) cos4 θℓ̃ cos2 θℓ̃ sin2 θℓ̃

(3.20d) sin4 θℓ̃ sin2 θℓ̃ cos2 θℓ̃

Table 3.1: Dependence of the exchange terms for longitudinally po-
larised beams on the LR mixing angle θℓ̃ of the produced sleptons.

result from the massive fermion exchanged in the t- and u-channel. There are
two similar contributions of this kind, (3.21) and (3.22), because each electron
beam can be transversely polarised, and each beam can have a different degree
and direction of polarisation. The form given here is not yet contracted with the
spin density matrix of the incoming transverse beam to give the most compact
form. For this reason they include both x as well as y polarisation encoded in
their respective Pauli matrix.

E2
t,ij = 2Xkl

t P
a
1 ×

{

(1 − PL
2 )mla

∗
kib

∗
kjalialj [−(p2p1)(p3s

a) + 〈sap1p2q1〉] (3.21a)

− (1 + PL
2 )mlb

∗
kia

∗
kjbljbli [−(p2p1)(p3s

a) − 〈sap1p2q1〉] (3.21b)

− (1 − PL
2 )mka

∗
kia

∗
kjbljali [+(p2p1)(s

ap3) + 〈sap1p2q1〉] (3.21c)

+ (1 + PL
2 )mkb

∗
kib

∗
kjaljbli [+(p2p1)(s

ap3) − 〈sap1p2q1〉]
}

(3.21d)

E3
t,ij = 2Xkl

t P
b
2×

{

− (1 − PL
1 )mla

∗
kib

∗
kjbljbli

[

+(tbp3)(p1p2) − 〈tbp1p2q1〉
]

(3.22a)

+ (1 + PL
1 )mlb

∗
kia

∗
kjaljali

[

+(tbp3)(p1p2) + 〈tbp1p2q1〉
]

(3.22b)

− (1 − PL
1 )mka

∗
kia

∗
kjaljbli

[

−(tbp3)(p2p1) + 〈tbp1p2q1〉
]

(3.22c)

+ (1 + PL
1 )mkb

∗
kib

∗
kjaljbli

[

−(tbp3)(p2p1) − 〈tbp1p2q1〉
] }

(3.22d)

Here the shorthand 〈abcd〉 = iεµνρσa
µbνcρcσ is introduced where ε is defined in

(A.2). These terms are equivalent to a CP -sensitive triple product and might be
of interest for the study of CP violation.
Contracting these contributions with the spin density matrices of the incoming
transversely polarised electrons results in a direct proportionality to the degree of
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transverse polarisation. These contributions vanish, of course, in the total cross
section, so they would only be visible in weighted or differential cross sections.
They can be enhanced by suitable longitudinal polarisation of the second electron
beam.

Introducing the slepton mixing angle θℓ̃, their dependence on LR mixing as dis-
played in table 3.2 can be studied. Unfortunately all contributions are suppressed
by at least sin θℓ̃, so they will not contribute for small LR mixing. This sensitivity,
however, can probably be used to test the size of LR mixing in the slepton sec-
tor. Additionally,these terms may be used in case of flavour violation, as in many
scenarios the τ̃ sector features large LR mixing.

pair production associate production

(3.21a) cos3 θℓ̃ sin θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.21b) sin3 θℓ̃ cos θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.21c) cos3 θℓ̃ sin θℓ̃ − cos3 θℓ̃ sin θℓ̃

(3.21d) sin3 θℓ̃ cos θℓ̃ − sin2 θℓ̃ cos2 θℓ̃

(3.22a) sin3 θℓ̃ cos θℓ̃ cos2 θℓ̃ sin2 θℓ̃

(3.22b) cos3 θℓ̃ sin θℓ̃ sin3 θℓ̃ cos θℓ̃

(3.22c) cos3 θℓ̃ sin θℓ̃ cos3 θℓ̃ sin θℓ̃

(3.22d) cos3 θℓ̃ sin θℓ̃ sin2 θℓ̃ cos2 θℓ̃

Table 3.2: Dependence of the exchange terms for one beam transversely
polarised on the LR mixing angle θℓ̃ of the produced sleptons.

Transverse ⊗ Transverse Polarisation

The last of the exchange terms is proportional to the degrees of transverse po-
larisation of both beams. Similar contributions are also available in e+e− colli-
sions [88,116,117].

E4
t,ij = 2Xkl

t P
a
1 P

b
2×

{

− (a∗kib
∗
kjalibli + b∗kia

∗
kibljali)

×
(

+ (tbq1)(p2p1)(s
aq1)

+ (tbsa)
[

2(p2q1)(p1q1) − (p2p1)q
2
1

]

− (tbp1)
[

2(p2q1)(s
aq1) − (p2s

a)q21
]

)

(3.23a)

+ (a∗kib
∗
kjaljbli − b∗kia

∗
kjbljali)

×
[

−(tbq1)〈sap1p2q1〉 − (saq1)〈tbp1p2q1〉
]

(3.23b)
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+ (a∗kia
∗
kjbliblj + b∗kib

∗
kjaljali)mkml(t

bsa)(p1p2)
}

(3.23c)

As one can see, these terms also contain a CP -sensitive contribution via (3.23b),
where the shorthand 〈abcd〉 has again been used.

Introducing again the slepton mixing angle θℓ̃ one finds, however, that all contri-
butions are suppressed by sin2 θℓ̃ and thus will not contribute for small LR mixing
(table 3.3).

pair production associate production
1. term 2. term 1. term 2. term

(3.23a) cos2 θℓ̃ sin2 θℓ̃ cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.23b) cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ cos2 θℓ̃ sin2 θℓ̃

(3.23c) cos2 θℓ̃ sin2 θℓ̃ cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

Table 3.3: Dependence of the doubly transverse exchange terms on the
LR mixing angle θℓ̃ of the produced sleptons.

3.2.2 Interference Terms

The following section gives the t− u-interference terms for the production of slep-
tons in e−e− collisions. Again all possible polarisation modes are taken into ac-
count. Given here are the contributions Ia

tu,ij, stemming from TijU
†
ij . As for the

exchange terms, the explicit summation over the neutralino indices k, l = 1..4 is
suppressed. The actual interference terms Ia

ij in (3.16) are obtained by means of
(3.14) as

Ia
ij = 2ℜe{Ia

tu,ij}. (3.24)

All the contributions in this section have a common pre factor

Xkl
tu = g4∆k

t ∆
l∗
u . (3.25)

The individual contributions are given in a form which allows an easy comparison.
This is not necessarily their shortest form.

Longitudinal ⊗ Longitudinal Polarisation

These terms are similar to the exchange terms (3.20) but show a slightly different
dependence on LR mixing (table 3.4). From this follows that in case of negligible
LR mixing, they contribute only in case of pair production. As was to be expected,
they do not offer any option to construct a CP -sensitive observable.
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I1
tu,ij = 2Xkl

tu×
{

+ (1 + PL
1 )(1 − PL

2 )a∗kib
∗
kjblialj

× [(p2q1)(p1q2) − (p2p1)(q1q2) + (p2q2)(p1q1)] (3.26a)

+ (1 − PL
1 )(1 + PL

2 )b∗kia
∗
kjaliblj

× [(p2q1)(p1q2) − (p2p1)(q1q2) + (p2q2)(p1q1)] (3.26b)

+ (1 − PL
1 )(1 − PL

2 )a∗kia
∗
kjalialjmkml(p1p2) (3.26c)

+ (1 + PL
1 )(1 + PL

2 )b∗kib
∗
kjblibljmkml(p1p2)

}

(3.26d)

pair production associate production

(3.26a) cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.26b) cos2 θℓ̃ sin2 θℓ̃ − sin2 θℓ̃ cos2 θℓ̃

(3.26c) cos4 θℓ̃ cos2 θℓ̃ sin2 θℓ̃

(3.26d) sin4 θℓ̃ sin2 θℓ̃ cos2 θℓ̃

Table 3.4: Dependence of the longitudinal interference terms on the
LR mixing angle θℓ̃ of the produced sleptons.

Longitudinal ⊗ Transverse Polarisation

Also, in the interference terms, one finds contributions proportional to the trans-
verse polarisation of only one of the electron beams. Like the exchange terms,
they each contain a CP -sensitive part as well. As table 3.5 illustrates, even their
dependence on LR mixing matches those of the exchange terms in table 3.2. From
this follows however, that these terms are all suppressed by at least sin θℓ̃ and offer
no observables in case of negligible LR mixing.

I2
tu,ij = 2Xkl

tuP
a
T×

{

(1 − PL
2 )a∗kib

∗
kjalialjml [−(p1p2)(s

ap3) + 〈sap1p2q1〉] (3.27a)

− (1 + PL
2 )b∗kia

∗
kjblibljml [−(p1p2)(s

ap3) − 〈sap1p2q1〉] (3.27b)

− (1 − PL
2 )a∗kia

∗
kjblialjmk [(p1p2)(s

ap4) + 〈sap1p2q2〉] (3.27c)

+ (1 + PL
2 )b∗kib

∗
kjalibljmk [(p1p2)(s

ap4) − 〈sap1p2q2〉]
}

(3.27d)
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I3
tu,ij = 2Xkl

tuP
b
T×

{

(1 − PL
1 )a∗kib

∗
kjblibljml

[

(tbp3)(p1p2) − 〈tbp1p2q1〉
]

(3.28a)

− (1 + PL
1 )b∗kia

∗
kjalialjml

[

(tbp3)(p2p1) + 〈tbp1p2q1〉
]

(3.28b)

− (1 − PL
1 )a∗kia

∗
kjalibljmk

[

−(tbp4)(p2p1) + 〈tbp1p2q2〉
]

(3.28c)

+ (1 + PL
1 )b∗kib

∗
kjblialjmk

[

−(tbp4)(p1p2) − 〈tbp1p2q2〉
] }

(3.28d)

pair production associate production

(3.27a) cos3 θℓ̃ sin θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.27b) sin3 θℓ̃ cos θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

(3.27c) cos3 θℓ̃ sin θℓ̃ − cos3 θℓ̃ sin θℓ̃

(3.27d) sin3 θℓ̃ cos θℓ̃ − sin2 θℓ̃ cos2 θℓ̃

(3.28a) sin3 θℓ̃ cos θℓ̃ cos2 θℓ̃ sin2 θℓ̃

(3.28b) cos3 θℓ̃ sin θℓ̃ sin3 θℓ̃ cos θℓ̃

(3.28c) cos3 θℓ̃ sin θℓ̃ cos3 θℓ̃ sin θℓ̃

(3.28d) cos3 θℓ̃ sin θℓ̃ sin2 θℓ̃ cos2 θℓ̃

Table 3.5: Dependence of the transverse interference terms on the LR
mixing angle θℓ̃ of the produced sleptons.

Transverse ⊗ Transverse Polarisation

The following terms require both beams to be transversely polarised. Therefore,
they do not contribute to the total cross section, but only to moments of those, or
observables obtained by integrating only over ranges of the total solid angle.

I4
tu,ij = 2Xkl

tuP
a
TP

b
T×

{

− (a∗kib
∗
kjaliblj + b∗kia

∗
kjblialj)

×
[

+ (tbq1)(p1p2)(s
aq2)

+(tbsa) [(p2q1)(p1q2) − (p2p1)(q1q2) + (p2q2)(q1p1)]

+(tbq2)(p1p2)(q1s
a)
]

(3.29a)

− (a∗kib
∗
kjaliblj − b∗kia

∗
kjblialj)

×
[

+ (tbq1)〈sap1p2q2〉 + (saq2)〈tbp1p2q1〉
]

(3.29b)

− (a∗kia
∗
kjbliblj + b∗kib

∗
kjalialj)mkml(t

bsa)(p2p1)
}

(3.29c)
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Of special importance for CP violation is (3.29b), as it can be used to construct a
CP -sensitive observable. In fact, it offers the only CP -sensitive observable avail-
able in the production process. However, from the coupling structure of (3.29b),
it is clear that this observable can be used only in the case of associate produc-
tion, as LR mixing suppresses the term otherwise by a factor sin2 θℓ̃ (table 3.6).
As this is the only CP -sensitive contribution in case of negligible LR mixing, one
should also note, that the construction of a CP -odd observable from (3.29b) can
not be obtained by integration over the whole solid angle. The construction of the
respective observable is discussed in chapter 5.

pair production associate production
1. term 2. term 1. term 2. term

(3.29a) cos2 θℓ̃ sin2 θℓ̃ + cos2 θℓ̃ sin2 θℓ̃ cos4 θℓ̃ + sin4 θℓ̃

(3.29b) cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ cos4 θℓ̃ − sin4 θℓ̃

(3.29c) cos2 θℓ̃ sin2 θℓ̃ + cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃ − cos2 θℓ̃ sin2 θℓ̃

Table 3.6: Dependence of the doubly transverse interference terms on
the LR mixing angle θℓ̃ of the produced sleptons.



36 CHAPTER 3. PRODUCTION PROCESS



Chapter 4

Scenarios

Without knowing how SUSY is realised in nature, one is left with well over a
hundred parameters. These are masses, couplings, mixing angles and phases. As-
suming a specific breaking scheme, however, together with the existence of a Great
Unified Theory (GUT), which governs physics beyond a certain unification scale
MGUT, the number of parameters can be drastically reduced. Currently, the most
popular of these schemes is “minimal Supergravity” (mSUGRA), where gravity
mediates SUSY breaking. Other mechanisms include gauge mediated (GMSB)
and anomaly mediated SUSY breaking (AMSB). While the main features of these
models were qualitatively described in section 2.2.1, a more detailed introduction
to these various mechanisms is given, e. g., in [8,32,57] and references therein. They
will not be discussed in detail here, as the actual reconstruction of the mechanism
of SUSY breaking is not subject of this study.

These schemes are quite different in their nature. Their common feature is, how-
ever, that one can retrieve the low scale parameters from only a few high scale
parameters by means of renormalisation group equations (RGE). Using this ap-
proach, several sets of scenarios have been proposed to explore the potential of a
future linear collider for the search of SUSY and the determination of the under-
lying model [118–121]. These so-called “benchmark scenarios” should serve here
as a starting point. Currently, they are also used to estimate the potential of the
LHC. Additionally, some points in parameter space deviating from these schemes
will be investigated, assuming that all relevant low scale parameters are actually
free parameters.

All scenarios considered here feature R-parity conservation. For this reason the
lightest supersymmetric particle (LSP) is stable, offering a good candidate for
cold dark matter. In this work the LSP is considered to be either the lightest
neutralino, χ̃0

1 or the gravitino, G̃ . Both particles escape detection so that the
typical experimental signatures include large amounts of missing-energy.

For the characterisation of the scenarios, conventionally the neutralino mixing with
the definitions given in section 2.2.2 are being used. Together with the introduction
of the parameters defining the scenarios, the neutralino and slepton sector is also

— 37 —
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subject of studies in the following section. Finally, for all scenarios the total
unpolarised cross sections for all selectron production channels are given. This
should serve as a starting point for the subsequent chapters on CP violation and
LFV.

The “typical” mSUGRA scenario SPS 1a′ [122] was chosen as a basis for the
investigation and construction of further representative scenarios, as it is one of
the most studied scenarios today. This offers to view the results of this study
within a broader framework. It is further discussed in section 4.1. Additionally,
it defines the basis for Mixed SPS, section 4.2, which is derived from SPS 1a′

by just lowering the higgsino mass parameter µ yielding a mixed character for
the neutralinos. Also, Scenario A, section 4.3, is inspired by SPS 1a′: it is a
GUT-scenario with somewhat higher gaugino mass parameters and a lower µ-
parameter. These parameters have been chosen to obtain a GUT-scenario with a
strong higgsino-like neutralino sector. Due to current experimental bounds on the
Higgs boson mass this is not possible with the parameters of SPS 1a′.

In Scenario B, section 4.4, with M1 ≫ M2 and µ < M1 the GUT-relation (2.4)
was dropped. First of all, this results in a mixed scenario with sizeable higgsino
components in the lighter two neutralinos. Secondly, the inversion of the mass
hierarchy in the gaugino sector leads to a wino-like character for χ̃0

3. This scenario
features heavy neutralinos with χ̃0

2, χ̃
0
3, and χ̃0

4 in the range of 400-470 GeV, while
χ̃0

1 is still a light state of about 115 GeV.

Scenario C is a non-GUT-scenario with a normal mass hierarchy and a large mass
difference between the lighter two, higgsino-like, and the heavier two, gaugino-like,
neutralinos. The small value for tanβ = 3 pronounces clean states. Due to the
small mass for χ̃0

2 of only 123 GeV, this particle can only decay via three-body
decays χ̃0

2 → χ̃0
1f f̄

′. Scenarios of this type have been studied in the context of CP
violation in the e+e− mode of a future linear collider [123]. The parameters for
Scenario C are given in section 4.5.

Generally, the χ̃0
1 does not have to be the LSP. In some regions of parameter

space the LSP is the gravitino G̃. The corresponding scenarios feature special
decay modes of the charged sleptons which might be exploited in the search for
LFV. An mSUGRA-scenario of this type is Point ε [120], discussed in section 4.6.
The neutralinos here are gaugino-like and, especially χ̃0

3 and χ̃0
4, rather heavy.

SPS 7, section 4.7, finally, is not a mSUGRA scenario, but of the GMSB type. As
for Point ε, the LSP is not the χ̃0

1 but the G̃. SPS 7 should serve for comparison
with Point ε and as an example for a non-mSUGRA scenario. χ̃0

1 is of gaugino-like
nature, while χ̃0

2 already contains a sizeable higgsino component. The heavier two
neutralinos are of higgsino-like nature with a sizeable Z̃ component. The masses
are generally lower than those in Point ε.
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4.1 Gaugino-like mSUGRA: SPS 1a′

This section gives a short introduction to the benchmark point

SPS 1a′, one of the most studied scenarios in SUSY today. It serves

as a starting point for the numerical studies of this work. Besides

the discussion of the scenario and its mass spectrum the total cross

sections for selectron production are calculated.

One of the most investigated benchmark scenarios is the so called SPS 1a scenario
[118] and its descendant SPS 1a′ [122]. For this reason it offers the option to
compare the e+e− mode with the e−e− mode of a linear collider, and it should
serve as a starting point of this work.

SPS 1a′ is a “typical mSUGRA” scenario offering a pretty rich phenomenology at
500 GeV. It implies unification of couplings and masses at the GUT scale, and
neither contains any additional CP violating phases beyond those of the SM nor
flavour mixing elements. The lightest supersymmetric particle is a nearly pure
bino-like neutralino. (For the nomenclature of the neutralinos see section 2.2.2.)

M1/2 = 250 GeV sign(µ) = +1
M0 = 70 GeV tanβ = 10
A0 = -300 GeV

Table 4.1: SPS 1a′ parameters at the GUT scale MGUT. M1/2 is
the universal gaugino mass, M0 the universal scalar mass, and A0 the
universal trilinear coupling.

SPS 1a′ is defined by the high scale parameters given in table 4.1. The resulting
mass spectrum is given in table 4.2 [122]. It is obtained using SPheno [124],
which includes the full one-loop formulae for the masses together with the two-
loop contributions of the neutral Higgs bosons for the µ-parameter to solve the
RGEs numerically. These values are only given for comparison, whereas all masses
and couplings used in this work are consistently calculated on tree level, as no
higher order calculations exist, including effects from LFV or CP violation, as
well as for the non-GUT-models investigated.

The relevant low scale parameters serving as a starting point for further investiga-
tion are given in table 4.3. They are taken from the SPA convention [122]. Included
is also the chargino mass calculated by diagonalisation of the chargino mass matrix
using the formulae given in [125, appendix A]. This mass is of relevance for the
decays of sleptons. It is already constrained to be mχ̃1

> 104 GeV [126], giving a
stringent bound on the allowed SUSY parameter space.

Using these low scale parameters, the neutralino masses and mixings on tree level
shown in table 4.4 are obtained. These values deviate on the percent level from the
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Particle Mass [GeV] Particle Mass [GeV]

h0 116.0 τ̃1 107.9
H0 425.0 τ̃2 194.9
A0 424.9 ν̃τ 170.5
H+ 432.7 ũR 547.2
χ̃0

1 97.7 ũL 564.7

χ̃0
2 183.9 d̃R 546.9

χ̃0
3 400.5 d̃L 570.1

χ̃0
4 413.9 t̃1 366.5

χ̃1 183.7 t̃2 585.5

χ̃2 415.4 b̃1 506.3

ẽR 125.3 b̃2 545.7
ẽL 189.9 g̃ 607.1
ν̃ 172.5
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Table 4.2: Mass spectrum of supersymmetric particles and Higgs
bosons in the reference point SPS 1a′. The masses of the second gener-
ation coincide with the first generation [122].

M1 [GeV] 103.300 φM1
0.000

µ [GeV] 396.000 φµ 0.000
M2 [GeV] 193.200 tan β 10.000
mχ̃±

1
[GeV] 179.993 mχ̃±

2
[GeV] 417.943

Table 4.3: Low energy input parameters and χ̃±-masses for SPS 1a′.

ones including radiative corrections. This is the typical systematic error included
in this study. SPS 1a′ is a nearly pure gaugino scenario, i. e. the lightest two
neutralinos contain almost no admixtures from the higgsinos.

