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Chapter 1

Introduction

During the last years there have been many fascinating new insights into the nature of
leptonic interactions. The evidence for neutrino oscillations in solar [1] and atmospheric
[2] neutrino experiments and the resulting neutrino mixing and mass squared difference
parameters [3] are now widely accepted. In the near future, the ongoing efforts of testing
neutrino properties will become precision measurements. The research in the neutrino sec-
tor is nicely complemented by precision experiments studying charged leptons [4]. Among
these are the searches for lepton-flavor violating rare decays, muon-electron conversion on
nuclei and electric and magnetic dipole moments. In order to give an overview of the
present results and the expected future sensitivities of these experiments, we summarize
them below:

o Br(p—ey) <1.2-1071 (10713 —1074) [5, 4] [6]

o Br(r—ey) <3.7-1077 (1078) [7]

o Br(r— uy)<3.1-1077 (10°* — 1079) [8] [9, 7]
Br(u* — etete) < 1.0- 10712 (10716) [5] [10]

R(u~Ti— e Ti) < 6.1-1073 (1071) [5] [4, 11]

d, < 1.5-10727 (1073) ecm [12] [13]
e d, <15-107" (1072%) ecm [14] [10]

A natural framework for neutrino masses is provided by the seesaw mechanism [15] in
which the smallness of neutrino masses is explained by a very large mass scale of right-
handed neutrinos. These are Majorana fermions and singlets under the Standard Model
(SM) gauge symmetry. Their existence leads to a possible solution of the puzzle of baryo-
genesis, i. e. the matter-antimatter asymmetry of the universe in the framework of
leptogenesis [16], where an asymmetry in the lepton number L, generated by interactions
of the heavy Majorana neutrinos is eventually converted into the baryon asymmetry ob-
served in the present universe. The generation of a baryon asymmetry of the right order
of magnitude clearly restricts the parameter space of the seesaw model.

5



6 CHAPTER 1. INTRODUCTION

The aforementioned lepton-flavor violating processes are strongly suppressed due to the
small neutrino masses if only right-handed neutrino singlets are added to the Standard
Model [17]. Therefore an observation of lepton-flavor violation (LFV) in rare decays is a
clear proof of physics beyond the SM. Well-motivated candidates for physics beyond the
SM are supersymmetric theories which can be constructed to be consistent with all ex-
perimental data. Apart from an elegant solution to the hierarchy problem, i. e. the large
discrepancy between the electroweak scale and the Plack scale, supersymmetric theories
generically lead to gauge coupling unification, thus allowing the construction of Grand
Unified Theories (GUTSs) at ultra high energy scales. From a phenomenological point
of view, low-energy supersymmetry (SUSY) is expected to manifest itself at upcoming
collider projects, i. e. the Large Hadron Collider (LHC) and the future Linear Collider
(LC). Other possible indications of SUSY are the current deviation [18] of the measure-
ment of the muon anomalous magnetic moment [19] from the Standard Model prediction
[18]. The interpretation of the lightest supersymmetric particle (LSP) as the cosmological
dark matter candidate [20] is also an interesting phenomenological aspect of SUSY.

A challenging problem of supersymmetric theories is the mechanism of soft supersymme-
try breaking (SSB). At present, there are several theoretical suggestions in order to explain
phenomenologically interesting SSB masses in the TeV range. Among these scenarios of
SSB, the so-called minimal supergravity (mSUGRA) scenario [21] has gained much atten-
tion in studies of SUSY LFV, see e. g. [22]. In this work however, we also want to discuss
the SUSY seesaw model in the framework of anomaly mediated supersymmetry breaking
(AMSB) [23] and in the case of gaugino mediated supersymmetry breaking (GMSB) [24].
Moreover we study sizeable LF'V effects in a scenario of gauge mediated SUSY breaking
(GMSB) [25] motivated by the recent analysis of [26], where a very high messenger scale
has been considered. It is demonstrated that in a large portion of the parameter space
of the SUSY seesaw model, one can expect decay rates for u — e~y accessible by future
searches irrespective of the mechanism of SUSY breaking. We point out that relations
among different LFV rare processes are expected to probe the parameters of the SUSY
seesaw model, and furthermore to distinguish it from other SUSY approaches, such as
trilinear R-parity violation.

This work is organized as follows: In the second chapter, different supersymmetric models
are introduced and their basic features relevant for further phenomenological and numer-
ical study are outlined. We summarize the analytical results for leptonic processes at low
energies and leptogenesis in chapter 3. The fundamental parameters of the SUSY scenar-
ios under study as well as the neutrino data used in the numerical analysis are specified
in the fourth chapter. In this chapter we also present numerical predictions, so that we
can discuss consequences of the different scenarios and effects of various parameters in
detail. The most important results are presented in the conclusions. This work is com-
pleted by several appendices containing e. g. a complete one-loop calculation of SUSY
contributions to leptonic dipole operators relevant in the SUSY seesaw model.