Table 4.5 shows the mixing of the sleptons. As no flavour violation is present in
this scenario, only the staus show sizeable mixing of their left and right states,
which is suppressed by the small lepton masses in cases of ẽ and µ̃, see (2.15).
Besides, the mixing table 4.5 also gives the masses and numbering of the sleptons.

Figure 4.1 shows the total cross section as a function of the centre of mass energy√
s for the production of selectrons with unpolarised beams in this scenario.

Due to the high cross sections reached in this scenario, all modes (i. e. ẽRẽR, ẽRẽL
and ẽLẽL) should be measurable at a collider energy of 500 GeV. However, the
luminosity of the e−e− mode will be only ≈ 20% of the e+e− mode of the collider
[127]. This is a result of the beam spread in the interaction point. To improve the
statistics of the measurement, additional suitable longitudinal beam polarisations
may be used to enhance the event rates by a factor of about 3.6 for pair production
and 1.8 for associate production of the selectrons, assuming a degree of polarisation
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χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.843 0.000i -0.519 0.000i 0.058 0.000i 0.125 0.000i

Z̃ -0.536 0.000i -0.799 0.000i 0.152 0.000i 0.228 0.000i

H̃0
a 0.000 0.007i 0.000 -0.102i 0.000 0.637i 0.000 -0.764i

H̃0
b 0.037 0.000i 0.287 0.000i 0.754 0.000i 0.590 0.000i

Mass [GeV] 100.736 180.531 401.898 417.131

Table 4.4: Neutralino mixing and mass spectrum for SPS 1a′. Given
is the diagonalisation matrix N .

ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.000 0.021 0.000
τ̃L -0.947 0.000 0.000 0.000 0.000 0.322
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R 0.000 -0.021 0.000 0.000 1.000 0.000
τ̃R 0.322 0.000 0.000 0.000 0.000 0.947

Mass [GeV] 192.364 186.980 186.956 123.573 123.537 106.412

Table 4.5: Slepton mixing and mass spectrum for SPS 1a′. Given is
the diagonalisation matrix U ≡ V ∈ R.

of 90% is viable. Depending on the production channel under consideration, the
optimal polarisation for enhancing the production cross section varies. Table 4.6
gives the various modes.
Using polarised beams, not only the cross section of the process under consider-
ation can be enhanced. Another important feature of this process is that beam
polarisation also decreases the main background, which stems from W-production.
Here, besides W-pair production, also channels proceeding via only one W-boson
are important (see section 8.1 for details). As the W-boson couples only to left par-
ticles, this production process is drastically reduced in case of right handed beam
polarisation. This results in an overall gain in the signal to background ratio in
case of the production of ẽRẽR or ẽRẽL (see also section 8.1, figure 8.5a). Only in
the pair production of the left sleptons the background rises with the production
cross section.
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Figure 4.1: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/Las a function of the centre of mass energy

√
s in the

scenario SPS 1a′. Both beams are unpolarised.

1st Beam 2nd Beam optimised Mode

+ or R + or R ℓ̃−R ℓ̃−R
}

pair production
- or L - or L ℓ̃−L ℓ̃−L
+ or R - or L ℓ̃−R ℓ̃−L

}

associate production
- or L + or R ℓ̃−R ℓ̃−L

Table 4.6: Suitable longitudinal polarisation to enhance the production
cross section. “+” is equivalent for right handed, “-” for left handed
polarisation of the incoming beams.
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4.2 Small |µ|: Mixed SPS

This scenario uses the same parameter points as SPS 1a′ except for

a much lower higgsino mass parameter µ. χ̃0
1 is the LSP which is

still mainly a gaugino, but already the χ̃0
2 contains a large higgsino

component. For this reason one would call this a mixed scenario.

This section discusses the mass spectrum and the production cross

section for selectrons in Mixed SPS.

As SPS 1a′ features nearly pure gauginos for the lighter two neutralinos, it seems
sensible to also study a scenario with the lightest neutralino, being a gaugino,
whereas the second one is mainly a higgsino. Such a scenario is proposed in
table 4.7. It is derived from SPS 1a′ by lowering the value of the higgsino mass
parameter to µ = 140 GeV to allow for comparison. As a consequence of this, all
neutralinos in this scenario are quite light and could be studied in the e+e− mode
of the collider.
Recent experimental data from WMAP, measuring the dark matter content of
the universe [128, 129], seem to favour supersymmetric scenarios with a small µ
parameter. There are further, more theoretical, arguments supporting this idea
[130, 131]. The favouring of small values of the higgsino mass parameter results
in the lighter neutralinos to be of higgsino-like nature or at least have a strong
higgsino component as can be seen from the general features for the mixing in
table 2.2.

M1 [GeV] 103.300 φM1
0.000

µ [GeV] 140.000 φµ 0.000
M2 [GeV] 193.200 tan β 10.000
mχ̃±

1
[GeV] 106.527 mχ̃±

2
[GeV] 241.888

Table 4.7: Low energy input parameters and χ̃±-masses for Mixed SPS.

Table 4.8 shows the mixing of the neutralinos in this scenario. One can see that χ̃0
1

has a sizeable higgsino component but still contains strong gaugino parts, and χ̃0
2

is mainly a higgsino with sizeable photino admixture. The two heavier neutralinos
are of mixed nature without too much pronunciation of either component.
In the τ̃ sector the smaller µ parameter (the A-parameter was fixed to the value of
SPS 1a′, section 4.1) results in a much smaller LR mixing, and consequently, in a
different mass ordering of the sleptons. A direct effect is the near mass degeneracy
in the left sector, with τ̃L being somewhat lighter than ẽL and µ̃L. The resulting
mass spectrum and ordering is given in table 4.9.
Due to the sizeable higgsino admixtures in the neutralinos, the total production
cross sections are a bit lower than in SPS 1a′, as the selectrons couple only to the
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χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.469 0.000i -0.577 0.000i 0.407 0.000i 0.531 0.000i

Z̃ -0.846 0.000i -0.089 0.000i 0.395 0.000i 0.348 0.000i

H̃0
a 0.000 0.026i 0.000 -0.188i 0.000 0.656i 0.000 -0.730i

H̃0
b 0.254 0.000i 0.790 0.000i 0.498 0.000i 0.253 0.000i

Mass [GeV] 77.408 128.063 151.071 242.100

Table 4.8: Neutralino mixing and mass spectrum for Mixed SPS.
Given is the diagonalisation matrix N .

ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 -1.000 0.000 0.000 0.000 0.000
µ̃L 1.000 0.000 0.000 0.000 0.008 0.000
τ̃L 0.000 0.000 -0.988 0.000 0.000 0.155
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R -0.008 0.000 0.000 0.000 1.000 0.000
τ̃R 0.000 0.000 0.155 0.000 0.000 0.988

Mass [GeV] 186.959 186.956 186.700 123.573 123.569 116.062

Table 4.9: Slepton mixing and mass spectrum for Mixed SPS. Given
is the diagonalisation matrix U ≡ V ∈ R.

gaugino components of the neutralinos. As the neutralinos are all still containing
large gaugino components though, the cross sections are in general comparable to
SPS 1a′ and will be accessible at the ILC at

√
s = 500 GeV in the e−e− mode.
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Figure 4.2: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario Mixed SPS. Both beams are unpolarised.
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4.3 Higgsino-like GUT: Scenario A

Similar to SPS 1a′, this scenario features slightly higher gaugino

mass parameters M1 and M2, still connected by the GUT-relation

(2.4). A small µ parameter results in the LSP to be mainly a hig-

gsino. This together with the mass spectrum, the production cross

sections for selectrons are discussed.

The parameters of this scenario are given in table 4.10. The gaugino mass parame-
ter M2 = 500 GeV is higher than in SPS 1a′, and M1 is fixed by the GUT-relation
(2.4). As the higgsino mass parameter µ = 115 GeV is almost at its lowest value
allowed by the lower chargino mass limit, this scenario features nearly pure hig-
gsinos for the lighter two neutralinos, whereas the heavier two neutralinos are
gaugino-like, see table 4.11.

M1 [GeV] 250.500 φM1
0.000

µ [GeV] 115.000 φµ 0.000
M2 [GeV] 500.000 tan β 5.000
mχ̃±

1
[GeV] 106.923 mχ̃±

2
[GeV] 514.513

Table 4.10: Low energy input parameters and χ̃±-masses for
Scenario A.

χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.118 0.000i -0.239 0.000i 0.769 0.000i 0.581 0.000i

Z̃ 0.000 -0.024i 0.000 0.098i 0.000 -0.578i 0.000 0.810i

H̃0
a -0.886 0.000i 0.407 0.000i 0.208 0.000i 0.073 0.000i

H̃0
b 0.447 0.000i 0.876 0.000i 0.178 0.000i 0.034 0.000i

Mass [GeV] 96.192 119.997 259.866 514.440

Table 4.11: Neutralino mixing and mass spectrum for Scenario A.
Given is the diagonalisation matrix N .

The higgsino components in the lighter two neutralinos are additionally emphasised
by the lower value of tanβ = 5 as lower values generally lead to purer states.
This is easier to see if one writes the neutralino mass matrix (2.7) in the basis
(B̃, W̃ , H̃0

1 , H̃
0
2 )



4.3. HIGGSINO-LIKE GUT: SCENARIO A 47

ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.000 0.005 0.000
τ̃L -0.995 0.000 0.000 0.000 0.000 0.096
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R 0.000 -0.005 0.000 0.000 1.000 0.000
τ̃R 0.096 0.000 0.000 0.000 0.000 0.995

Mass [GeV] 205.357 205.095 205.094 175.140 175.139 174.842

Table 4.12: Slepton mixing and mass spectrum for Scenario A. Given
is the diagonalisation matrix U ≡ V ∈ R.

Ŷ =









M1 0 −mZcβsW mZsβsW

0 M2 mZcβcW −mZsβcW
−mZcβsW mZcβcW 0 −µ
mZsβsW −mZsβcW −µ 0









. (4.1)

Current experimental bounds suggest that tanβ ≥ 3. This gives 0.94 < sin β < 1,
resulting in only a small variation of sinβ, and only a minor change of the mixing
due to the matrix elements Ŷ14 and Ŷ24, while the change of cosβ is stronger in this
region. Thus, it is apparent that lower values of tanβ, i. e. larger values of cosβ,
enhance the off diagonal elements Ŷ13 and Ŷ23 of the mass matrix and hence lead
to a stronger mixing between the gaugino and higgsino sector, while the elements
Ŷ14 and Ŷ24 remain nearly unchanged.
The cross sections for this scenario are given in figure 4.3. From the higgsino-like
character of the lighter neutralinos, one can already understand the lower cross
sections compared to, e. g., SPS 1a′. As the selectron masses are of moderate
values, all channels are kinematically accessible at

√
s = 500 GeV. This scenario,

however, is experimentally more challenging than those discussed so far, as the
cross section for associate production at this energy reaches only σRL = 39 fb.
This channel is of special importance for the study of CP violation as it can be
used to build a CP -sensitive observable (see chapter 5).
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Figure 4.3: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario Scenario A. Both beams are unpolarised.
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4.4 Higgsino-like non-GUT: Scenario B

In this scenario the GUT-relation (2.4) is given up treating M1 and

M2 as independent parameters with reverted hierarchy (M1 ≫M2).

In contrast to the other scenarios Scenario B features a heavier

higgsino-like neutralino sector. Additionally, χ̃0
3 is mainly a wino

and for that reason does not couple to right handed sleptons.

Scenario B drops the GUT-relation and inverts the mass hierarchy in the gaugino
sector: M1 ≫ M2 while µ < M1. It also features a low value for tan β, see
table 4.13. Consequently, the LSP χ̃0

1 is of mixed nature with a sizeable higgsino
component, while χ̃0

2 is mainly a photino. The large mass splitting between M1

and M2 is also reflected in the mass splitting of the neutralinos: the LSP is very
light (≈ 115 GeV, comparable to the lighter chargino), whereas already mχ̃0

2
≈ µ

and as such comparable in mass with χ̃0
3. The latter is, as a result from the mass

inversion, mainly a wino with strong higgsino components. χ̃0
4, finally, is mainly a

Z̃ but with a sizeable higgsino component. It is only about 60 − 70 GeV heavier
than the χ̃0

2 and χ̃0
3, resulting in a small mass splitting within these three states.

M1 [GeV] 450.000 φM1
0.000

µ [GeV] 400.000 φµ 0.000
M2 [GeV] 130.000 tan β 3.000
mχ̃±

1
[GeV] 114.466 mχ̃±

2
[GeV] 420.392

Table 4.13: Low energy input parameters and χ̃±-masses for
Scenario B.

χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ -0.443 0.000i -0.860 0.000i 0.189 0.000i 0.171 0.000i

Z̃ 0.587 0.000i -0.072 0.000i 0.719 0.000i 0.364 0.000i

H̃0
a 0.000 -0.012i 0.000 -0.071i 0.000 0.452i 0.000 -0.889i

H̃0
b 0.677 0.000i -0.501 0.000i -0.492 0.000i -0.220 0.000i

Mass [GeV] 114.364 392.670 402.891 475.857

Table 4.14: Neutralino mixing and mass spectrum for Scenario B.
Given is the diagonalisation matrix N .

The masses of the sleptons are given in table 4.15. The masses are quite light with
nearly degenerated masses in the left and right sector, respectively. Only the stau
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ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.000 0.009 0.000
τ̃L -0.989 0.000 0.000 0.000 0.000 0.145
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R 0.000 -0.009 0.000 0.000 1.000 0.000
τ̃R 0.145 0.000 0.000 0.000 0.000 0.989

Mass [GeV] 176.112 175.185 175.181 126.244 126.240 124.956

Table 4.15: Slepton mixing and mass spectrum for Scenario B. Given
is the diagonalisation matrix U ≡ V ∈ R.

mass differs by about 1 GeV from the other sleptons due to a small mixing of the
left and right stau states. Also the mass splitting between the left and right states
is about 50 GeV, so all states are within the reach of a

√
s = 500 GeV collider.

Figure 4.4 shows the production cross section for selectron production. The cross
sections for pair production are σRR = 490 fb and σLL = 553 fb at

√
s = 500 GeV.

Their maximum is reached at about
√
s ≈ 400 GeV. The associate production

reaches a cross section of σRL = 14.1 fb at
√
s = 500 GeV, while its maximum of

σRL = 26.7 fb is reached at
√
s = 1 TeV. Already at

√
s = 800 GeV, however, it

has reached σRL = 27.9 fb. So, generally, for the study of CP violation a collider
energy higher than

√
s = 500 GeV would be desirable, while the gain is largest

already for
√
s = 800 GeV.
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Figure 4.4: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario Scenario B. Both beams are unpolarised.
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4.5 Pure H̃0
a and H̃0

b : Scenario C

This is again a higgsino-like scenario without the GUT-relation. In

contrast to the former it features nearly pure H̃0
a and H̃0

b and a

smaller mass splitting between the higgsinos on the one hand and

the gauginos on the other.

This scenario again does not use gaugino mass unification, i. e. the gaugino mass
parameters M1 and M2 are treated as independent. They are assumed to be
approximately equal in size with M1 < M2.
The small values µ = 120 GeV and tanβ = 3 (see table 4.16) result in a pure
higgsino character for both lighter neutralinos, whereas the heavier ones are nearly
pure gauginos. The ordering of M1 and M2 leads to a wino-like χ̃0

3, whereas χ̃0
4

is mainly a bino [132, table 2]. Both masses are of nearly equal size, though χ̃0
3

contains a strong bino admixture. The mass splitting between the higgsino (χ̃0
1, χ̃

0
2)

and the gaugino (χ̃0
3, χ̃

0
4) states is quite large. Whereas the former have masses of

order µ, the latter have masses of order M1 and M2, respectively. The neutralino
masses and mixing for this scenario are given in table 4.17.

M1 [GeV] 430.000 φM1
0.000

µ [GeV] 120.000 φµ 0.000
M2 [GeV] 440.000 tan β 3.000
mχ̃±

1
[GeV] 106.879 mχ̃±

2
[GeV] 457.721

Table 4.16: Low energy input parameters and χ̃±-masses for
Scenario C.

χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.003 0.000i -0.230 0.000i 0.851 0.000i 0.473 0.000i

Z̃ 0.000 -0.001i 0.000 0.076i 0.000 -0.469i 0.000 0.880i

H̃0
a -0.990 0.000i 0.138 0.000i 0.037 0.000i 0.007 0.000i

H̃0
b 0.143 0.000i 0.960 0.000i 0.236 0.000i 0.042 0.000i

Mass [GeV] 100.690 123.118 431.725 460.703

Table 4.17: Neutralino mixing and mass spectrum for Scenario C.
Given is the diagonalisation matrix N .

The masses of the neutralino states open up rich decay channels for the heavier
states. χ̃0

2 is in this scenario the NLSP and can consequently only decay via three-
body decays χ̃0

2 → χ̃0
1f f̄

′ to the LSP as R-parity is assumed to be conserved.
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ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.004 0.000 0.000
τ̃L -0.998 0.000 0.000 0.000 0.000 0.070
ẽR 0.000 0.000 0.000 0.000 1.000 0.000
µ̃R 0.000 -0.004 0.000 1.000 0.000 0.000
τ̃R 0.070 0.000 0.000 0.000 0.000 0.998

Mass [GeV] 165.926 165.496 165.495 136.455 135.785 135.625

Table 4.18: Slepton mixing and mass spectrum for Scenario C. Given
is the diagonalisation matrix U ≡ V ∈ R.

These types of scenarios have been studied for neutralino production at an e+e−

collider with respect to the determination of the CP phases [123]. Scenario C will
therefore be used to compare the e+e− and the e−e− mode.
The total unpolarised production cross sections shown in figure 4.5 are comparable
with those in the other higgsino-like scenarios discussed. For pair production,
cross sections of σRR = 489 fb and σLL = 337 fb are found at

√
s = 500 GeV,

respectively. In associate production, however, the total unpolarised cross section
reaches only about σRL = 18 fb, which slowly rises to about σRL ≈ 32 fb at much
higher energies of

√
s ≈ 1 TeV.
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Figure 4.5: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario Scenario C. Both beams are unpolarised.
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4.6 Gaugino-like, G̃ LSP: Point ε

The decay modes of the sleptons change drastically once a gravitino

(G̃) is the LSP. Such a scenario is discussed here together with the

consequences for the observation of LFV, the mass spectrum and

the production cross sections for selectrons.

In the context of gravitino dark matter, scenarios were suggested that feature
a gravitino as LSP (e. g., [120]). Here, the lighter τ̃ is often assumed to be the
NLSP. As a consequence, the decay modes of the supersymmetric particles change
considerably compared to the scenarios with a neutralino LSP discussed so far
[133].

As in such scenarios the τ̃1 as NLSP has to decay to the gravitino via τ̃1 → τG̃
a common feature of many of these models are long living staus due to the small
coupling involved in this decay. This leads to unique detector signatures for the
sleptons. Especially, if the two-body decay ℓ̃ → χ̃0

1ℓ is kinematically forbidden
(in most scenarios for the right sleptons), the sleptons will decay dominantly via
three-body decays ℓ̃ → τ τ̃ ℓ, whereas the direct decay to the LSP (ℓ̃ → ℓG̃) is
strongly suppressed. In case of flavour conservation one would thus observe a τ̃ in
association with a τ from the selectron decay

ẽ→ τ̃±τ∓e (4.2)

resulting in

e−e− → ẽ−ẽ− → τ̃±τ∓e− τ̃±τ∓e−. (4.3)

Thus, two electrons together with two taus and two staus would be observed,
where the charge summed over the tau and stau states has to vanish. Then the
following detector signatures arise

2e−2τ̃+
1 2τ−,

2e−2τ̃−1 2τ+,

2e−τ̃+
1 τ̃

−
1 τ

−τ+.

In flavour violating scenarios, however, one could observe one τ̃ directly resulting
from the flavour violating production process

e−e− → τ̃1ẽ.

Another τ̃ would then result from the three-body selectron decay (4.2), but this
time with an associated τ and an electron:

e−e− → τ̃1ẽ→ τ̃1 + eτ̃±1 τ
∓. (4.4)



56 CHAPTER 4. SCENARIOS

This would yield the signatures

2τ̃−1 τ
+e−,

τ̃−1 τ̃
+
1 τ

−e−

giving the possibility to distinguish between the flavour conserving production of
τ̃1 via the decay of selectrons and the flavour violating scenario.
Due to the long lifetimes of the τ̃ it would be visible by an ionised track. Depending
on its actual lifetime, the τ̃ could

• decay outside the detector and leave a track without a decay vertex

• decay within the detector for shorter lifetimes and resulting in a displaced
vertex at the end of the track.

This clean signature gives a background free measurement of the flavour violating
vertex in the e−e− mode [23].
The decay width of the τ̃1, being dominated by the two-body decay τ̃1 → τG̃, is
given by [134,135]

Γτ̃1 =
(m2

τ̃1
−m2

G̃
−m2

τ )
4

48πM2
Pm

2
G̃
m3

τ̃1

(

1 −
4m2

G̃
m2

τ̃1

(m2
τ̃1
−m2

G̃
−m2

τ )
2

) 3
2

(4.5)

=
1

48πM2
P

m5
τ̃1

m2
G̃

(

1 −
m2

G̃

m2
τ̃1

) 3
2

. (4.6)

Here, mτ̃1 is the mass of the τ̃1, mτ ≈ 1.77 GeV is the τ -mass, and mG̃ is the mass
of the gravitino. With mτ̃1 = 150 GeV (approximately the mass in Point ε), this
gives a lifetime for this particle of 1/Γτ̃1 = 7762 s for mG̃ = 1 GeV. For a gravitino
mass of 100 GeV this lifetime increases to 25.9 years. It can be used to calculate
the mean decay length L by

L =
βγ

Γτ̃1

. (4.7)

From this follows, only if the gravitino mass is below 1 keV the stau can decay
within the detector (assuming βγ = O(1)) [134]. However, it was shown that the
staus can be stopped in the detector to allow the measurement of their decay [136].
The benchmark point Point ε is a mSUGRA scenario with the features just de-
scribed [120]. As a typical GUT-scenario, it features mass unification and is defined
by high scale parameters which can be found in table 4.19.
Evolving these parameters to the weak scale, using SPheno [124] yields the low
scale parameters of table 4.20. From these parameters, the resulting neutralino
spectrum is calculated (table 4.21). The lighter two neutralinos are pure gauginos,
which is a direct consequence of the large value of the µ parameter compared to the
gaugino masses. For this reason they have large couplings to the sleptons, which



4.6. GAUGINO-LIKE, G̃ LSP: POINT ε 57

M1/2 = 440 GeV sign(µ) = +1
M0 = 20 GeV tanβ = 15
A0 = -25 GeV

Table 4.19: High scale input parameters of scenario Point ε [120].
M1/2 is the universal gaugino mass, M0 the universal scalar mass, and
A0 the universal trilinear coupling. All these are defined at the GUT-
scale MGUT. tanβ gives the ratio of the vacuum expectation values and
sign(µ) the sign of the higgsino mass parameter µ

results in high cross sections. As M1 < M2, the lighter neutralino is mainly a bino,
and χ̃0

2 mainly a wino. The heavier two neutralinos are nearly pure higgsinos with
an almost equal mixture of H̃0

a and H̃0
b components. As they contain only negligible

gaugino components, their contribution to the cross section is small. The pure
nature of the neutralinos is supported by the larger value of tan β = 15. Generally,
the masses of the neutralinos are larger than in former scenarios: mχ̃0

1
≈M1 and

mχ̃0
2
≈M2, whereas the heavier two have masses of the order of µ.

M1 [GeV] 185.830 φM1
0.000

µ [GeV] 557.330 φµ 0.000
M2 [GeV] 342.820 tan β 15.000
mχ̃±

1
[GeV] 330.030 mχ̃±

2
[GeV] 576.328

Table 4.20: Low energy input parameters and χ̃±-masses for Point ε.

χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.862 0.000i -0.497 0.000i 0.042 0.000i 0.090 0.000i

Z̃ -0.504 0.000i -0.825 0.000i 0.151 0.000i 0.206 0.000i

H̃0
a 0.000 0.006i 0.000 -0.070i 0.000 0.660i 0.000 -0.748i

H̃0
b 0.049 0.000i 0.261 0.000i 0.735 0.000i 0.624 0.000i

Mass [GeV] 183.969 330.326 561.531 575.886

Table 4.21: Neutralino mixing and mass spectrum for Point ε. Given
is the diagonalisation matrix N .

The slepton sector is defined in table 4.22. Though µ is much larger than in the
former scenarios, this does not lead to a large LR mixing in the τ̃ sector due to
the large A-parameter Aτ̃ = −34. As the masses of the particles in this scenario
are not too heavy, it might be accessible at early stages of the LHC. Additionally,
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ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.000 0.014 0.000
τ̃L -0.980 0.000 0.000 0.000 0.000 0.199
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R 0.000 -0.014 0.000 0.000 1.000 0.000
τ̃R 0.199 0.000 0.000 0.000 0.000 0.980

Mass [GeV] 314.908 306.082 306.052 177.257 177.154 150.333

Table 4.22: Slepton mixing and mass spectrum for Point ε. Given is
the diagonalisation matrix U ≡ V ∈ R.

first measurements are already possible at a 500 GeV linear collider like the ILC,
though some channels would require an energy upgrade.
The cross sections for the selectron production channels are shown in figure 4.6.
Due to the masses of the selectrons a higher collider energy is required to access
the LL-channel. Also the RL-channel only has a small cross section at 500 GeV.
For this scenario an energy upgrade to 800 GeV would be desirable for the RL-
and LL-channels. However, in the RR-channel a cross section of nearly 700 fb is
reached at about

√
s = 500 GeV.
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Figure 4.6: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario Point ε. Both beams are unpolarised.
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4.7 GMSB, G̃-LSP: SPS 7

SPS 7 again features a gravitino LSP. Additionally, it serves as an

example for a scenario resulting from gauge mediated SUSY break-

ing. As in Point ε, the lighter stau is again the NLSP. This section

gives the mass spectrum for SPS 7 and discusses the production

cross section for selectrons in this scenario.

The benchmark point SPS 7 [118] is, in contrast to the scenarios discussed so far, a
supersymmetric scenario with gauge mediated SUSY breaking. Like the scenario
Point ε discussed in section 4.6, it features a τ̃ as the NLSP. The three-body
decays of the ẽ and µ̃ to the NLSP are allowed and are thus their dominant decay
modes. The GUT-scale parameters defining SPS 7 are given in table 4.23.

Λ = 40 TeV sign(µ) = +1
Mmess = 80 GeV tanβ = 15
Nmess = 3

Table 4.23: High scale input parameters of scenario SPS 7 [118]. The
ratio of the vacuum expectation values is given by tanβ and sign(µ)
is the sign of the higgsino mass parameter µ. As this is a GMSB-type
scenario Mmess gives the mass scale for the messengers and Nmess their
number. Finally, the parameter Λ gives the scale of the hidden sector
involved in SUSY breaking.

Evolving the high scale parameters to the electro-weak scale by means of SPheno

[124] gives the low scale parameters in table 4.24. As can be seen from table 4.25
the lightest neutralino is mainly a gaugino, but all others are of quite mixed nature.
This had to be expected, as M2 is in the vicinity of µ. The gaugino mass parameter
M2 ≈ 325 GeV yields a χ̃0

3 of approximately this mass, hence most neutralino states
will be accessible at a linear collider of

√
s = 500 GeV.

M1 [GeV] 173.600 φM1
0.000

µ [GeV] 315.700 φµ 0.000
M2 [GeV] 325.400 tan β 15.000
mχ̃±

1
[GeV] 264.185 mχ̃±

2
[GeV] 385.603

Table 4.24: Low energy input parameters and χ̃±-masses for SPS 7.

The slepton sector of this scenario features intermediate masses where at least
in associate production all sleptons are kinematically accessible at an energy of
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χ̃0
1 χ̃0

2 χ̃0
3 χ̃0

4

γ̃ 0.812 0.000i -0.526 0.000i 0.140 0.000i 0.209 0.000i

Z̃ -0.527 0.000i -0.486 0.000i 0.490 0.000i 0.496 0.000i

H̃0
a 0.000 0.012i 0.000 -0.100i 0.000 0.663i 0.000 -0.742i

H̃0
b 0.250 0.000i 0.691 0.000i 0.548 0.000i 0.401 0.000i

Mass [GeV] 167.244 267.717 321.740 385.779

Table 4.25: Neutralino mixing and mass spectrum for SPS 7. Given is
the diagonalisation matrix N .

ℓ̃1 ℓ̃2 ℓ̃3 ℓ̃4 ℓ̃5 ℓ̃6

ẽL 0.000 0.000 -1.000 0.000 0.000 0.000
µ̃L 0.000 1.000 0.000 0.000 0.009 0.000
τ̃L -0.990 0.000 0.000 0.000 0.000 0.144
ẽR 0.000 0.000 0.000 1.000 0.000 0.000
µ̃R 0.000 -0.009 0.000 0.000 1.000 0.000
τ̃R 0.144 0.000 0.000 0.000 0.000 0.990

Mass [GeV] 273.735 269.391 269.374 138.111 138.071 126.528

Table 4.26: Slepton mixing and mass spectrum for SPS 7. Given is
the diagonalisation matrix U ≡ V ∈ R.

√
s = 500 GeV. The pair production of the left states requires higher energies,

though. Again, the LR mixing in the τ̃ sector is suppressed due to the smallness
of the trilinear couplings in this scenario. Generally, the slepton spectrum is lighter
than in case of Point ε.
As can be seen from figure 4.7, the production cross section for right pair produc-
tion reaches about 1100 fb at

√
s = 500 GeV, whereas for associate production,

and even more for left pair production, a higher energy of about
√
s ≈ 600 GeV

would be preferable. At this energy, right ẽR − ẽR pair production is still at about
400 fb, which is slightly more than the cross section for ẽL − ẽL production of
about 300 fb. Associate production reaches 100 fb at this energy. These features
are similar to Point ε, though the cross section for the right pair production is
almost twice as large at its optimal energy in SPS 7. This results from the smaller
right selectron mass.
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Figure 4.7: Total cross sections for the selectron production channels
e−e− → ẽR/LẽR/L as a function of the centre of mass energy

√
s in the

scenario SPS 7. Both beams are unpolarised.



Chapter 5

CP Violation

In this chapter the potential of an e−e−-collider for the determination of CP
violating effects will be studied. This will be based on a CP -even as well as on a
constructed CP -sensitive observable [132].

The total cross section, though of course a CP -even observable, shows a sensitive
dependence on the CP phases in the neutralino sector, especially for the pair
production of the left selectron. Extending the studies of [22] where the mixing of
the neutralinos was neglected, the cross section as an observable for CP violation
will be investigated in the scenarios introduced in chapter 4. Taking the full
neutralino mixing into account, one finds a sensitive dependence of the total cross
section to the phase φM1

also for the associate production, though the effects are
in general not as large as for σLL.

Exploiting transverse beam polarisation, the definition of a CP -sensitive observ-
able based on triple product correlations in the process e−e− → ẽ1ẽ2 is possible.
It is noteworthy that no CP -sensitive observables in the process e+e− → ẽiẽj can
be constructed as all triple product correlations in question are proportional to
the LR mixing of the selectrons which is generally negligible. This is true even if
one could use transverse beam polarisation. However, a similar observable can be
constructed in neutralino production with subsequent decay of the neutralinos to
sleptons [123]. For this reason the process discussed here may be complementary
to the studies in e+e− → χ̃0

i χ̃
0
j with subsequent decays [105, 108, 137–140]. De-

pending on the masses and decay modes of the neutralinos the new observable in
the e−e− mode may give additional insight and may probably reveal CP violation
in the neutralino system even if the effects in e+e− are too small.

— 63 —
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5.1 Squared Amplitude

In this section the squared amplitude is examined in the light of the

construction of a suitable CP -sensitive observable. It is found that

transverse polarisation is necessary to reach this goal.

In order to define CP -sensitive observables, the squared amplitude for the pro-
duction process has to be examined. Neglecting flavour violation, this is given for
associate production e−e− → ẽiẽj (i, j = 1, 2, i 6= j) of selectron mass eigenstates,
(2.16), as

|Mij |2 = |M t
ij |2 + |Mu

ij |2 + 2ℜe{M t
ijM

u†
ij }. (5.1)

The following discussion is also valid for non-vanishing LR mixing, but for the
numerical evaluation only the associate production e−e− → ẽLẽR is taken into
account, that is ẽ1 = ẽR and ẽ2 = ẽL.
To define the transverse polarisation four-vectors of the electron beams, a right
handed coordinate system (x, y, z) is introduced with the z-axis along the momen-
tum of the incoming electron e−1 (p1). The x- and y-axes, however, are not defined
with respect to the production plane, but fixed in the laboratory system [11]. In
this coordinate system, the transverse beam polarisation four-vectors are

t1,2 = (0, cos φ1,2, sinφ1,2, 0), (5.2)

with φ1 and φ2 the azimuthal angles of the polarisation vectors for electron e−1 and
e−2 , respectively.
With this definition, the amplitude squared for the associate production process
e−e− → ẽ1ẽ2 can be written as

|M t,u
12 |2 = −g

4

4
s(E2

ẽ2
− q2 cos2 θ−m2

ẽ2,1
)c±∓

4
∑

k,l=1

fL∗
k fL

l f
R∗
k fR

l ∆t,u
k ∆t,u∗

l , (5.3)

while the interference term of t- and u-channel yields

2ℜe{M t
12M

u†
12 } =

g4

2
P 1

T P 2
T q

2s sin2 θ

4
∑

k,l=1

∆t
k∆

u∗
l

× ℜe{fL∗
k fL

l f
R∗
k fR

l

[cos(η − 2φ) − i sin(η − 2φ)]}, (5.4)

where c±∓ = (1±P 1
L)(1∓P 2

L). P i
L denotes the degree of longitudinal polarisation,

q = λ1/2(s,m2
ẽ1
,m2

ẽ2
)/(2

√
s) the momentum transfer, mẽi

are the selectron masses,
η = φ1 + φ2, θ and φ being the polar and azimuthal angle of ẽ2. The energy of
the second electron is Eẽ2

= (s+m2
ẽ2
−m2

ẽ1
)/(2

√
s), and P i

T denotes the degree of

transverse polarisation for the electron e−i [132].
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It should be noted that in case of a selectron mixing angle of π (i. e. ẽ1 = ẽL), the
squared amplitude is obtained by replacing c±∓ → c∓± in (5.3), and by changing
the overall sign in (5.4).
Using these equations, one finally arrives at the differential cross section for the
production process:

dσ

dΩ
=

1

8(2π)2
q

s3/2
|M12|2 (5.5)

with dΩ = sin θdθdφ and |M12|2 as given in (5.1).
The CP -sensitive part of the cross section derived from (5.4) is proportional to

P 1
TP

2
T

4
∑

k<l

(∆t
k∆

u
l − ∆t

l∆
u
k) ℑm{fL∗

k fL
l f

R∗
k fR

l }. (5.6)

This term vanishes due to symmetry of the propagators if integrated over the
whole polar angle θ. Therefore, in order to build a CP -sensitive observable, the
integration over θ has to be split into two regions amounting to a sign change of
cos θ, which has to be incorporated into a projection function to be defined [123].
From (5.6) it is also clear that the transverse polarisation of both beams is neces-
sary. This seems to favour the e−e− mode due to the higher polarisations possible
for electrons. Here, beam polarisations of 0.9 seem possible yielding a prefactor
of 0.92 = 0.81 [11, 141]. (Using the more conservative values of [10] it would still
be 0.82 = 0.64.) The polarisation of positrons conversely hand required in e+e−

mode seems to be possible only to about 0.6 (0.4) without too much loss of lumi-
nosity. Thus, in this particular mode, a similar term would get a weight of only
0.54 (0.32) or about 66% (50%) compared to the e−e− mode, even if it would not
be negligible.

5.2 Definition of the Observables

This section discusses the possible observables suitable for the ex-

amination of CP violating effects in the production of selectrons in

e−e−-scattering. After a short discussion of the use of the total

cross section for the observation of CP violation, a new CP -odd

observable is derived based upon triple products for transversely po-

larised beams.

5.2.1 CP -Even Observables

It has already been pointed out that the total cross section for selectron pair
production can sensitively depend on the phase of M1. This dependence is un-
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suppressed in the case of LL-production, as it results from interferences of bino-
and wino-like neutralino propagators in the t- and u-channel [22]. As right selec-
trons, however, couple only to the bino component of the neutralinos, these terms
get strong suppressions in the case of LR production, and nearly vanish for the
production of two right selectrons. (They vanish exactly in the pure bino limit of
neutralino mixing.)

The total cross section of left selectron pair production itself might prove a useful
observable in case all involved SUSY parameters, except the phases, are known. It
then allows access to the phase of M1 by fitting the measured total cross section
to the SUSY scenario. Being CP -even, on the other hand, makes this fit rather
dependent on the precision of the SUSY parameters measured in other processes.
It should also be stressed that the measurement of a specific value for the total
cross section does not suffice to establish CP violation in the neutralino system
without the knowledge of many other parameters.

5.2.2 CP -Sensitive Observables

The CP -sensitive part of the cross section (5.6) is proportional to the product
P T

1 ·P T
2 of the transverse polarisation. To define the degrees of polarisation P T

i (i =
1, 2) with respect to the production plane it is necessary to reconstruct momentum
vectors of the produced sleptons from their decays. Although these decays involve
the production of the LSP, which will escape detection, it has been shown that
this reconstruction is possible taking the decay of both sleptons into account.
Generally, this reconstruction has a one- or two-fold ambiguity, which however,
may be resolved if suitable decays are available [11, 123]. Then, it is possible
to build a CP -sensitive observable for the production process. Due to the scalar
character of the selectrons, there exist no spin correlations between production and
decay. For this reason it is not possible to construct CP -sensitive triple product
correlations of momenta as in the case of neutralinos and charginos [60,109,142].

In e−e− → ẽiẽj , a CP -sensitive observable has to exploit the t − u-interference
term (5.4). To this end, one first defines a θ-dependent asymmetry

ACP (θ) =
N[ sin(η − 2φ) > 0; θ ] − N[ sin(η − 2φ) < 0; θ ]

N[ sin(η − 2φ) > 0; θ ] + N[ sin(η − 2φ) < 0; θ ]
(5.7)

η denotes the relative angle of the two transverse polarisation vectors of the in-
coming electrons. θ and φ are the usual phase space angles. (Note the relative
sign of the two spin coordinate systems with respect to the azimuthal angle φ).
N[ sin(η− 2φ) > 0 (< 0) ] denotes the number of events with sin(η− 2φ) > 0 (< 0).
So, in integral form, ACP (θ) can be written as

ACP (θ) =
1

σ

[

−
∫ π

2
+ η

2

η
2

+

∫ π+ η
2

π
2
+ η

2

−
∫ 3π

2
+ η

2

π+ η
2

+

∫ 2π+ η
2

3π
2

+ η
2

]

d2σ

dφdθ
dφ. (5.8)
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The integration over θ in two half spheres yields

ACP =

[

∫ π/2

0
−
∫ π

π/2

]

ACP (θ) dθ. (5.9)

This observable can be expressed as a moment of the total cross section [123]:

ACP =
1

σ

∫

dφdθ
d2σ

dφdθ
F1(θ, φ). (5.10)

With the projection function

F1 = sign(cos θ sin 2φ) (5.11)

(5.7) can also be written as

ACP =
1

Ntot

{

N[sη′ > 0; cθ > 0] − N[sη′ > 0; cθ < 0]

+N[sη′ < 0; cθ < 0] − N[sη′ < 0; cθ > 0]
}

(where η′ = η − 2φ). This observable has already been studied for neutralino
production at the ILC where promising results have been found [123].
It can be shown that the observable (5.10) can be optimised using a more com-
plicated projection function F2(θ, φ), respecting the angular dependence of the
differential cross section [143–147]. To this end, the relevant part of the squared
amplitude is investigated which is given by

2ℜe(M t
12M

u†
12 ) ∝ sin2 θ

4
∑

k,l=1

∆t
k∆

u∗
l ℜe

(

fL∗
k fL

l f
R∗
k fR

l

× [cos(η − 2φ) − i sin(η − 2φ)]
)

. (5.12)

The optimal projection function would now be proportional to the angular depen-
dence of this term including cos θ from the integration over dΩ. For this reason,
the most simple “optimised projection function” is defined as

F2 = sin2 θ cos θ sin(η − 2φ). (5.13)

This function could be further optimised by keeping the angular dependence stem-
ming from the propagators ∆t

k and ∆u∗
l ; but this would increase its complexity

considerably, whereas (5.13) offers definite improvement compared to (5.11).
The CP -sensitive observable ACP is given by the expectation values

ACP [Fi] =
1

σ
〈Fi〉 =

1

σ

∫

dΩ
dσ

dΩ
Fi (5.14)



68 CHAPTER 5. CP VIOLATION

of the projection functions Fi from (5.11) and (5.13).
To construct the final observable, the statistical error has to be taken into account.
It must not exceed the size of the observable itself, yielding the condition

∆〈Fi〉
|〈Fi〉|

< 1 (5.15)

with

∆〈Fi〉 =
Nσ√
N

1
√

〈F2
i − 〈Fi〉2

≈ Nσ
√

N · 〈F2
i 〉
. (5.16)

Here, Nσ are the standard deviations and N = σL the number of events obtained
at the total cross section σ with an integrated luminosity L. The effective CP -
sensitive observable Â[Fi] can now be given using the definition (5.16) of the error
[132,147]:

Â[Fi] =
√
σ

〈Fi〉
√

〈F2
i 〉
. (5.17)

At a given integrated luminosity one can then estimate (5.16) being non-zero in
standard deviations as

Eσ = |Â[Fi]| ·
√

L. (5.18)

5.3 Numerical Results for CP -Violation

This section evaluates the observables found numerically. The first

part deals with general features, whereas subsequent sections evalu-

ate the effects in the representative scenarios discussed in chapter 4.

It is understood that especially in the higgsino like scenarios the new

CP -sensitive observable might be helpful in the discovery of CP vi-

olation in the neutralino sector.

5.3.1 General Features

GUT-Scenarios

Within the study of the CP -sensitive observables for different neutralino mixtures
one finds that the observable Â[F2] (and also Â[F1]) rises with increasing hig-
gsino component of the two lighter neutralinos. This results from the fact that
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non-CP -sensitive contributions to the total cross section decrease compared to
the CP -sensitive parts when the higgsino component of the lighter two neutrali-
nos increases. This corresponds to an increase of the relevant product of cou-
plings ℑm{fL∗

k fL
l f

R∗
k fR

l } resulting from neutralino mixing. The increase of the
CP -sensitive observable with increasing higgsino components in the lighter two
neutralinos, however, is accompanied by a decrease of the total production cross
section of the selectrons. This results from the fact that the latter couple only to
the gaugino component of the neutralinos.

Based on Scenario A defined in section 4.3, figure 5.1a shows the values of the
effective optimised observable Â[F2], (5.17) as a function of the higgsino mass
parameter |µ| and the gaugino mass parameter M2. Here, the GUT-relation (2.4)
between M1 and M2 is used. The corresponding production cross section is shown
in figure 5.1b. It can be seen that the observable increases with the higgsino
content of the lighter two neutralinos, reaching its largest absolute values of about
Â[F2] = −0.1

√
fb in the higgsino region (µ < M2), whereas the total cross section

decreases to about 25% of its value in the gaugino region [132].
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Figure 5.1: Contour lines of the effective observable Â[F2] in the |µ| −
M2 plane in units of

√
fb (figure 5.1a) and the corresponding production

cross section in units of fb (figure 5.1b). The parameters which are not
varied are from Scenario A defined in section 4.3. The shaded area is
excluded by the chargino mass bound mχ̃1

< 104 GeV, whereas the
upper right corner would lead to mχ̃0 = mLSP > mẽR

[132].
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Non-GUT-Scenarios

non-GUT-scenarios an increase of the observable Â[F2] (as well as Â[F1]) with an
increase of the ratio |M1|/M2 is also found. The increase of this ratio leads to
a larger wino component in the lighter of the two gaugino-like neutralinos. For
the GUT-relation, the lighter neutralino is always of bino-like nature, whereas it
can become mainly a wino for |M1|/M2 > 1. The increase of the CP -sensitive
observables in wino-like scenarios is again accompanied by a decrease of the total
production cross section for the same reason as in higgsino like scenarios. As a
representative example this is shown in figure 5.2a based on Scenario A for all
parameters not varied.
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Figure 5.2: Contour lines of the effective observable Â[F2] in the
|µ| − |M1|/M2 plane in units of

√
fb (figure 5.2a) and the correspond-

ing production cross section in units of fb (figure 5.2b) with a fixed
value of M2 = 200 GeV. All other parameters are from Scenario A de-
fined in section 4.3. The shaded area is excluded by the chargino mass
bound mχ̃1

< 104 GeV, whereas the upper right corner would lead to
mχ̃0 = mLSP > mẽR

[132].

Above all, it can be concluded that the observables Â[F2] and Â[F1] are the largest
in higgsino like scenarios where the lighter of the two gauginos has a dominant wino
component.

Dependence on tan β and φµ

Different values of tan β do not influence the CP -sensitive observable explicitly, but
only via the mixing of the neutralinos. Larger values of tanβ lead to a stronger mix-
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ing of the neutralino eigenstates, so for larger values, generally, gaugino-like neu-
tralinos get a stronger higgsino component and vice versa. For the CP -sensitive ob-
servables Â[F1] and Â[F2], this effect is two-fold. They decrease in the higgsino-like
scenarios due to the stronger gaugino-admixture, whereas in gaugino-like scenarios
they increase due to the stronger higgsino contribution. The effect is most pro-
nounced for small values of tanβ and for gaugino-like scenarios. For example, going
from tanβ = 5 to tan β = 10 in SPS 1a′ (

√
s = 500 GeV, φM1

= 0.5π, φµ = 0),
reduces the size of the observable by about 30%. At tan β = 30, the observable
Â[F2] is reduced by another 25% compared to tanβ = 10.
In higgsino-like scenarios, like Scenario C, the effect is less pronounced for larger
values of tan β. For tan β = 10, again a reduction of Â[F2] of about 30% is found
compared to tan β = 5, but only about 10% comparing a scenario with tan β = 10
with one tanβ = 30. A general observation is that the size of the CP -sensitive
observables strongly increases for small values of tan β, whereas the dependence is
weaker for large values. Generally, Â[F1] and Â[F2] show the same behaviour with
respect to their tan β dependence.
It can also be observed that the dependence of Â[F1] and Â[F2] on the phase φµ

is much weaker than on the phase φM1
. Investigating the relevant combination

of couplings one finds ℑm{fL∗
k fL

l f
R∗
k fR

l } ∝ sinφM1
. This explains the strong

dependence on φM1
[132]. In most scenarios considered here, the dependence of

Â[F1] and Â[F2] on the phase φµ is opposite to that on φM1
. Although this sign

difference is not a general feature, it should be kept in mind for scenarios where
both phases are non-zero.
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5.3.2 SPS 1a′
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Figure 5.3: Dependence of the ratio σ/σ0 of the total cross section on
the phase φM1

for φµ = 0 for selectron pair production at
√
s = 500 GeV

in scenario SPS 1a′ (table 4.3). Figure 5.3a shows all possible channels,
figure 5.3b only the RL and RR production. The CP violating cross
sections are normalised to σLL

0 = 590.9 fb, σRL
0 = 215.2 fb and σRR

0 =
548.1 fb.

In this subsection, the effect of the CP violating phase φM1
on the total cross

sections in the various production channels, i. e. left and right selectron pair
production, as well as associate production, is studied. In contrast to earlier
studies [22], the effects from neutralino mixing are taken into account. To ease
comparison, all total cross sections are normalised to their respective value σ0,
that is the total cross section at

√
s = 500 GeV for vanishing phases φM1

= 0 and
φµ = 0. The results for SPS 1a′ are shown in figure 5.3.

From figure 5.3a it is clear that the sensitivity of left pair production to the phase
is substantial and can lead to differences of up to 70% compared to a vanishing
phase. On the other hand, it is also obvious that in right selectron pair produc-
tion, kinematically the first accessible channel, the phase dependence is too weak
for measurements. Figure 5.3b represents a detailed view of the right selectron
pair production in comparison with the associate production channel. The effect
amounts to about 3.5% in the second case, whereas it can be clearly seen that it
nearly vanishes for right pair production as expected by the argument given in
section 5.2.1.

The CP -sensitive observables Â[F1] and Â[F2] from (5.17) are shown in figure 5.4
for

√
s = 500 GeV. Figure 5.4a shows their dependence on the gaugino phase φM1

.
For φM1

= π/2, the observable Â[F1] is 2.9
√

fb, whereas the optimised observable
Â[F2] reaches 3.2

√
fb. This results in a gain of about 10%, by matching the angular

dependence of the sensitive term with the projection function (5.13).

The dependence on the phase of the higgsino mass parameter φµ is shown in
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Figure 5.4: CP -sensitive observables in SPS 1a′ (table 4.3) as a func-
tion of the phase φM1

for φµ = 0 (figure 5.4a) at 500 GeV, and their
energy dependence for φM1

= π/2 (figure 5.4b). The dependence on φµ

for φM1
= 0 for

√
s = 500 GeV is displayed in figure 5.4c. For com-

parison, the simple observable Â[F1] as well as the optimised observable
Â[F2] are shown.

figure 5.4c. Though, in principle the observables Â[F1] and Â[F2] are sensitive to
the phase of µ, their actual values are much smaller. It should be noted however,
that the effect on the observables Â[F1] and Â[F2] resulting from φµ has an opposite
sign compared to that stemming from φM1

. This can lead to at least partial
cancellation of the effect of CP violation for small φM1

and large φµ, and can also
limit the accuracy achievable for the determination of φM1

(φµ), if φµ (φM1
) is

unknown.
In figure 5.4b the energy dependence of the observables is shown. It can be seen
that their maximum value of about Â[F2] = 3.7

√
fb (Â[F1] = 3.3

√
fb) is reached

at about
√
s ≈ 450 GeV. Their sizes decrease strongly with the energy, as does

the relative gain of the optimised observable Â[F2].
Figure 5.5 shows Â[F1] and Â[F2], respectively, in the φM1

-φµ-plane. From the
maxima, the minimal luminosity required for a 3σ deviation from the CP -conserv-
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Figure 5.5: CP -sensitive observables Â[F1] (a) and optimised Â[F2]
(b) for scenario SPS 1a′ in the φM1

-φµ plane. The energy is set to√
s = 500 GeV.

ing scenario can be estimated by using (5.18). In SPS 1a′, more than 5000 fb−1

would be required to establish the effect. Thus, it can be concluded, this effect
will most likely not be measurable at an e−e−-collider, especially, when the con-
siderably lower integrated luminosity of only 20 − 30% of the e+e− mode has to
be kept in mind.
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5.3.3 Mixed SPS
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Figure 5.6: Dependence of the ratio σ/σ0 of the total cross section on
the phase φM1

for φµ = 0 for selectron pair production at
√
s = 500 GeV

in scenario Mixed SPS (table 4.7). Figure 5.6a shows all possible chan-
nels, figure 5.6b only the RL and RR production. The CP violating
cross sections are normalised to σLL

0 = 570.7 fb, σRL
0 = 215.1 fb and

σRR
0 = 514.3 fb.

In this scenario, the effect of φM1
on the total cross section is for left selectron

pair production comparable to SPS 1a′, again reaching nearly a difference of 70%
for φM1

= π compared to φM1
= 0. However, due to the strong higgsino com-

ponent in the lighter two neutralinos, this scenario is of a mixed character (see
table table 4.8) resulting in the cross section for associate production to show a
pronounced dependence on φM1

reaching a deviation of up to 14% for φM1
= π,

compared to the CP -conserving scenario. Still, no effect is observable in the RR
production channel, which is to be expected from the vanishing coupling of right
selectrons to the wino-component of the neutralino.

The larger higgsino admixture of the two lighter neutralinos in this scenario also
increases the CP -sensitive observables up to Â[F2] ≈ 9

√
fb (Â[F1] ≈ 8

√
fb) for

maximal φM1
= π/2, as seen in figure 5.7a. The gain from optimisation of the

observable is comparable to SPS 1a′. The effect of φµ on the observable Â[F2]
is nearly an order of magnitude smaller than of φM1

, and may therefore not be
measurable. On the other hand, it may partially cancel or enhance the effect of
φM1

depending on their relative sign.

Investigating the whole φM1
-φµ-plane, the CP -sensitive observable is generally

much larger than for SPS 1a′. This can be seen in figure 5.8a and figure 5.8b. As
the cross sections still are comparable to SPS 1a′ (see figure 4.2), this results in
much lower luminosities required for an actual test of this phase. From figure 5.8c
follows, that a test of CP violation on the level of 3σ is possible for integrated
luminosities of about 800 fb−1, if 0.35π < φM1

< 0.65π (or 1.3π < φM1
< 1.6π,
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Figure 5.7: CP -sensitive observables in Mixed SPS (table 4.7) as a
function of the phase φM1

for φµ = 0 (figure 5.7a) at 500 GeV, and
their energy dependence for φM1

= π/2 (figure 5.7b). The dependence
on φµ for φM1

= 0 for
√
s = 500 GeV is displayed in figure 5.7c. For com-

parison, the simple observable Â[F1] as well as the optimised observable
Â[F2] are shown.

respectively). Still, for establishing the effect experimentally at the 5σ-level lumi-
nosities of at least 2300 fb−1 would be required, as can be seen from figure 5.8d .
The largest effect is reached for

√
s ≈ 400 GeV (see figure 5.7b). At this energy

the optimised observable reaches Â[F2] = 13.1
√

fb. To probe a phase φM1
= π/2

at the 3σ- (5σ-)level an integrated luminosity L3σ = 525 fb−1 (L5σ = 1458 fb−1)
would be required. This allows the test on the 3σ (5σ) level in 13 (35) years of
running, if one assumes the current design parameters for the ILC [10,127], taking
the lower integrated luminosity of the e−e− mode of only about 42 fb−1 per year
into account. This is equivalent to a test of the observables on the level of 1.65σ in
one year, assuming an integrated luminosity of L = 0.3 · 500 fb−1 can be collected.
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(a) Observable Â[F1]
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(c) Luminosity for 3σ
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Figure 5.8: Â[F1] (a) and optimised Â[F2] (b) CP -sensitive observable
for scenario Mixed SPS. (c) shows the luminosity required to establish
CP violation at the 3σ-level, (d) the luminosity required for a measure-
ment of CP violation at the 5σ-level in the φM1

-φµ plane. The energy
is set to

√
s = 500 GeV.
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5.3.4 Scenario A

This scenario uses the GUT-relation (2.4) between M1 and M2 but, due to the
smaller value of µ = 115 GeV, features higgsino-like lighter neutralinos. The
production cross section for the pair production of left selectrons depends strongly
on the phase φM1

, figure 5.9a. Additionally though, in associate production also a
rather strong dependence of σ on the phase φM1

is found, resulting in an increase
of up to 16% for φM1

= π (see figure 5.9b) which is comparable to Mixed SPS.
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Figure 5.9: Dependence of the ratio σ/σ0 of the total cross section
on the phase φM1

for φµ = 0 for selectron pair production at
√
s =

500 GeV in scenario Scenario A (table 4.10). Figure 5.9a shows all
possible channels, figure 5.9b only the RL and RR production. The CP
violating cross sections are normalised to σLL

0 = 260.8 fb, σRL
0 = 38.96 fb

and σRR
0 = 566.9 fb.

The φM1
dependence of the CP -sensitive observables Â[F1] and Â[F2] is shown

in figure 5.10a. Even though this is a higgsino-like scenario, the size of these ob-
servables is still comparable with Mixed SPS as, due to the GUT-relation between
M1 and M2, χ̃

0
3 is still a bino. The value of Â[F2] reaches about Â[F2] = 8

√
fb at

φM1
= 0.5π as in Mixed SPS, but the difference between Â[F2] and Â[F1] is more

pronounced in Scenario A. If the dependence on φµ in both scenarios is compared,
Â[F2] is about 20% smaller at φµ = 0.5π in Scenario A.

The higher masses of the sleptons produced also shift the maximum total cross sec-
tion to higher energies which is also true for Â[F1] and Â[F2] (figure 5.10b). From
this follows the optimal energy to investigate this scenario to be

√
s ≈ 500 GeV.

As can be seen from figure 5.11a and figure 5.11b, respectively, the size of the CP -
sensitive observables Â[F1] and Â[F2] is slightly smaller but comparable to that in
Mixed SPS over the whole φM1

-φµ plane. Considering the luminosity required to
test CP violation at the 3σ-level however, this slightly smaller observable already
results in an integrated luminosity of about 1000 fb−1 for 0.35π < φM1

< 0.65π
(or 1.3π < φM1

< 1.6π respectively). Luminosities of at least 2800 fb−1 would be
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Figure 5.10: CP -sensitive observables in Scenario A (table 4.10) as a
function of the phase φM1

for φµ = 0 (figure 5.10a) at 500 GeV, and
their energy dependence for φM1

= π/2 (figure 5.10b). The dependence
on φµ for φM1

= 0 for
√
s = 500 GeV is displayed in figure 5.10c.

For comparison, the simple observable Â[F1] as well as the optimised
observable Â[F2] are shown.

required to establish the effect experimentally at the 5σ-level, as can be seen from
figure 5.11d . As these values are already valid at the optimal energy, this scenario
is much more challenging than Mixed SPS.
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(a) Observable Â[F1]
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(b) Observable Â[F2]
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(c) 3σ
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Figure 5.11: Â[F1] (a) and optimised Â[F2] (b) CP -sensitive observ-
able for scenario Scenario A. (c) shows the luminosity required to estab-
lish CP violation at the 3σ-level, (d) that required for a measurement
of CP violation at the 5σ-level in the φM1

-φµ plane. The energy is set
to

√
s = 500 GeV.



5.3. NUMERICAL RESULTS FOR CP -VIOLATION 81

5.3.5 Scenario B

Evaluating figure 5.12a and figure 5.12b, the sensitivity of the CP -even observables
on φM1

is comparable in Scenario A and Scenario B. This also holds true for the
dependence on φM1

of the CP -sensitive observables Â[F1] and Â[F2], as seen in
figure 5.13a.
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Figure 5.12: Dependence of the ratio σ/σ0 of the total cross section on
the phase φM1

for φµ = 0 for selectron pair production at
√
s = 500 GeV

in scenario Scenario B (table 4.13). Figure 5.12a shows all possible
channels, figure 5.12b only the RL and RR production. The CP violating
cross sections are normalised to σLL

0 = 351.8 fb, σRL
0 = 15.63 fb and

σRR
0 = 487.7 fb.

Concerning φµ, the dependence on this phase is much stronger in Scenario B than
in Scenario A resulting in an increase by a factor of almost 5 for the observable
Â[F2]. In Scenario B, the size of Â[F2] ≈ 5

√
fb for φµ = 0.5π (figure 5.13c) is as

well about 50% of Â[F2] ≈ 11 for φM1
= 0.5π (figure 5.13a). Additionally, both

the dependence on φµ and φM1
of the observables Â[F1] and Â[F2] have the same

sign in Scenario B, whereas it is of opposite sign in Scenario A. This has to be
taken into account if both phases are non-vanishing. The optimal energy for the
observation of Â[F2] is again

√
s = 500 GeV.

The constructive interference of both phases can be seen in the φM1
-φµ-plane,

figure 5.14a. Though the luminosity requirements for φµ = 0 are comparable to
Scenario A, the possible constructive interference leads to much larger areas in
the φM1

-φµ plane that allow to establish CP violation on the 3σ-level as seen
in figure 5.14c. The minimal luminosity required for a measurement is reached
for φM1

≈ 0.6π, φµ ≈ 1.8π or φM1
≈ 1.4π, φµ ≈ 0.2π and is approximately L =

717 fb−1. For a measurement on the 5σ-level in this region of parameter space, a
luminosity of L ≈ 1990 fb−1 would be required (see figure 5.14c and figure 5.14d ,
respectively).
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Figure 5.13: CP -sensitive observables in Scenario B (table 4.13) as a
function of the phase φM1

for φµ = 0 (figure 5.13a) at 500 GeV, and
their energy dependence for φM1

= π/2 (figure 5.13b). The dependence
on φµ for φM1

= 0 for
√
s = 500 GeV is displayed in figure 5.13c.

For comparison, the simple observable Â[F1] as well as the optimised
observable Â[F2] are shown.
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(a) Observable Â[F1]
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(b) Observable Â[F2]
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(c) 3σ
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Figure 5.14: Â[F1] (a) and optimised Â[F2] (b) CP -sensitive observ-
able for scenario Scenario B. (c) shows the luminosity required to es-
tablish CP violation at the 3σ-level, (d) the luminosity required for a
measurement of CP violation at the 5σ-level in the φM1

-φµ plane. The
energy is set to

√
s = 500 GeV.
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5.3.6 Scenario C

The small masses of neutralinos χ̃0
1 (LSP) and χ̃0

2 (NLSP) in this scenario should
allow easy detection of these particles at the ILC. For this reason similar scenarios
have been studied with respect to CP violation in the e+e− mode [123] allowing
for comparison of both modes.
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Figure 5.15: Dependence of the ratio σ/σ0 of the total cross section on
the phase φM1

for φµ = 0 for selectron pair production at
√
s = 500 GeV

in scenario Scenario C (table 4.16). Figure 5.15a shows all possible
channels, figure 5.15b only the RL and RR production. TheCP violating
cross sections are normalised to σLL

0 = 336.9 fb, σRL
0 = 18.11 fb and

σRR
0 = 488.9 fb.

In Scenario C the effect of φM1
on the unpolarised cross section (see figure 5.15) is

pronounced, reaching a reduction of up to 70% for the LL channel at its minimum
φM1

= π. On the other hand, in the associate production process for φM1
= π an

enhancement of about 30% of the total cross section (figure 5.15b) is observed. So
first hints may be gained by measuring the cross sections for various production
modes, if the other supersymmetric parameters are known to a high precision from
the e+e− mode of the ILC and complementary measurements at the LHC.

In this scenario however, the CP -sensitive observable Â[F1] proposed in [123] for
e+e− → χ̃0

1χ̃
0
2 with the subsequent decay χ̃0

2 → χ̃0
1ll̄ reaches only about A =

1.2 ·10−3
√

fb at a collider energy of
√
s = 500 GeV so that it will not be accessible.

On the other hand, due to the large mass splitting in the neutralino sector, the
production of χ̃0

3 or χ̃0
4 in association with the LSP is kinematically not possible

for
√
s = 500 GeV.

In the e−e− → ẽ−i ẽ
−
j mode however, the CP violating vertex e−ẽ−χ̃0

i can be

tested with off-shell neutralinos. Here, Â[F1] and Â[F2] reach sizeable values as
shown in figure 5.16a. Their dependence on φµ, however, is still about two orders
of magnitude weaker as on φM1

as can be seen from figure 5.16c. The energy
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Figure 5.16: CP -sensitive observables in Scenario C (table 4.16) as a
function of the phase φM1

for φµ = 0 (figure 5.16a) at 500 GeV, and
their energy dependence for φM1

= π/2 (figure 5.16b). The dependence
on φµ for φM1

= 0 for
√
s = 500 GeV is displayed in figure 5.16c.

For comparison, the simple observable Â[F1] as well as the optimised
observable Â[F2] are shown.

dependence displayed in figure 5.16b shows that the maximal values for Â[F1] and
Â[F2] in this scenario are reached for about

√
s = 500 GeV.

In figure 5.17a and figure 5.17b again, the whole φM1
-φµ-plane is depicted. The

observables reach sizeable values in large areas of the parameters space. These
values are only somewhat reduced by the partial cancellation between the effect of
φM1

and that of φµ. The maximum of this cancellation is reached for φµ = 0.8π
and φµ = 1.2π.

In this scenario the cross section for associate production is within the reach of
a 500 GeV linear collider. Together with the large values of the CP violating
observables, Â[F1] and Â[F2], CP violation in the neutralino system can be tested
at the 3σ-level in large parts of the parameter space if an integrated luminosity of
L ≈ 500 fb−1 can be accumulated. For 0 < φµ < 0.5π and 1.2π < φµ < 2π almost
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(a) Observable Â[F1]
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(b) Observable Â[F2]
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Figure 5.17: Â[F1] (a) and optimised Â[F2] (b) CP -sensitive observ-
able for scenario Scenario C. (c) shows the luminosity required to es-
tablish CP violation at the 3σ-level, (d) the luminosity required for a
measurement of CP violation at the 5σ-level in the φM1

-φµ plane. The
energy is set to

√
s = 500 GeV.

the whole regions of 0.3 < φM1
< 0.6 and 1.3 < φM1

< 1.7 would be accessible at
this level (figure 5.17c). Compared to the e+e− mode, the e−e− mode would offer a
clear improvement. Here, already an integrated luminosity of about L = 167 fb−1

(assuming the usual 1/3 of the luminosity as for e+e−) would give a clue for CP
violation at the 2.5σ-level for 〈F2〉 and on the 2.3σ-level for 〈F1〉, respectively.
The measurement on the 5σ-level, however, seems at least possible in the regions
of maximal phases, φM1

≈ 0.5π (φM1
≈ 1.5π) and φµ ≈ 0 (φµ ≈ 0.2π) or φµ ≈ 1.8

(φµ ≈ 2π), if L ≈ 500 fb−1 can be accumulated.



Chapter 6

Lepton Flavour Violation

In supersymmetric models, gauge- and Lorentz-invariance do not enforce total
lepton number (L = Le + Lµ + Lτ ) or individual lepton number (Le, Lµ, Lτ ) to
be conserved. Recent neutrino experiments actually establish individual lepton
number to be violated (for a review see e. g. [4]). There exist, however, strin-
gent experimental bounds on LFV in the charged lepton sector by various decay
branching ratios (e. g. [78,148–150]), so this is certain to be a small effect.

For this reason a clean environment is expected to be necessary, and it has already
been pointed out that the e−e− mode of the ILC might be helpful [151]. Another
advantage of the e−e− mode is the higher polarisation of the electron beams. At
least 90% per e−-beam seem feasible today, whereas for e+-beams about 60%
seem possible [11]. For longitudinal polarisation this results in up to 50% higher
total cross section compared to the e+e− mode which could compensate the lower
luminosity. This polarisation may be used to further suppress the background
while at the same time enhancing the signals in various modes (e. g. ℓ̃Rℓ̃R final
states). Additionally, in certain scenarios even a background free measurement
may be obtained at the e−e−-collider [23] in contrast to the e+e− mode.

Recently it was also pointed out in phenomenological studies that, In recent phe-
nomenological studies it has been pointed out, that even obeying stringent exper-
imental bounds, the flavour violating phases do not have to be small. They can
be sizeable once the full three generation mixing is taken into account [24–28].

Currently, most of the searches for LFV are done in low energy experiments like
the search for rare decays, e. g., µ→ eγ. These experiments have already been able
to pose stringent bounds on the size of LFV. Still, in case LFV is established, they
won’t be able to give any information whether the left or right sector is its source.
Complementary to these experiments, this disentanglement could be achieved by
high energy experiments. Together with the results from low energy experiments,
this could lead to the identification of LFV in the charged sector and help in the
exploration of the underlying soft-supersymmetry breaking Lagrangian.

— 87 —
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6.1 Parametrisation

The formalism used for the numerical studies in this work as well as

the conventions utilised are introduced. Additionally, the experimen-

tal signature is discussed with the focus on scenarios with a gravitino

LSP, offering a possible background free measurement. Finally, the

current experimental bounds on LFV are summarised.

Currently, several models for LFV exist but the actual mechanism realised in
nature is still unknown [62, 152–157]. By parametrising the slepton mass matrix
[86, 87] it is possible to study the effect of LFV in a model independent way. As
long as there is no evidence for the realisation of a certain model, this approach
seems to be a feasible way if one solely wants to study the potential of a specific
collider mode like e−e−.

In this approach, the flavour violating off diagonal elements are inserted into the
slepton mass matrix (2.14) as free parameters. Specific models then would just
predict these values. LFV resulting from the neutrino sector and manifesting itself
in the left sector of the slepton mass matrix has been studied extensively [68–76].

Contrasting that in this work, the flavour violating entries should be treated as free
parameters. These off-diagonal elements are represented by hermitian matrices δ̂LL

and δ̂RR parametrising flavour violation in the left and right sector, respectively.
Additionally, the matrix δ̂RL adds to the mixing of left and right particles together
with the entries of M2

RL, (2.15). Including flavour violation the mass matrices then
read:

M2
LL =





(m11
L )2 + δ̂11LL δ̂12LL δ̂13LL

δ̂21LL (m22
L )2 + δ̂22LL δ̂23LL

δ̂31LL δ̂32LL (m33
L )2 + δ̂33LL



 (6.1)

M2
RR =





(m11
R )2 + δ̂11RR δ̂12RR δ̂13RR

δ̂21RR (m22
R )2 + δ̂22RR δ̂23RR

δ̂31RR δ̂32RR (m33
R )2 + δ̂33RR



 (6.2)

M2
LR =





(m11
LR)2 + δ̂11LR δ̂12LR δ̂13LR

δ̂21LR (m22
LR)2 + δ̂22LR δ̂23LR

δ̂31LR δ̂32LR (m33
LR)2 + δ̂33LR



 (6.3)

In literature no common scheme exists for the definition of the entries of the δ̂ij-
matrices. To simplify the comparison of the size of the LFV in different scenarios,
in this work the values of the off-diagonal matrices δ̂ij are given relative to their
corresponding diagonal elements [158]. The actual off diagonal matrix element is
obtained by multiplication of the given δij with the mass entries mii ×mjj. The
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matrices δ̂ thus read:

δ̂LL =





δ11LL(mL
11)

2 δ12LLm
L
11m22 δ13LLm

L
11m

L
33

δ21LLm
L
22m

L
11 δ22LL(mL

22)
2 δ23LLm

L
22m

L
33

δ31LLm
L
33m

L
11 δ32LLm

L
33m22 δ33LL(mL

33)
2



 (6.4)

δ̂RR =





δ11RR(mR
11)

2 δ12RRm
R
11m

R
22 δ13RRm

R
11m

R
33

δ21RRm
R
22m

R
11 δ22RR(mR

22)
2 δ23RRm

R
22m

R
33

δ31RRm
R
33m

R
11 δ32RRm

R
33m

R
22 δ33RR(mR

33)
2



 (6.5)

δ̂LR =





δ11LRm
L
11m

R
11 δ12LRm

L
11m

R
22 δ13LRm

L
11m

R
33

δ21LRm
L
22m

R
11 δ22LRm

L
22m

R
22 δ23LRm

L
22m

R
33

δ31LRm
L
33m

R
11 δ32LRm

L
33m

R
22 δ33LRm

L
33m

R
33



 (6.6)

6.1.1 Experimental Signatures

Many contributions to the cross section that are sensitive to lepton flavour vio-
lation also show a definite polarisation dependence. Unfortunately, for the same
reasons as in case of CP violation (see chapter 5), it is not possible to exploit spin
correlations between production and decay to construct observables. In scenarios
with the τ̃1 as NLSP, however, this particle can be long living and its production
would give a clear signature itself. In other scenarios, however, the signature has
to be derived from the decay of the sleptons produced. Considering leptonic de-
cays as the dominant ones, as in the scenarios studied here, these decay products
consist of an electron together with a µ or a τ plus – in case the χ̃0

1 is the LSP–
missing-energy from the neutralinos that escape detection.
The decoupling of production and decay together with the, compared to their
mass, small total width of the sleptons results in the narrow width approximation
to be valid for the scenarios considered here [27, 159]. In this approximation, the
propagators of the sleptons are set on-shell and their decay is taken into account
by means of the branching ratios.
The flavour conserving processes (e. g. single-W production) constitute the back-
ground to the signatures discussed here and will be considered in chapter 8. The
dominant flavour violating contributions are those with a minimal number of
flavour violating vertices

σ(e−e− → e−ℓ−a χ̃
0
1χ̃

0
1) = σ(e−e− → ẽiℓ̃a)

×
{

BR[ℓ̃a → ℓaχ̃
0
1] · BR[ẽi → e−χ̃0

1]
}

(6.7a)

+ σ(e−e− → ẽiẽj)

×
{

BR[ẽi → ℓaχ̃
0
1] · BR[ẽj → e−χ̃0

1] (6.7b)

+ BR[ẽi → e−χ̃0
1] · BR[ẽj → ℓaχ̃

0
1]
}

. (6.7c)

(6.7a) constitutes the flavour violating production of one slepton and a selectron.
The dominant contribution is achieved if the sleptons decay flavour conserving
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as shown. (6.7b) and (6.7c) represent the flavour conserving production of two
selectrons and their eventual flavour violating decay. As the latter contribution
also consists of one flavour violating interaction, it is of the same order as the
first contribution and has to be taken into account. The branching ratios used for
this calculation thus have to be calculated with flavour violating couplings. Other
processes yielding the same final state consist of more flavour violating interactions
and are suppressed. Numerical checks reveal that they can be safely neglected as
they are at least one order of magnitude smaller than the leading terms (6.7).

Some of the scenarios under investigation feature the possibility for a background
free measurement of flavour violating interactions. This is the case if the gravitino
is the LSP and the lighter stau is the NLSP. As the latter has to decay to the
gravitino, it has a long lifetime resulting in a unique signature: a thick ionized
track and a displaced vertex from the decay of the τ̃ , if its lifetime is short enough
to allow a decay within the detector. The benchmark Point ε [120] described in
section 4.6, as well as SPS 7 (section 4.7) are of this type. Of course, in these
scenarios the decay of the sleptons do not have to be considered at all.

6.1.2 Bounds for LFV

The searches for LFV [78–82] give strong constraints on the entries of the flavour
mixing matrices δij . Especially the bounds on ẽ-µ̃ mixing are already very strong.
If, for sake of simplicity, only the mixing between two generations is considered,
this results in very low cross sections for flavour violating processes at an e−e−-
collider, especially for the ẽ-µ̃ channel. It changes drastically however, if full three
generation mixing is taken into account [24–28].

Then, the relatively weak bounds on ẽ-τ̃ and µ̃-τ̃ mixing allow for a nearly equal
mixture of ẽ and µ̃ (see also section 2.3.3). In this case, high cross sections in
e−e− collisions are possible, even in the ẽ-µ̃ channel. Additionally, one may then
take advantage of the low background of this collider mode. Of special interest is
the ẽ-τ̃ production channel due to the unique signature in scenarios with a long
living τ̃1. The e−e−-collider may offer the opportunity to either establish flavour
violation, or at least help in the exclusion of quite large parts of the parameter

Neutrino modes Rare decays
Observable current limit Observable current limit

BR(e → ℓbνν̄) 0 BR(µ → eγ) < 1.2 · 10−11

BR(µ → eνν̄) ≈ 1.00 BR(τ → µγ) < 4.5 · 10−8

BR(τ → µνν̄) ≈ 0.178 BR(τ → eγ) < 1.1 · 10−7

BR(τ → eνν̄) ≈ 0.173

Table 6.1: Experimental constraints for lepton flavour violation. [56,
126,160,161].
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space by means of direct searches.

To derive the exclusion regions for this rather complex interplay of parameters in-
volved, numerical approximation formulae are used [158]. Included in this formulae
are branching ratios for the rare radiative decays ℓa → ℓbγ as well as ℓa → ℓbνν̄.
The experimental bounds on these decays are given in table 6.1 [56,126,160,161].

6.2 Observables

For the production of sleptons in e−e−-collisions one can consider as observables:

• Total cross sections,

• Polarisation asymmetries.

Without LFV in the slepton sector, the direct production of smuons and staus is
forbidden in e−e−-scattering. For this reason, the production cross section of these
particles is already a good observable. This, however, requires the possibility to
distinguish between leptons stemming from a slepton decay and those, e. g., from
W-decay, which is the main SM background in this collider mode. Another process
faking the signal might be the supersymmetric version of this process, i. e. single-
chargino-production. Both background processes will be discussed in chapter 8.
This issue has already been studies in the case of LFV in the left sector, which
features much lower flavour violating cross sections than the processes considered
here [72]. There, the result has been, that the background is well enough under
control for measurements.

If flavour is violated in the right sector, however, the main background, stemming
from single W-boson production, can be strongly reduced by suitable longitudinal
polarisation, as the W-boson couples only to left particles. Besides the reduction
of the background, suitable polarisation also enhances the production cross section
for right particles. Testing for LFV in the left sector with this polarisation mode
does not help though, since this polarisation would also kill the signal.

An entirely background free measurement would be possible, if the gravitino is the
LSP: the τ̃1 (NLSP) then has to decay into the gravitino. This coupling however,
is very weak and results in long lifetimes for the scalar. Depending on the exact
parameters and the momentum of the τ̃ , it may possibly decay within the detector
giving the clear signal of a displaced vertex at the end of an ionized track, or it
may even traverse the detector and escape. Observations of such signatures would
constitute a smoking gun for LFV at an e−e−-collider. Therefore, τ̃ production
is of special interest. It should be noted that in e+e− collisions the staus can be
directly produced. This signature hence does not establish LFV as easily there.

Investigating the squared amplitude, namely (3.21), (3.22), (3.27), (3.28), a unique
feature of the production process e−e− → ℓ̃aℓ̃b is found: due to the exchange of
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heavy Majorana fermions, i. e. the neutralinos, in the t- and u-channel, the am-
plitude squared contains contributions proportional to the transverse polarisation
of one beam and the longitudinal polarisation of the other.

The Majorana character of the fermions, however, is only relevant in this specific
process. Similar signatures might arise in other processes with the exchange of
heavy fermions. It should be noted that no such process exists in the framework of
the SM. A proof of this theorem is given in [116]. One might thus hope to exploit
this feature to build an observable. These terms, however, are proportional to the
LR mixing angle of the sleptons produced. For this reason, large LR mixing would
be required, which is only expected in the τ̃ -sector of the MSSM. Unfortunately,
numerical studies have revealed that the size of these observables is far too small
to be measurable, and no polarisation based observable was found.

6.3 Slepton Mixing

This section presents some general features of slepton mixing. Also,

the case of vanishing direct mixing of the first two generations is

discussed, and it is shown that even in this case nearly equal mixing

of selectron and smuon is possible. It is shown that the analytical

approximations made in section 2.3.3 are in good agreement with

the numerical results and might offer a valuable tool to estimate the

mixing of the sleptons analytically.

Before studying observables for flavour violating processes, it is instructive to look
at the slepton composition in various scenarios. This is of special interest as
the direct mixing of selectron and smuon has already been proven to be small
[56,126,160,161]. In this study however, a general mixing of all three generations
will be taken into account, and it was already shown in section 2.3 that this
results in a quite complex pattern, even allowing for nearly equal selectron-smuon
sleptons.

First of all, the lighter two right handed sleptons, namely ℓ̃4 (“selectron R”) and
ℓ̃5 (“smuon R”), will be investigated. In section 2.3.3 it is predicted that even
for vanishing direct mixing of these two states, i. e. δR

12 = 0 sizeable mixing may
result via δR

13 and δR
23. Even an equal mixture of these two states is possible for

suitable values. The numerical study depicted in figure 6.1, where all non-varied
parameters are taken from SPS 1a′ (see section 4.1), clearly shows this effect. The
shaded area corresponds to the limits from table 6.1. Similar results are found
in all scenarios considered in this work. Noteworthy are the large regions with
nearly equal mixing of the two states. These results are in agreement with earlier
parameter scans which have estimated the size of LFV by picking random points
in the parameter space [24,25,27,28,101].
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Figure 6.1 shows that one of the lighter sleptons contains nearly no stau component.
This is in perfect agreement with the analytical approximative prediction from
(2.33). Taking the parameters of SPS 1a′, this is ℓ̃5, as can be seen from figure 6.1f
(note the colour scale, which is different to the other plots in this figure). On the
other hand, it has been shown in (2.34) that one of the lighter two sleptons gets
some τ̃1 component which is proportional to λ1,3 − m2

1. Due to the bounds on
LFV only a small shift between the mass parameter and the physical mass is to be
expected resulting in a small stau component. In the numerical example of SPS 1a′

one observes this for ℓ̃4 as seen from figure 6.1e. The size of this admixture reaches
only about 4% with a weak dependence on δ13RR and δ23RR. Similar results are found
in the other scenarios.
The final crucial result of section 2.3.3 is that the impact of δ12RR on the mixing of the
sleptons should be negligible as soon as δ13RR, δ

23
RR ≫ δ12RR. This is also established in

the numerical studies. Taking SPS 1a′ as an example, the comparison of figure 6.1
for δ12RR = 0 with figure 6.2 for δ12RR = 1.5 · 10−4 shows no visible difference. This
also holds for all other scenarios considered. In this work, the current upper limit
for δ12RR = 1.5 · 10−4 is used for all subsequent calculations to explore the maximal
effects possible though the results will not change even for much lower values of
δ12RR.
Finally, keep in mind that for the analytical approximation in section 2.3.3 the
LR mixing is entirely neglected, i. e. δij

RL = 0. In all numerical studies in the
following sections however, the usual mSUGRA values for the diagonal elements
of δii

RL = mi(Ai−µ tan β) are being used. In the τ̃ -sector this leads to some mixing
between the left and right states. It does not, however, affect the state without any
stau admixture, which explains its very good agreement with the approximations.
For the two states where the stau is involved, LR mixing results in a slight mass
shift towards lower values. Additionally, it should be mentioned that a mixing of
the left states is not taken into account, i. e. δij

LL = 0. The good validity of the
analytical approximations, that assume a complete decoupling of the left and right
handed sector, seems to justify this approach. Besides this, a mixing in the left
sector would only affect the right handed part by means of the LR mixing.
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(a) ℓ̃4, ẽR component
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(b) ℓ̃5, ẽR component
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(c) ℓ̃4, µ̃R component
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(d) ℓ̃5, µ̃R component
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(e) ℓ̃4, τ̃1 component
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Figure 6.1: Composition of slepton 4 (left column) and slepton 5 (right
column) as a function of the flavour violating matrix entries δ13RR and
δ23RR. δ12RR = 0 for all plots. The shaded area is already excluded ex-
perimentally, all non-varied parameters are from scenario SPS 1a′ (sec-
tion 4.1).
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6.4 Numerical Results for LFV

This section gives numerical results for the size of LFV for the sce-

narios SPS 1a′, Point ε and SPS 7. For the latter two it is discussed

whether a background free measurement is possible. This seems to

be the case for Point ε, but is more difficult in SPS 7.

After having studied of some general features of the slepton mixing in the previous
section, the prospects to observe and establish LFV in the e−e− mode of a linear
collider will now be discussed. Also in this context also the mixing in the different
scenarios will be examined. The value of δ12RR is always kept fixed at its upper limit
of δ12RR = 1.5 · 10−4 unless stated otherwise.
Although in the context of LFV, there exists no such particle as a ẽR in large parts
of parameter space, one of the sleptons will contain a dominant ẽR component.
This particle can be thought of as a selectron with some small admixture of the
other sleptons. To simplify the language in the following sections the particle with
the largest ẽR component will be called the ẽR by convention. The other sleptons
will be handled similarly, that is the µ̃R being the slepton with the largest µ̃R

component and the τ̃1 being the lighter of those two sleptons with the largest stau
component.

6.4.1 SPS 1a′

First of all, the mixing of the sleptons will be considered in SPS 1a′. It is displayed
in figure 6.2 by the ẽR and τ̃1 content of each slepton. The flavour mixing matrix
elements δ13RR and δ23RR are varied, whereas the flavour mixing parameter δ12RR was
set to 1.5 ·10−4 , i. e. on the upper limit allowed by experimental data. The shaded
area is excluded by the bounds given in table 6.1.
Without flavour violation the ℓ̃4 would be the ẽR, the ℓ̃5 ∼ µ̃R and the ℓ̃6 ∼ τ̃1 (the
τ̃ states show also some LR mixing, hence no strict right stau exists). The first
observation is that the sleptons keep their characters in large regions of the allowed
flavour violating parameter space. For ℓ̃4 this means, that it is mainly a ẽR for
any allowed value −0.2 · 10−2 < δ23RR < 0.2 · 10−2 (figure 6.2a). In the same region
ℓ̃5 is mainly a µ̃R. Its µ̃R-component can be deduced from figure 6.2c, keeping
in mind that this particle is only a mixture of ẽR and µ̃R due to its negligible τ̃1
component (figure 6.2d).
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(b) ℓ̃4 : τ̃1 component
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(c) ℓ̃5 : ẽR component
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(d) ℓ̃5 : τ̃1 component
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(e) ℓ̃6 : ẽR component
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(f) ℓ̃6 : τ̃1 component

Figure 6.2: Selectron and stau content of ℓ̃4 (first line), ℓ̃5 (second line)
and ℓ̃6 (third line) as a function of the flavour violating matrix entries
δ13RR and δ23RR. δ12RR = 1.5 · 10−4 for all plots. The shaded area is already
excluded experimentally.
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Studying the mixing of ℓ̃5 one observes that, even despite the tiny value of δ12RR =
1.5 · 10−4 parametrising the direct mixing of the selectron and smuon compone, it
contains a sizeable ẽR component in large regions of parameter space (figure 6.2c).
For −0.2 · 10−2 < δ13RR < 0.2 · 10−2 and δ23RR > 0.2 · 10−2 (or δ23RR < −0.2 · 10−2) ℓ̃5
even turns into a mainly ẽR-like particle whereas ℓ̃4 gets a major µ̃R component.
Here, the definition of the δs has to be kept in mind, as they are multiplied by the
corresponding diagonal mass terms. The comparison with the selectron component
of ℓ̃4 in figure 6.2a reveals that the rise of the selectron component in ℓ̃5 is directly
related to the decrease of this component in ℓ̃4. So, even with a tiny (or even
no, see figure 6.1) direct mixing of these two sleptons in this scenario nearly equal
mixture of ẽR and µ̃R in the ℓ̃4 and the ℓ̃5 can be found, provided δ13RR and δ23RR

have suitable values. This is in agreement with the analytical approximations of
section 2.3.3 as well as the earlier random parameter scans [24,25,27,28,101].

It should be stressed here that, although the direct mixing of ẽR and µ̃R is negligible
(δ12RR = 1.5 · 10−4), the largest mixing of the states is found between these two. At
its maximum values, this mixing can lead to equal ẽR and µ̃R components in ℓ̃4 as
well as in ℓ̃5, which results in large flavour violating production cross sections.

Another remarkable result, also in perfect agreement with the analytical approx-
imations of section 2.3.3, is the already mentioned negligible τ̃1 admixture in ℓ̃5.
Note, that the colour scale in figure 6.2d is approximately three orders of magni-
tude smaller than in the other panels.

The second flavour violating vertex relevant in e−e− collision is the e-τ̃ -χ̃0 vertex.
The size of the coupling involved in this vertex depends crucially on the ẽR- and the
τ̃1-components of the sleptons. The first observation is that the stau component in
ℓ̃4 is at best at the percent level in (figure 6.2b), whereas it is entirely negligible for
ℓ̃5. Compared to ẽR-µ̃R mixing, the maximum obtainable mixing with the τ̃1-state
is suppressed by almost one order of magnitude. This is, once more, in agreement
with the analytical approximations of (2.33) and (2.34).

From this very minute τ̃ -admixture to ℓ̃5 it follows that the decay ℓ̃5 → τ χ̃0

is negligible. For this reason τs observed from e−e− → ℓ̃aℓ̃b and the decays of
the sleptons may only stem from the decay of ℓ̃4 or the direct flavour violating
production of a “τ̃1” (i. e. ℓ̃6) via e−e− → ℓ̃4,5ℓ̃6, and the subsequent practically
“flavour conserving” decay ℓ̃6 → τ χ̃0. This can also be observed in the relevant
branching ratios ℓ̃4 → τ χ̃0

1 and ℓ̃6 → τ χ̃0
1. The decays of ℓ̃4 show a τ̃ final state in

less than 5% of the entire allowed parameter space, even below 1% of the largest
part of parameter space, while more than 95% fo the decays of ℓ̃6 do so.

Finally, as already mentioned, ℓ̃6 is mainly a τ̃1 (figure 6.2f ) in the entire allowed
flavour violating parameter space. It only gains some ẽR-contribution at the per-
cent level (figure 6.2e). Its smuon component, on the other hand, is negligible, as
is the τ̃1 contributions to ℓ̃5. A parameter scan of the flavour violating process
e−e− → ℓ̃4ℓ̃5 (i. e. “ẽR-µ̃R” production) shows large total cross sections in sizeable
regions of the parameter space, figure 6.3. In figure 6.3a, the flavour mixing pa-
rameter δ12RR is set to 1.5 ·10−4, whereas figure 6.3b shows the same for δ12RR = 0. It
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Figure 6.3: Total cross section for the production channel e−e− →
ẽRµ̃R as a function of the flavour violating matrix entries δ13RR and δ23RR

in the scenario SPS 1a′ (section 4.1). The collider energy is set to
√
s =

500 GeV.

can be seen that, within the current experimental bounds, the effect of δ12RR is not
visible in SPS 1a′. On the other hand, even if the direct mixing vanishes, sizeable
cross sections up to ≈ 50 fb are possible due to the effect of three generation mix-
ing discussed earlier. Here, the regions of maximum cross section coincide with
the regions of maximum mixing between the ẽR and µ̃R states. This can be seen
in comparison of figure 6.3a with figure 6.2a, and figure 6.2c, respectively. It is
also true for the decay branching ratios shown for the heavier two right sleptons
in figure 6.4, for the decay of ℓ̃4 to an e or a µ and in figure 6.5, and for the decay
of ℓ̃5 in the same channels. It should be noted that, due to the slepton masses,
only the leptonic decay channels are kinematically allowed.
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(a) ℓ̃4 → eχ̃0
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(b) ℓ̃4 → µχ̃0
1

Figure 6.4: Branching ratio of the leptonic decays (a) ℓ̃4 → eχ̃0
1 (a)

and (b) ℓ̃4 → µχ̃0
1 as a function of the flavour violating matrix entries

δ13RR and δ23RR for δ12RR = 1.5 · 10−4 in the scenario SPS 1a′ (section 4.1).

Compared to the flavour violating production of a “µ̃R” in e−e− collision, the
similar “τ̃1” production is much more challenging. Figure 6.2 shows, that the τ̃1
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(a) ℓ̃5 → eχ̃0
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(b) ℓ̃5 → µχ̃0
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Figure 6.5: Branching ratio of the leptonic decays (a) ℓ̃5 → eχ̃0
1 and

(b) ℓ̃5 → µχ̃0
1 as a function of the flavour violating matrix entries δ13RR

and δ23RR for δ12RR = 1.5 · 10−4 in the scenario SPS 1a′ (section 4.1).

component of ℓ̃4 as well as the ẽR component of ℓ̃6 are much smaller than the
equivalent µ̃R components, because the mixing with the stau sector is suppressed.
This results in much lower flavour violating production cross sections, as seen
from figure 6.6. The maximum cross sections reached are below 10 fb. Again, no
difference for vanishing δ12RR can be observed, figure 6.6b.
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Figure 6.6: Total cross section for the production channel e−e− →
ẽRτ̃1 as a function of the flavour violating matrix entries δ13RR and δ23RR

in the scenario SPS 1a′ (section 4.1). The collider energy is set to
√
s =

500 GeV.
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6.4.2 Point ε

Before investigating Point ε in detail, the ẽR- and the τ̃1-components of the slep-
tons are shown in figure 6.7. Again, in large regions of the parameter space ℓ̃4 is
found to be mainly a ẽR and ℓ̃5 mainly a µ̃R, whereas ℓ̃6 plays the role of the τ̃1. It
is noted immediately, that the experimentally allowed values for the flavour mix-
ing parameters δ13RR and δ23RR are much larger in this scenario. Roughly speaking,
|δ13RR| < 0.55 · 10−2 and |δ23RR| < 0.4 · 10−2, which is nearly three times as large as
the allowed range in SPS 1a′. An immediate consequence is, that in this scenario
a much larger slepton mixing is in agreement with current experiments.
Considering, first of all, the ẽR-components in ℓ̃4 and ℓ̃5 again a similar pattern
as in SPS 1a′ is found: in large parts of the allowed parameter space the sleptons
keep the dominant character they would have in the flavour conserving case, but
again the mixture of ℓ̃4 and ℓ̃5 can reach sizeable values. As already mentioned,
due to the scaling of the flavour violating parameters with the proper diagonal
matrix elements, the ranges are comparable in all scenarios.
As a larger part of the flavour violating parameter space is allowed in Point ε than
in SPS 1a′, the τ̃1 component in ℓ̃4 may reach much higher values of up to 5%
(figure 6.7b). Nearly the same value can be reached for the ẽR-component in ℓ̃6.
The τ̃1 contribution to ℓ̃5 is negligible in the entire allowed parameter space, as
seen from figure 6.7d , however, it can be about half an order of magnitude larger
than in SPS 1a′.
For the flavour violating production process e−e− → ℓ̃4ℓ̃5 a similar pattern as in
SPS 1a′ is found. It is given in figure 6.8 for a collider energy of

√
s = 500 GeV

and longitudinally polarised beams to optimise the cross section. A degree of 90%
is assumed for the polarisation, and production cross sections of up to ≈ 50 fb are
reached in sizeable regions of the parameter space.
In this scenario, an important difference to SPS 1a′ is, that the LSP is not the
lightest neutralino, but the gravitino. For this reason, the decay of a right slepton
is given by its decay to the ℓ̃6, which is the NLSP. The actual decay mode depends
on the mass splitting of the right sleptons. For a sufficient large mass splitting,
as realised in this scenario, the decay is mainly given by the three-body decay
ℓ̃R → ℓτ̃1τ , and the subsequent decay of τ̃1 to the gravitino. The latter is observable
only, if the lifetime of τ̃1 is short enough for it to decay within the detector [23,120].
This results in the following process to be considered:

e−e− → ℓ̃−4 ℓ̃
−
5 → (µ−ℓ̃±6 τ

∓)(e−ℓ̃±6 τ
∓). (6.8)

ℓ̃6 in this case would be a long living particle, as it is the NLSP, and has to decay
to the gravitino. For this reason the signal in the detector would consist of

• two ionised tracks from ℓ̃6,

• two taus,

• one muon,
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• one electron.

This signature can also result from the production process e−e− → ℓ̃4ℓ̃4 →
(µℓ̃6τ)(eℓ̃6τ), which is of the same flavour violating order. For the quantitative
analysis using the decay products this has to be taken into account.
It should be stressed, that this signature allows for a background free measurement
of flavour violation, if the mass splitting is ≈ 15 − 20 GeV. Otherwise the produced
leptons are too soft and escape detection [23, 120]. The relevant mass differences
are given in figure 6.9. Throughout the flavour violating parameter space, the mass
splitting is sufficient to observe the leptons produced, as seen from the figure. This
results in a unique identification of the flavour violating process e−e− → ℓ̃4ℓ̃5 to
be possible.
Due to the long lifetime of the τ̃1, the production process e−e− → ℓ̃−4 ℓ̃

−
6 is of

special interest in this scenario. As in SPS 1a′, the production cross section for this
channel is much lower due to the generally smaller mixing of the states. The total
production cross section for suitable longitudinal beam polarisation (assuming a
polarisation of 90%) is given in figure 6.10 at

√
s = 500 GeV. The collider signature

for the process

e−e− → ℓ̃−4 ℓ̃
−
6 → (e−ℓ̃±6 τ

∓)(τ−ℓ̃±6 τ
∓) (6.9)

of production and decay would be

• two ionised tracks from ℓ̃6,

• three taus,

• one electron.

Again, it could also stem from the flavour conserving production, and a subsequent
flavour violating decay e−e− → ℓ̃−4 ℓ̃

−
4 → (τ−τ̃±1 τ

∓)(τ−τ̃±1 τ
∓).
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(c) ℓ̃5 : ẽR component
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Figure 6.7: Selectron and stau content of slepton4 (first line), ℓ̃5 (sec-
ond line) and ℓ̃6 (third line) as a function of the flavour violating matrix
entries δ13RR and δ23RR. δ12RR = 1.5 · 10−4 for all plots. The shaded area is
already excluded experimentally.
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Figure 6.8: Total cross section for the production channel e−e− →
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√
s = 500 GeV and PL

1 = −PL
2 = 0.9.
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Figure 6.9: Mass splitting of the right sleptons in Point ε. (a) shows
the difference between the masses of ℓ̃4 and ℓ̃6, (b) that between the
masses of ℓ̃5 and ℓ̃6. The mass splitting is larger than 20 GeV throughout
the allowed parameter space.
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Figure 6.10: Total cross section for the production channel e−e− →
ẽRτ̃1 as a function of the flavour violating matrix entries δ13RR and δ23RR in
the scenario Point ε (section 4.6). The shaded area is already excluded
experimentally. The collider energy is set to

√
s = 500 GeV. A right

handed longitudinal polarisation of 90% was assumed for each beam.
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6.4.3 SPS 7

The mixing of the slepton states for SPS 7 is given in figure 6.11. First of all, one
finds great similarity to Point ε although the experimentally allowed region is a
bit larger: |δ13RR| < 0.6 · 10−2 and |δ23RR| < 0.4 · 10−2. Without flavour violation ℓ̃4
would be the ẽR, ℓ̃5 the µ̃R and finally ℓ̃6 the lighter τ̃1, which is the NLSP in this
scenario. As in Point ε, the LSP is the gravitino.

As seen from figure 6.11d the τ̃ component in ℓ̃5 can reach only up to 0.2% in
a still more confined region of the parameter space compared to Point ε. As in
Point ε, this mixing is negligible, hence ℓ̃5 is mainly a mixture of ẽR and µ̃R. The
ẽ-µ̃-mixing however can be sizeable (figure 6.11a, figure 6.11c). The strong mixing
of ℓ̃4 and ℓ̃5 can result in an inversion of their character. For |δ23RR| > 0.25 · 10−2

ℓ̃4 has a major µ̃R component, whereas ℓ̃5 plays the role of the ẽR.

Another important difference to Point ε is the larger mixing of ẽR and τ̃1. In SPS 7
this mixing can be about twice as large as in Point ε. For |δ23RR| > 0.3 · 10−2 and
|δ13RR| > 0.5 ·10−2 the τ̃1 component in ℓ̃4 is larger than 12% (figure 6.11b). On the
other hand, for ℓ̃6 a selectron component above 8% is found for |δ13RR| > 0.55 · 10−2

(figure 6.11e), while the dependence of this component on δ23RR is only weak. This
large selectron-stau mixing together with the possible inversion of the selectron and
smuon states can also result in a large stau-smuon mixing. For |δ23RR| > 0.3 · 10−2

and |δ13RR| > 0.5 · 10−2 regions in parameter space with a large τ̃1 component in ℓ̃4
are found. Additionally, the selectron-smuon mixing in this region of parameter
space results in ℓ̃4 containing a dominant µ̃R component.

With the gravitino-LSP one might suspect the same background free measurements
of flavour violation to be possible, as in Point ε. However, investigating the mass
splitting of the sleptons given in figure 6.12a it is found to be very small. As
seen from the thick dotted line in figure 6.12a, the mass difference m4 − m6 is
in almost the entire allowed parameter space smaller than 15 GeV, whereas the
splitting m5 − m6 is smaller than this limit throughout the allowed parameter
space. At this limit, the collider signature for the decay of sleptons change, as
the decay leptons might be too soft and escape detection [23,120]. An immediate
problem that would arise in this case is, that the intermediate state could not
be reconstructed by the flavour of the primary decay leptons stemming from the
decay ℓ̃a → ℓaτ̃

±
1 τ

∓. In this case the collider signature would then consist solely
of

• two ionised tracks from ℓ̃6,

• two τ ,

• missing-energy from the soft leptons.

Another difficulty results from the fact, that the heavier right sleptons could decay
directly to the gravitino via ℓ̃a → ℓaG̃, posing the problem of their identification. If
their lifetime is short enough to decay within the detector, one could use the decay
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leptons from ℓ̃a → ℓaG̃, together with the visible displaced vertex. Calculations
done using SPheno [124], as well as earlier simulations by SUSYGen [162] indi-
cate that this will be the case. As, on the other hand, calculations by Isajet [163]
show a dominant decay of the heavier states to τ̃1, it has to be concluded that the
decay calculations are not yet under good control.
However, if by any means the character of the intermediate slepton states can be
determined, flavour violation can be established in this scenario in the ℓ̃4 − ℓ̃5-
channel in large regions of parameter space by a background free measurement.
Total production cross sections are displayed in figure 6.13a, and they reach values
larger than 50 fb. It should be kept in mind though, that the regions of maximal
production cross sections in this channel coincide with those regions with minimal
mass splitting as seen by comparison with figure 6.12. Still, about 30 − 40 fb are
reached in regions where a larger mass splitting may allow the determination of
the primary decay leptons.
Also, in the associate production of ℓ̃4 with ℓ̃6 cross sections up to ≈ 30 fb can
be reached in this scenario, especially for small values of |δ23RR| ≤ 0.5 · 10−2, if a
large direct mixing between ẽR and τ̃1 is realised (δ13RR > 0.75 · 10−2). This is
displayed in figure 6.13b. The dependence on the value of δ23RR in this scenario is
more pronounced than in Point ε, and the cross sections can be up to about twice
as large as those in, Point ε.
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(e) ℓ̃6 : ẽR component
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Figure 6.11: Selectron and stau content of ℓ̃4 (first line), ℓ̃5 (second
line) and ℓ̃6 (third line) as a function of the flavour violating matrix
entries δ13RR and δ23RR. δ12RR = 1.5 · 10−4 for all plots. The shaded area is
already excluded experimentally.
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Figure 6.12: Mass splitting of the right sleptons in SPS 7. (a) shows
the difference between the masses of ℓ̃4 and ℓ̃6, (b) that between ℓ̃5 and
ℓ̃6. The thick dotted line marks a splitting of 15 GeV.
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Figure 6.13: Total cross section for the production channels e−e− →
ẽRµ̃R and e−e− → ẽRτ̃1 as a function of the flavour violating matrix
entries δ13RR and δ23RR in the scenario Point ε (section 4.6). The collider
energy is set to

√
s = 500 GeV.



Chapter 7

Muon Colliders: µ−µ−

For increasing the energy while still keeping the advantages of the clean envi-
ronment of a circular lepton collider, it was already proposed in the 1960s to
build a muon collider [164]. Recently, this opportunity has been discussed again
mainly to investigate the electroweak symmetry breaking and the Higgs mecha-
nism [165–175].
Like the e−e− mode is an option for the upcoming ILC, the µ−µ− mode would be
a similar option at a future muon collider. (For the current status of this project
see, e. g., [176]). The process under consideration here would be

µ−µ− → ℓ̃iℓ̃j. (7.1)

The First Muon Collider (FMC), however, is currently planned to run at energies
of

√
s = 100 − 500 GeV and its design luminosity at

√
s = 500 GeV is about

1033 1/cm2s (see [176, table XIV]), an order of magnitude lower then the luminosity
of the ILC. Additionally, the achievable degree of polarisation is only about 40%.
From this follows, that a muon collider running in the µ−µ− mode would help only
in scenarios where the sleptons are too heavy to be produced in e−e− collisions
[177], and only if enough energy is available in a later stage of the project. Heavy
sfermions are a common feature e. g., scenarios of split supersymmetry [178]. The
Next Muon Collider (NMC) projected for 3-4 TeV would allow to study these
scenarios [170].
The µ−µ− mode will be studied here briefly at

√
s = 500 GeV for comparison. The

general results could be transferred to higher energies. In all scenarios considered
in this work, comparable results were found, hence only an illustrative example
based upon SPS 1a′ will be given.
Figure 7.1 shows the total cross sections for selectron and smuon production, re-
spectively. The production cross sections are practically identical for selectron
production in e−e− and smuon production in µ−µ−, as kinematic effects play no
role, and the couplings are practically the same for both generations. From this fol-
lows an advantage of e−e− compared to µ−µ−, because the e−e−-collider operates
at higher luminosities and allows for higher degrees of polarisation.

— 109 —
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Figure 7.1: Total cross sections for selectron production channels
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µ̃R/Lµ̃R/L (thin) in the scenario SPS 1a′ as a function of the centre of
mass energy

√
s. Both beams are unpolarised.

7.1 CP Violation

The effect of CP violation in e−e−-scattering is compared to the

µ−µ−-scattering case.

The CP phase dependence of the total cross section is shown for the e−e− as well
as µ−µ− collider in figure 7.2a and figure 7.2b. No difference is found for pair
production and also the tiny difference for associate production, figure 7.2b, is
negligible.

For the CP -sensitive observables in µ−µ−-scattering one also finds almost identical
results as in e−e−. From this follows that the terms linear in the transverse
polarisation, though containing CP -sensitive parts, are too small in µ−µ− to give
any observable contribution. This is again a result from the tiny LR mixing, even
in the smuon sector.
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Figure 7.2: Dependence of the total cross section on the phase ofM1 for
selectron (lines) and smuon production (lines and markers). (a) shows
all possible channels, (b) gives a close up of the RL and RR production.

7.2 LFV

The effect of LFV investigated in chapter 6 for e−e−-scattering is

compared to the µ−µ−-scattering case.

For heavy sleptons, a muon collider could be advantageous as higher energies could
be reached than in e−e− collisions. This would be relevant, if the sleptons are too
heavy to be produced at significant rates at the e−e−-collider [177]. In the µ−µ−

mode, the leading flavour violating processes would include the production of either
a selectron or a stau together with a smuon. In the study of LFV at the muon
collider one notices first of all that the bounds to selectron-stau mixing (δ13) and
to smuon-stau mixing (δ23) are comparable, and one can find similar effects.

This holds also for the more complex three generation mixing, where nearly equal
selectron and smuon components are possible for the sleptons of the first two
generations. For this reason, all results from e−e− collisions can be transferred to
the µ−µ− case.

Additionally, it should be noted that the muon collider at its first stage offers
already the opportunity to study the rare decays of muons at the proton-driver
[170,179]. This front end physics could give stringent bounds on flavour violation.
Its main advantage is that the muon source has a much higher luminosity com-
pared to the one available for current low energy experiments. Therefore, it seems
unlikely that a detailed study of flavour violation at the muon collider in the µ−µ−

mode is useful, except for the disentangling of flavour violation in the left or right
sector, which is not possible in low energy experiment. Generally, the results from
chapter 6, however, can easily be translated to the µ−µ− case.
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Figure 7.3: CP -sensitive observable as a function of the phase of M1

φM1
(figure 7.3a) at 500 GeV, and its energy dependence at constant

phase φM1
= π/2 (figure 7.3b). For comparison the simple observable

Â[F1] as well as the optimised observable Â[F2] are shown. The depen-
dence on φµ is displayed in figure 7.3c. The thick lines give the e−e−

observables, the thin lines those expected for smuon production in µ−µ−

mode.

7.3 µ−µ− versus e−e−

The µ−µ−- and the e−e− mode are compared.

From the preceding discussion, it follows that the µ−µ− mode will be advantageous
only in scenarios with very heavy scalars. For this reason the µ−µ− mode will most
likely not be useful in the case of the FMC, but only at the NMC. Here, the current
efforts for the design of the Compact Linear Collider (CLIC), operating at energies
of about 3 TeV in e+e− mode (with the option of an e−e− mode as well) have to be
kept in mind. This electron collider is well in the energy range of the NMC [180].

For the case of the muon collider, the much lower luminosity would favour a project
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like CLIC. Additionally, the achievable polarisation of only about 40% for muons
compared to about 80-90% for electrons favours an electron collider, as a much
better background reduction is possible by means of longitudinal polarisation of
the beams. At a muon collider this reaches only about 20% of that for the e−e−

case.
From all this follows, that a muon collider allows to perform the same studies as
in e−e− collisions. However, the general performance of such a machine regarding
the analysis of CP violation or LFV seems to be worse than in the e−e− case.
The only region where one might gain from the µ−µ− mode is in scenarios with
heavy scalars where the larger energy reach of this machine is of importance. Even
there, projects like CLIC might offer better options, though. However, front end
physics at the proton driver of the muon collider seems to offer some prospects for
the study of LFV in the low energy domain.
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Chapter 8

Background

Compared to hadron colliders like the LHC with their huge discovery potential for
new physics, the background at lepton colliders is much smaller. Therefore they
generally are considered a good environment for precision measurements [10, 11,
181,182].

In the e−e− mode of the ILC, the relevant background is generally considered even
lower than in the e+e− mode, which might be advantageous [13,14,20,21,183]. The
goal of this section is to get an idea about the relevant background processes and
the size of the background cross sections. This is not a full featured background
analysis, and also will not include any detector simulations or the optimisation of
cuts. This would require details about the final collider and detector layout, that
are not available yet for the e−e− mode.

For the numerical evaluation of the processes, the program Whizard [184] together
with the matrix element generator O’Mega [185,186] have been used. It has been
found, that other tools like CompHEP [187, 188] produce unphysical results due
to numerical instabilities. The handling of the rather complex four particle phase
space, necessary for the calculation of the total cross section, seems not under
good control there, contrary to Whizard. Additionally, polarised cross sections
are required to study the influence of polarisation on the background. This was
possible by the use of the preview version of Whizard 1.43. Unfortunately, none
of the tools available today allow flavour violating couplings by default. So the
estimates given in this section are all calculated for the flavour conserving case.

— 115 —
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8.1 Standard Model Background

This section discusses the SM background relevant for the processes

in this work. The aim of this section is not to give a complete quan-

titative background analysis, but only to present some estimates. A

full study would be beyond the scope of this work, and would only

make sense, if detailed machine parameters for the collider are al-

ready known. This is not the case today.

Except for scenarios with a gravitino LSP, allowing for a background free mea-
surement (see chapter 6), the signal to be observed for slepton production in e−e−

is an electron e, a lepton ℓ− from the decay of the sleptons and missing-energy
Emiss:

e−e− → e−ℓ− + Emiss.

Depending on the actual decay modes, the missing-energy may stem just from an
escaping LSP (i.e. χ̃0

1) or it may be composed of the escaping LSP and neutrinos
(e.g., if the slepton decays dominantly to the lighter chargino).
The main background from the SM results from neutrino production by

e−e− → e−νeℓ
−ν̄ℓ,

where the missing-energy Emiss is due to the neutrinos.
In the scenarios considered in this work, the right sleptons are not heavy enough
to decay to heavy neutralinos χ̃0

3 and χ̃0
4. This excludes processes like

e−e− → e−e−ℓ−ℓ+ +Emiss

stemming from the heavy neutralino decays. The right sleptons can only decay to
χ̃0

2 in some scenarios considered here, but compared to the decay to the LSP this
is suppressed by at least an order of magnitude, and can thus be neglected.

8.1.1 Flavour Conserving Case

In the case of flavour conservation, the background consists of two electrons. In
the SM in lowest order, the diagrams involving a W-boson and yielding the proper
final state are shown in figure 8.1.
The leptonic decay vertex for the W-boson is given by

W+

ν̄ℓj

ℓi

= i
eγµ√

2 sin θW

δijPL, (8.1)
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Figure 8.1: SM background diagrams for selectron pair production
with subsequent decay to electrons (i. e. flavour conserving): e−e− →
e−νee

−ν̄e. These diagrams involve at least one W-boson.
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Figure 8.2: Diagrams contributing to the SM background for selec-
tron pair production with subsequent decay to electrons (i. e. flavour
conserving): e−e− → e−νee

−ν̄e. These diagrams do not involve any
W-boson.

that is, the W-boson couples only to the left-handed part of the leptons, as can be
seen clearly by the left projector PL in the vertex. From this follows, that there
is a strong polarisation dependence of the background. This gives the already
mentioned handle to suppress the background by suitable polarisation.

However, besides the diagrams in figure 8.1, the same final state is also reached by
the Z-boson and photon exchange diagrams shown in figure 8.2. From this follows
immediately, that the background can not be switched off entirely, not even if
100% polarisation would be available.

8.1.2 Flavour Violating Case

In case of flavour violation, the final state under consideration consists of an elec-
tron and another lepton. This process proceeds in the SM in lowest order via the
18 diagrams given in figure 8.3.

In contrast to the flavour conserving background in the previous section, all these
diagrams contain a W-boson at some point. This gives a strong dependence of
the background on the polarisation of the incoming particles. If right sleptons are
produced, the incoming polarisation chosen would not only enhance the production
cross section, but also strongly suppress the SM background.
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Figure 8.3: SM background diagrams for slepton production with sub-
sequent decay to leptons (i.e. flavour violating): e−e− → e−νeℓ

−ν̄ℓ



120 CHAPTER 8. BACKGROUND

8.1.3 Numerical Results

After generation of the contributing graphs within the SM by means of O’Mega

[185,186], Whizard is used to calculate the total cross sections for various longi-
tudinal polarisation modes, as well as the unpolarised case. It is assumed, that a
polarisation of 80% is available according to the current design of the ILC [11,189].
Additionally, the cuts in table 8.1 have been applied.

| cos(θe−,νℓ
)| < 0.90 Eν̄ℓ

> 10 GeV
| cos(θe−,ℓ)| < 0.90 Eℓ > 10 GeV

Table 8.1: Cuts for the calculation of the SM background with
Whizard.
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Figure 8.4: Polarisation dependence of the total cross sections of the
SM background e−e− → e−e− + Emiss. The missing-energy stems from
an electron-neutrino-antineutrino pair escaping detection. For trans-
verse polarisations, the background cross section coincides with the un-
polarised one.

For flavour conserving selectron production, the background would consist of two
electrons and missing-energy, which in the SM is given by an electron-neutrino-
antineutrino pair that escapes detection. As can be seen from figure 8.4a, the
production cross section is strongly dependent on polarisation. For unpolarised
beams it reaches a maximum of about ≈ 37 fb at

√
s = 600 GeV. This is also

the value for transversely polarised beams, as they would be required for the CP
violation studies in chapter 5.

The background can be reduced by almost an order of magnitude, if both beams
can be longitudinally right-polarised, which is the optimal polarisation config-
uration for the production of right sleptons. In this case the background at√
s = 600 GeV is only about ≈ 4 fb, though its maximum now is reached at
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√
s = 400 GeV with ≈ 4.5 fb. It is also noteworthy, that the energy dependence

of the background is much shallower than in the other polarisation modes. If
one beam is right polarised, and the other one left polarised, the reduction of the
background is not as strong. In this case one finds a maximum of ≈ 18 fb at√
s = 500 GeV, which is still only about half the size for unpolarised beams. With

one beam left and one right polarisation, the associate production of one left and
one right slepton would be enhanced.
On the other hand, for the production of left sleptons, left polarised electrons
would be required. This also enhances the SM background considerably. It reaches
a maximum of ≈ 109 fb at

√
s = 600 GeV, about 3 times the value of unpolarised

beams.
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Figure 8.5: Polarisation dependence of the total cross sections of the
SM background e−e− → e−µ− +Emiss. The missing-energy stems from
an electron neutrino and a muon-antineutrino escaping detection. For
transverse polarisations, the backgrounds cross section coincides with
the unpolarised one.

For the study of flavour violation two channels are of relevance: the production
of an electron together with a muon, or a tau together with missing-energy. In
the SM the missing-energy amounts to an electron-neutrino and a muon- or tau-
antineutrino escaping detection.
For the flavour violating production with subsequent leptonic decay, the relevant
SM background is displayed in figure 8.5, the same is shown in figure 8.6 for the
ẽ-τ̃ -channel. At first, one notices that there are only minor differences in the cross
sections for both background cross sections. This was expected, as the vertex (8.1)
is independent of the actual lepton flavour, therefore the minimal differences are
only due to the kinematics involved.
For both beams unpolarised, the background has a maximum of ≈ 28 fb at

√
s =

600 GeV. For both beams right polarised, this value drops to ≈ 1.4 fb at maximum,
reached at slightly higher energies as for the electron channel,

√
s = 500 GeV in

this case. For one left and one right polarised beam this maximum is ≈ 11 fb at
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the same energy. The largest background is found for both beams left polarised,
where it reaches ≈ 89 fb at

√
s = 600 fb.
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Figure 8.6: Polarisation dependence of the total cross sections of the
SM background e−e− → e−τ− +Emiss. The missing-energy stems from
an electron neutrino and a τ -antineutrino escaping detection. For trans-
verse polarisations, the background cross section coincides with the un-
polarised one.

8.2 SUSY-Background

This section summarises the relevant SUSY background, gives some

estimate of its size, and compares it to the SM background on basis

of the well known scenario SPS 1a′.

In the R-parity conserving SUSY model, the following processes will contribute to
the background

1. e−e− → e−ℓ−ν̃e
¯̃νℓ

2. e−e− → e−ℓ−ẽ−1,2ℓ̃
+
1,2

3. e−e− → e−ℓ−ẽ+1,2ℓ̃
−
1,2

4. e−e− → χ̃−
i ℓ

−ν̃ℓ

Numerical estimates have been done with Whizard, and the scenario SPS 1a′

serves as an example. Considering the first channel mentioned above, this mode
gives a total production cross section of O(10−4) fb, hence, it can safely be ne-
glected. The contributions from processes 2 and 3 have been found to be of
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Figure 8.7: SUSY background diagrams for slepton production.

O(10−2) fb each, summed over all lepton channels. These contributions can also
be safely neglected.

The dominant contribution to the supersymmetric background stems from the
fourth channel. This is the supersymmetric version of the single-W-processes in
the SM. It consists of both, the production of the lighter chargino (χ̃1), as well as
the heavier one (χ̃2). These charginos then subsequently decay to other particles
which might not be distinguishable from the decay products of the sleptons, except
in scenarios with metastable sleptons like Point ε or SPS 7. The production of the
lighter chargino (similar for the heavier one) proceeds via the 16 diagrams shown
in figure 8.7. These diagrams have been generated with CompHEP [187,188].

The resulting production cross sections for both channels and the various polar-
isation modes are given in figure 8.8. From the comparison of figure 8.8a and
figure 8.8b, one can see, that the contributions from χ̃2 are about two orders of
magnitude smaller than those from the lighter one. Nonetheless, general features
are the same. One first notices the strong polarisation dependence of this back-
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ground: for both incoming beams left polarised its contribution is almost 36×
larger than for both beams right polarised. The second observation is that the
background rises only slowly above the threshold (note that the scales in figure 8.8
are logarithmic). Even for unpolarised beams it stays below 10 fb, for energies

√
s

up to 600 GeV, and if one beam is right polarised it is even below 5 fb in that
region. Compared to the SM background it can be concluded that single-chargino
production can not be neglected as a background process, as it can reach even half
the size of the single-W background from the SM.
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Figure 8.8: Polarisation dependence of the total cross sections of the
SUSY background e−e− → e−χ̃− + ν̃e. For transverse polarisations, the
background cross sections coincide with the unpolarised one.

For other scenarios featuring heavier sneutrinos or charginos, this background may
be kinematically forbidden. In SPS 7 for example, the charginos and sneutrinos
are about 100 GeV heavier each than in SPS 1a′. This will shift the production
threshold for this process to higher energies. For this reason this background might
not be relevant at the energies where LFV or CP violation is studied. In this sense
SPS 1a′ is a “worst case” scenario due to its rich phenomenology at low energies.
Additionally, one can hope that once the e−e−-collider is running, the masses of
the SUSY particles are known with sufficient precision, therefore better cuts than
the simple ones applied here, may be available, resulting in this background to be
under full control. The optimisation of the cuts and the separation of the signal
from the background, however, will be the domain of experimental particle physics,
and is clearly beyond the scope of this work.
Finally, at least the main background contribution for the processes considered here
stems from single-W production processes within the SM, and its supersymmetric
analogue the single-chargino production. The latter can reach the same order of
magnitude as the SM process, and for that reason can not be neglected. The other
SUSY processes adding up to the background, however, are at least two orders of
magnitude smaller, as far as the selectron production processes are concerned.



Chapter 9

Summary

In this work, the use of an e−e−-collider for the search for CP violation and LFV
has been studied. For this purpose the total production cross section for arbi-
trary sleptons in e−e−-scattering has been calculated on tree level, allowing for
all possible polarisation modes, i. e. longitudinal and transverse polarisation of
both incoming beams. Additionally, all possible mixings in the slepton sector,
particularly LR mixing and LFV, have been taken into account, and the slepton
mass matrix as well as the neutralino mass matrix have been treated as complex
matrices allowing for CP violation in either sector. In an analytical approximation
neglecting LR mixing in the slepton sector of the MSSM, it has been shown that,
even by conforming to all current experimental bounds on LFV, it is possible to
obtain a large slepton mixing. In particular, it has been found that the selectron
and smuon states are allowed to form sleptons of equal admixtures of both compo-
nents. Another result of the analytical calculation shows, that one of the sleptons
only contains a negligible stau component, and that throughout, this slepton is
determined to be the slepton of intermediate mass. These analytical results were
supported by numerical calculations in various representative scenarios.

The squared amplitude for the production process e−e− → ℓ̃aℓ̃b has been calcu-
lated and presented in both the covariant form, as well as in the centre of mass
system. All possible modes of polarisation have been taken into account. It has
been possible to construct a CP -sensitive observable using transverse polarisation
of both beams. The influence of the CP -violating phases φM1

and φµ on the total
production cross section has been investigated including full neutralino mixing,
thus extending earlier works [22]. It has been shown, that in contrast to the pure
bino limit of [22], measurable effects can be expected even in the associate produc-
tion of a left and right selectron. For the CP -sensitive observables constructed,
it has been shown that they might be useful especially in higgsino-like scenarios,
whereas for mixed- and gaugino-like regions the asymmetries are minute. However,
there they might prove useful in scenarios involving three-body decays χ̃0

2 → ℓℓ̄χ̃0
1.

In that case the CP -violating vertex is not accessible in the decay of neutralinos
produced in the e+e− mode.
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For the study of LFV the analytical approximations have been checked numerically
and found to be congruent. It has been shown that the ẽ-µ̃ as well as ẽ-τ̃ processes
should be accessible in large areas of the still allowed flavour violating parameter
space, even allowing background free measurement in scenarios with a gravitino
LSP, once the mass splitting of the slepton states is large enough.
For both CP violation as well as LFV, one representative scenario has shown that
the same studies could also be performed at the µ−µ− mode of a future muon
collider. However, it should be considered that a high energy e−e−-collider (like
CLIC in the e−e− mode) might be more suitable for these studies due to the higher
luminosity.
To estimate the background from the SM as well as SUSY, some numerical simu-
lations have been performed based upon the benchmark point SPS 1a′. Due to its
rather light sparticle spectrum, this can serve as a worst case scenario concerning
the background. It has been shown, that the background will be well under control
in the e−e− mode of the ILC, especially, since possible improvements on the cuts
are to be expected.
In conclusion, the e−e− mode of the ILC appears to be an interesting option in
certain areas of the parameter space, due to the benefit of the clean environment.
However, it has not been found to be a general purpose machine that will generally
improve the data in the slepton or neutralino sector. Furthermore, the much lower
luminosity must be taken into account, and thus the long running time for the
accumulation of enough events, e. g., for the study of CP violation. Although
the process of slepton production offers some interesting theoretical features in
its general form due to the exchange of a massive fermion, no measurably usable
observable has been found to exploit these features for either CP violation or LFV.
Generally these effects have been found to be too small to be measurable.



Kapitel 10

Zusammenfassung

In dieser Arbeit wurde die Verwendung eines e−e−-Beschleunigers zur Suche nach
CP - und Leptonflavourverletzung untersucht. Hierzu wurde der totale Wirkungs-
querschnitt für die Produktion beliebiger Sleptonen in e−e−-Streuung auf Baum-
graphenniveau berechnet, wobei alle möglichen Polarisationsmodi, also sowohl
longitudinale- als auch transversale Polarisation beider einlaufender Strahlen, be-
rücksichtigt wurden. Außerdem wurden alle möglichen Mischungen im Sleptonsek-
tor, d. h. sowohl Links-Rechts- als auch Flaovurmischung, sowie die Mischung im
Neutralinosektor in die Rechnung einbezogen wobei sowohl die Sleptonmassen- als
auch die Neutralinomassenmatrix als komplex angenommen wurden. Dies erlaubt
prinzipiell CP -Verletzung in jedem der beiden Sektoren zu untersuchen.

Durch eine analytische Näherungslösung unter Vernachlässigung der Links-Rechts-
Mischung im Slepton-Sektor des MSSM konnte gezeigt werden, dass, auch unter
Beachtung aller aktuellen experimentellen Schranken zur Sleptonflavourverletzung,
dennoch große Mischungen in diesem Sektor möglich sind. Es konnte gezeigt wer-
den, dass die Selektron- und Smuon-Zustände, unter Berücksichtigung aller drei
Generationen bei der Mischung, Sleptonen mit je etwa gleicher Selektron- und
Smuonkomponente bilden können. Ein weiteres Ergebnis dieser Näherung ist, dass
eines der Sleptonen nur eine vernachlässigbare Stau-Komponente aufweisen sollte,
und dass dies immer dasjenige Slepton sein wird, welches die mittlere Masse ei-
nes Sektors aufweist. Die Gültikgeit dieser analytischen Ergebnisse konnte durch
numerische Berechnungen in einigen repräsentativen Szenarien bestätigt werden.

In dieser Arbeit wurde das Amplitudenquadrat des Produktionsprozesses e−e− →
ℓ̃aℓ̃b, sowohl in manifest kovarianter Form, als auch im Schwerpunktsystem, berech-
net und dargestellt. Der Einfluß der CP -verletzenden Phasen φµ und φM1

auf den
totalen Wirkungsquerschnitt wurde, unter Einbeziehung der kompletten Neutra-
linomischung, untersucht, was frühere Arbeiten [22] erweiterte. Es konnte gezeigt
werden, dass auch bei assoziierter Produktion e−e− → ẽLẽR bereits meßbare Effek-
te zu erwarten sind. Durch Einbeziehung aller möglichen Polarisationsmodi in die
Berechnung war es möglich, eine CP -sensitive Observable zu konsturieren, welche
auf der Nutzung transversaler Polarisation für beide einlaufenden Elektronstrahlen
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beruht. Diese Observable könnnte vor allem in higgsinoartigen Szenarien nützlich
sein, wohingegen gezeigt wurde, dass in gauginoartigen oder gemischten Szenarien
nur sehr kleine Effekte zu erwarten sind. Eine ähnliche Observable wurde bereits
für die Neutralinoproduktion an einem e+e− Beschleuniger untersucht [123]. Dort
wurde gezeigt, dass diese Observable nur sehr kleine Effekte zeigt, wenn aus kine-
matischen Gründen ein Zweikörperzerfall der Neutralinos nicht möglich ist, und
man auf den Dreikörperzerfall χ̃0

2 → ℓℓ̄χ̃0
1 angewiesen ist. In diesen Szenarien mag

der e−e−-Modus zur Studie der CP -Verletzung ebenfalls hilfreich sein.
Bei der Untersuchung der Leptonflavourverletzung wurden zunächst die analyti-
schen Näherungen überprüft. Es wurde eine sehr gute Übereinstimmung zwischen
numerischer und analytischer Rechnung gefunden. Auch konnte gezeigt werden,
dass der Prozess e−e− → ẽµ̃ ebenso wie e−e− → ẽτ̃ in großen Bereichen des der-
zeit erlaubten Parameteraums zugänglich ist. In Szenarien mit einem Gravitino
als LSP ist, eine hinreichend große Massendifferenz der Sleptonen vorausgesetzt,
sogar eine hintergrundfreie Messung möglich.
In einem repräsentativen Szenario wurde schließlich sowohl CP - als auch Leptonfla-
vourverletzung exemplarisch an einem Myon-Beschleuniger für den µ−µ−-Modus
untersucht. Es konnte gezeigt werden, dass hier prinzipiell die selben Untersu-
chungen wie im e−e−-Modus eines Linearbeschleunigers möglich sind, dass aber
ein e−e−-Beschleuniger höherer Energie (wie z. B. CLIC) aufgrund der höheren
Luminosität hier mehr Vorteile bieten würde.
Zur Abschätzung des für die untersuchten Prozesse relevanten Hintergrundes so-
wohl aus Standardmodellprozessen als auch aus SUSY-Prozessen wurden auf Basis
des Benchmark-Szenarios SPS 1a′ einige Simulationen angestellt. Durch das rela-
tiv leichte Spektrum supersymmetrischer Teilchen diente dieses Szenario als ,,worst
case test”. Es konnte hier gezeigt werden, dass der Hingergrund für die Messun-
gen der hier untersuchten Prozesse im e−e−-Modus des ILC unter hinreichender
Kontrolle ist, insbesondere da Verbesserungen in den verwendeten Cuts möglich
sein sollten.
Zusammenfassend kann gesagt werden, dass der e−e−-Modus des ILC eine inter-
essante Option in einigen Bereichen des Parameterraums darstellt, speziell wenn
man vom niedrigen Hintergrund dieses Modus profitieren kann. Es konnte jedoch
nicht gezeigt werden, dass dieser Modus generell zur Verbesserung der Daten des
Slepton- oder Neutralinosektors geeignet ist. Es ist außerdem zu beachten, dass
durch die niedrigere Luminosität des e−e−-Modus sehr lange Laufzeiten der Ex-
perimente nötig sein werden, um genügen Ereignisse z. B. zur Untersuchung der
CP -Verletzung zu sammeln.
Auch wenn der Produktionsprozess die theoretisch sehr interessante Eigenschaft
aufweist, ein massives Fermion im Austauschkanal zu besitzen konnte diese doch
nicht zur Konstruktion von Observablen genutzt werden, da die resultierenden
Effekte zu klein sind, um messbar zu sein.
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oder anderen wissenschaftlichen Austausch in Wien sei hier erwähnt.
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zu versichern, dass ich keinen vergessen habe, auch wenn hier nicht ausreichend
Platz ist um alle aufzuführen.

— 130 —



Anhang A

Conventions and Definitions

This work uses natural units that is ~ = c = 1.
The metric is defined by the metric tensor:

(gµν) =









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









= (gµν) (A.1)

with

ǫµνστ =







+1 , for (µνστ) an even permutation of (0123)
−1 , for (µνστ) an odd permutation of (0123)

0 , otherwise.
(A.2)

Spinors are solutions to the Dirac equation:

(6p−m) u (p) = 0, (A.3)

ū (p) (6p−m) = 0. (A.4)

For spin-1
2 particles one gets two solutions [190]:

u (p, s) =
√

p0 +m

(

χS
~σ~p

p0+m
χS

)

, (A.5)

v (p, s) = −
√

p0 +m

(

~σ~p
p0+m

ǫχS

ǫχS

)

. (A.6)
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Anhang B

Laboratory Sytem

B.1 Exchange Terms

In this section the formulae from section 3.2.1 are given in the laboratory system.
The arguments for the individual contributions denote the degree of polarisation
for the first and the second beam, where 1 = x and 2 = y denote the transverse
and 3 = z the longitudinal polarisations. The first argument refers to the first
beam (i. e. (a) in section 3.2.1) the second to the second beam (b).

B.1.1 Longitudinal ⊗ Longitudinal Polarisation

E1
t,ij(3, 3) = 2Xkl

t · 2E2

×
{

[

(1 + PL
1 )(1 − PL

2 )a∗kib
∗
kjaliblj + (1 − PL

1 )(1 + PL
2 )a∗kjb

∗
kialjbli

]

×|~p3|2 sin2 θ

+
[

(1 − PL
1 )(1 − PL

2 )a∗kia
∗
kjalialj + (1 + PL

1 )(1 + PL
2 )b∗kib

∗
kjbliblj

]

×mkml

}

(B.1)

Substitutions for the u-channel:

Xkl
t → Xkl

u i↔ j (B.2)
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B.1.2 Longitudinal ⊗ Transverse Polarisation

E2
t,ij(1, 3) = 2Xkl

t P
1
1 · 2E2|~p3| sin θ

×
{

−(1 − PL
2 )mla

∗
kib

∗
kjaliblje

−iφ

+(1 + PL
2 )mlb

∗
kia

∗
kjbliblje

iφ

−(1 − PL
2 )mka

∗
kib

∗
kjaliblje

iφ

+(1 + PL
2 )mkb

∗
kia

∗
kjbliblje

−iφ
}

(B.3)

Substitutions for E2
t,ij(2, 3): φ→ −(π

2 + φ)

To get the u-channel contributions the following substitutions have to be applied:

E2
t,ij(1, 3) → E2

u,ij(1, 3)

and
E2

t,ij(2, 3) → −E2
u,ij(2, 3)







i↔ j
φ↔ −φ
Xkl

t → Xkl
u

(B.4)

E3
t,ij(3, 1) = 2Xkl

t P
1
2 · 2E2|~p3| sin θ

×
{

+(1 − PL
1 )mla

∗
kib

∗
kjbliblje

−iφ

−(1 + PL
1 )mlb

∗
kia

∗
kjalialje

iφ

−(1 − PL
1 )mka

∗
kia

∗
kjaljblie

iφ

+(1 + PL
1 )mkb

∗
kib

∗
kjaljblie

iφ
}

(B.5)

Substitutions for E3
t,ij(3, 2): φ→ π

2 + φ

To get the u-channel contributions the following substitutions are required:

E2
t,ij(3, 1) → E2

u,ij(3, 1)

and
E2

t,ij(3, 2) → −E2
u,ij(3, 2)







i↔ j
φ↔ −φ
Xkl

t → Xkl
u

(B.6)

B.1.3 Transverse ⊗ Transverse Polarisation

E4
t,ij(1, 1) = 2Xkl

t P
1
1 P

1
2 · 2E2

×
{

−(a∗kib
∗
kjaliblj + b∗kia

∗
kibljali)|~p3|2 sin2 θ sin2 φ

−i(a∗kib
∗
kjaljbli − b∗kia

∗
kjbljali)|~p3|2 sin2 θ sin(2φ)

+(a∗kib
∗
kjbliblj + b∗kib

∗
kjalialj)mkml

}

(B.7)
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This term is connected with E4
t,ij(a = 2, b = 2) via the substitutions

−E4
t,ij(1, 1) → E4

t,ij(2, 2)

{

sinφ↔ cosφ
P 1

1,2 ↔ P 2
1,2

(B.8)

and

E4
t,ij(1, 2) = 2Xkl

t P
1
1 P

2
2 · 2E2|~p3|2 sin2 θ

×
{

(a∗kib
∗
kjalibli + b∗kia

∗
kibljali) sin(2φ)

i(a∗kib
∗
kjaljbli − a∗kia

∗
kjbliali)

}

. (B.9)

The contribution E4
t,ij(2, 1) is obtained by

E4
t,ij(2, 1) = −E4

t,ij(1, 2) with P1 ↔ P2. (B.10)

The u-channel contributions to the formulae in this section can be obtained by the
substitution:

E4
t,ij(

1
2,

1
2) → E4

u,ij(
1
2,

1
2)

{

i↔ j
Xkl

t → Xkl
u

(B.11)

B.2 Interference Terms

B.2.1 Longitudinal ⊗ Longitudinal Polarisation

I1
tu,ij(3, 3) = 2Xkl

tu · 2E2

×
{

−
[

(1 + PL
1 )(1 − PL

2 )a∗kib
∗
kjblialj

+(1 − PL
1 )(1 + PL

2 )b∗kia
∗
kjaliblj

]

× |~p3|2 sin2 θ

+
[

(1 − PL
1 )(1 − PL

2 )a∗kia
∗
kjalialj

+(1 + PL
1 )(1 + PL

2 )b∗kib
∗
kjbliblj

]

×mkml

}

(B.12)

B.2.2 Longitudinal ⊗ Transverse Polarisation

I2
tu,ij(1, 3) = 2Xkl

tuP
1
1 (−2E2|~p3|2 sin θ)

×
{

[

(1 − PL
2 )a∗kib

∗
kjalialjml

+(1 + PL
2 )b∗kib

∗
kjalibljmk

]

e−iφ

+
[

(1 + PL
2 )b∗kia

∗
kjblibljml

+(1 − PL
2 )a∗kia

∗
kjblialjmk

]

eiφ
}

(B.13)
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I2
tu,ij(2, 3) = 2Xkl

tuP
2
1 (−2iE2|~p3|2 sin θ)

×
{

[

(1 − PL
2 )a∗kib

∗
kjalialjml

+(1 + PL
2 )b∗kib

∗
kjblialjmk

]

eiφ

+
[

(1 + PL
2 )b∗kia

∗
kjblibljml

+(1 − PL
2 )a∗kia

∗
kjblialjmk

]

e−iφ (B.14)

I3
tu,ij(3, 1) = 2Xkl

tuP
1
2 (−2E2|~p3|2 sin θ)

×
{

[

(1 − PL
1 )b∗kia

∗
kjalialjml

+(1 + PL
1 )b∗kib

∗
kjblialjmk

]

e−iφ

−
[

(1 + PL
1 )a∗kib

∗
kjblibljml

+(1 − PL
1 )a∗kia

∗
kjalibljmk

]

eiφ
}

(B.15)

I3
tu,ij(3, 2) = 2Xkl

tuP
2
2 i(−2E2|~p3|2 sin θ)

×
{

[

− (1 − PL
2 )b∗kia

∗
kjalialjml

+(1 + PL
1 )b∗kib

∗
kjblialjmk

]

eiφ

+
[

(1 + PL
1 )a∗kib

∗
kjblibljml

−(1 − PL
1 )a∗kia

∗
kjalibljmk

]

e−iφ
}

(B.16)

B.2.3 Transverse ⊗ Transverse Polarisation

I4
tu,ij(

1
2,

1
2) = P

1
2
1 P

1
2
2 · 2Xkl

tu · 2E2

×
{

−(a∗kib
∗
kjaliblj + b∗kia

∗
kjblialj)|~p3|2 sin2 θcos(2φ)

±i(a∗kib
∗
kjaliblj − b∗kia

∗
kjblialj)|~p3|2 sin2 φ sin(2φ)

∓(a∗kia
∗
kjbliblj + b∗kib

∗
kjalialj)mkml

}

(B.17)

I4
tu,ij(a = 1

2, b = 2
1) = P

1
2
1P

2
1
2 · 2Xkl

tu · 2E2|~p3|2 sin2 θ

×
{

∓(a∗kib
∗
kjaliblj + b∗kia

∗
kjblialj) sin(2φ)

±i(a∗kib
∗
kjaliblj − b∗kia

∗
kjblialj)

}

(B.18)
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parameters, 39
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mass degeneracy, 44
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production, 26
squared, 26–28, 64, 91

AMSB, 13, 37
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cross section, 115
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flavour violating, 118
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photon, 118
polarisation, 41
polarisation dependence, 118, 121
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single-W, 116, 124
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SM processes, 116
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SUSY, 122
SUSY processes, 122
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baryon asymmetry, 10
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CompHEP, 115, 123
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flavour violating, 90, 97



170 INDEX

LFV, 98, 100
low, 90
moment, 67
polarisation optimisation, 41
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selectron production, 38
SUSY background, 124
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dark matter, 43
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leptonic vertex, 116
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signature, 100, 101, 105, 116

detector signature
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CP violation, 19
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differential cross section, 65
dipole moment
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magnetic, 18

direct mixing, 20, 92, 106
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discovery potential, 115
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E
EDM, 23
effect
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eigenstate

interaction, 14, 16
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neutralino, 71
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eigenvalue equation, 20
eigenvector, 21
electric dipole moment, 23
electron

mass, 17
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electron-neutrino, 120, 121
electroweak

precision data, 10
symmetry breaking, 9, 109

energy
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energy dependence
background, 121
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clean, 109
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experiment
high energy, 87
low energy, 87
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experimental bound, 21, 87
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extra dimension, 13

F
family structure, 9
fermion field, 11
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Feynman graphs, 25
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First Muon Collider, 109
flavour conservation

background, 116
flavour conserving
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decay, 19
process, 89

flavour mixing parameters, 20
flavour violating

coupling, 90
cross section, 90, 97
decay, 18, 22, 90
effect, 16, 18
interaction, 90
order, 101
phase, 87
production, 22, 89
vertex, 89, 97
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background, 118
detector signature, 55
slepton production, 19

FMC, 109, 112
free parameters, 14
front end physics, 111
fundamental theory, 9

G
gauge
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coupling unification, 9, 10
field, 11
interaction, 12
invariance, 87
structure, 11

gaugino, 12
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component, 14
interaction, 12
mass parameter, 13, 14, 22, 38,
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mass unification, 14
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scenario, 60
Grand Unified Theory, see GUT, 9
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105
LSP, 60, 90, 100, 116

gravity, 10, 37
Great Unified Theory, 37
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scenario, 38
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helicity projection operator, 26
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beyond SM, 33
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cross section, 98
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direct search, 91
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slepton mass matrix, 88
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Minimal Supersymmetric Standard Model,
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N
narrow width approximation, 89
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exchange, 25
index, 26, 29
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mass matrix, 15, 46, 125
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mass order, 26
mixing, 11, 23, 69, 72, 125

CP violation, 63
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propagator, 27, 66
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spectrum
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system, 63
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Next Muon Collider, 109
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105
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non-mSUGRA, 38
numerical studies, 8
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off-diagonal element
LFV, 88

off-shell neutralino, 84
optimised projection function, 67
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pair production, 61, 72

CP violation, 63
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SUSY, 39

parameters
SUSY, 37
high scale, 37
low scale, 37
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LFV, 88
particle spectrum, 11
Pauli matrices, 26
phase

CP violating, 13, 15, 19
flavour violating, 87
supersymmetric, 23

photino, 12, 15, 49
photon, 12, 13, 118

background, 118
polar angle, 65
polarisation, 87, 120

CP violation, 63
asymmetry, 91
azimuthal angle, 64
combination, 28
configuration, 120
coordinate system, 64
degree, 66
dependence, 29

background, 118, 121
process, 26
SUSY background, 124

electron, 65
formalism, 26
four-vector, 64
longitudinal, 64, 91, 92
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modes, 25, 26
muon, 113
positron, 65
transverse, 7, 8, 20, 27, 30, 31, 33,

34, 63–66, 92, 125
CP violation, 23

vector, 64
polarised cross section, 26
pre factor, 29, 32
precision measurements, 115
process

beyond SM, 27
product of couplings, 69

production, 64
cross section, 91, 118, 120
flavour violating, 22, 89
plane, 27, 66

ambiguity, 66
reconstruction, 66

process, 8
single-χ̃, 91, 124
single-W, 89, 91, 123, 124
slepton, 25, 27

production process, 18, 66
differential cross section, 65

projection function, 65, 67, 68
optimal, 67
optimisation, 67
optimised, 67

projector, 118
propagator, 26
proton-driver, 111

Q
quantum field theory, 7
quark, 12

R
R-Parity, 10
radiative decay, 91
rare decay, 18, 87, 91, 111
reconstruction

production
plane, 66

renormalisation group equations, see
RGE, 37
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t → u-channel, 29

RGE, 37, 39
right sector, 20
rotation matrix, 19

S
scenario
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seesaw mechanism, 18
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pair production, 66
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cross section, 66

production
cross section, 38
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detector, 100, 101, 105, 116
enhancement, 87

signal to background ratio, 41
signature, 91

detector, 100, 101, 105, 116
single-χ̃

production, 91, 124
single-W

background, 124
production, 89, 91, 123, 124
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composition, 16, 92
decay, 91
decay mode, 55
eigenstates, 16
mass, 13
mass matrix, 13, 16, 18–20, 26,

88, 125
CP violation, 22
diagonal term, 97
diagonalisation, 19
LFV, 88

mass order, 26
mixing, 7, 16, 95
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mixing angle, 29, 31–35
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production, 25, 27
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CP violation, 8
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Yukawa coupling, 13
slepton mixing, 20, 125
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SM processes
background, 116
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sparticle spectrum, 126
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spin

coordinate system, 66
correlation, 23, 66, 89
density matrix, 26, 30
electron, 23
formalism, 23
superpartner, 12

split supersymmetry, 109
squared amplitude, 26–28, 64, 91
squark, 12
standard deviation, 68
Standard Model, see SM, 7
statistical error, 68
stau

component, 93, 95, 97, 125
decay

to gravitino, 90
decay length, 56
decay measurement, 56
decay to gravitino, 91
decay width, 56
decay within detector, 56
lifetime, 56, 91
long lifetime, 90
long living, 89, 91
NLSP, 89
sector, 16, 17, 99
signature, 91

string theory, 10, 13
SUGRA, 10
superfield, 11

chiral, 11
vector, 11

Supergravity, see SUGRA
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minimal, 12, 17, 22, 37–39, 56, 93
supergravity models, 12
superpartner, 11

supersymmetric CP -problem, 23
supersymmetric framework, 9
Supersymmetry, see SUSY, 7
supersymmetry

breaking, 12, 14
anomaly mediated, 13, 37
gauge mediated, 12, 37, 38, 60
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background, 122
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cross section, 124
dominant contribution, 123
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threshold, 124
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systematic error, 40
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threshold
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SUSY background, 124
top quark, 10
total cross section, 66, 67, 87, 90, 91
tree level, 39
trilinear coupling, 13, 17, 22, 61
triple product, 23, 30, 63, 65, 66

correlation, 63
two generation mixing, 90
two-body decay, 55, 56

U
unification, 39

gauge coupling, 9, 10, 14
mass, 14, 56
scale, 10, 37

V
vacuum expectation values, 14
vector superfield, 11
vertex, 121

CP violating, 84
decay, 56
displaced, 90, 91, 105
flavour violating, 18, 56, 89, 97
leptonic decay, 116
W-boson, 116
W-boson decay, 118

W
W-boson, 12, 14, 41, 91, 116, 118

background, 118
decay, 91
decay vertex, 118
pair production, 41
single production, 41

Weyl spinor, 15
Whizard, 115, 120, 122
Wilkinson Microwave Anisotropy Probe,
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Yukawa coupling
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