Chapter 2

Theoretical framework

2.1 Aspects of supersymmetry

A supersymmetric transformation turns a fermionic state into a bosonic state and vice
versa. The generator of SUSY transformations is given by the anticommuting spinor
object @ [27, 28]. Moreover, ) commutes with P* i. e. the generator of space-time
translations. The SUSY algebra is completed by the anticommutator of @ and QF, which
is related to P*. We do not want to introduce the full index formalism for Weyl spinor
objects here, because we do not need it in the following parts of this work. For formal
presentations of the SUSY algebra see e. g. [27, 28]. The irreducible representations of
the SUSY algebra consisting of single particle states form supermultiplets. In an unbroken
supersymmetric theory, the bosonic and fermionic states of the same supermultiplet have
equal masses, since the (mass)2 operator P? commutes with @, Q' and all space-time
rotation and translation operators. Moreover, @ and Q' commute with the generators of
gauge transformations. It follows that the states of the same supermultiplet are in the
same representation of the gauge group, i. e. they have the same SU(3)oxSU(2), xU(1)y
quantum numbers. The supermultiplets consist of bosonic and fermionic superpartners
with equal number of bosonic and fermionic degrees of freedom.

Each chiral supermultiplet is a combination of a left-handed, two-component Weyl-fermion
and a complex scalar field accompanied by an auxiliary field F,,,. The complex scalar
field F,,. is necessary in order for the SUSY algebra to close off-shell. Since Fj,, is
introduced through £ Fi.. in the Lagrangian, it has mass dimension 2 and no kinetic
term, so that it can be eliminated by using its equation of motion. Vector supermultiplets
consist of gauge bosons, the spin—% gauginos and auxiliary fields D®, where the index a
refers to the adjoint representation of the gauge group. Prior to spontaneous breaking
of electroweak symmetry, gauge bosons and gauginos are massless. The real bosonic
fields D” is introduced in the Lagrangian through L, = 3D2%,, D%, ., allowing the SUSY
algebra for vector supermultiplets to close also off-shell, a necessary condition for viable
SUSY calculations at the quantum level.

One of the main advantages of supersymmetric theories is that they provide a natural
solution to the hierarchy problem [28]: In the SM the quantum corrections to scalar

7



8 CHAPTER 2. THEORETICAL FRAMEWORK

masses squared diverge quadratically. This leads to Higgs (mass)2 contributions of the
order of the cut-off scale squared, so that an extreme amount of fine-tuning would be
necessary to obtain a Higgs mass at the electroweak scale.

Because of the experimental evidence that no mass-degenerate SUSY partners of the SM
particles exist, supersymmetry is a broken symmetry in the vacuum state. If broken super-
symmetry is required to provide a solution of the hierarchy problem at the quantum level,
the Lagrangian must contain only couplings with positive mass dimension, so-called soft
SUSY breaking terms [29]. In that work it has been shown that a generic renormalizable
SSB Lagrangian is given by

en 1 "~ * 1 1
L = 3 (M)\a)\aAa + h-C-> - m?j¢i ¢; — (ibij¢i¢j + é&ijk@fbj% + h-C-) . (21)

specifying the structure of mass terms for gauginos A, scalar fields ¢;, bilinear terms b;;
and trilinear terms a;;;. Hermitian conjugate of a term is abbreviated by “h.c.”.

In a renormalizable supersymmetric theory, the interactions of all particles are determined
by their gauge transformation properties and the superpotential. The superpotential is
an analytic function of the chiral superfields ®; of the generic form [27]

1 1
Wgen = §szq)lq)] + aywk@@]@k (22)

If SUSY is broken spontaneously in the vacuum state, the vacuum state is not invariant
under a supersymmetric transformation. According to the Goldstone theorem, see e. g.
[30], the spontaneous breaking of a global symmetry leads to a massless Goldstone mode
having the same quantum numbers as the broken symmetry generator. Broken global
SUSY implies the breaking of the fermionic SUSY generator (), leading to a massless
neutral Weyl-fermion, the goldstino.

The mechanism of SUSY breaking is often supposed to occur in a “hidden sector” having
only very small direct couplings to the “visible sector” of low-energy supersymmetry. If
the theory is locally supersymmetric, it is referred to as supergravity [21], unifying the
spacetime symmetries of General Relativity with local supersymmetry transformations.
The graviton is then accompanied by its spin—% partner, the gravitino. If SUSY is spon-
taneously broken, the gravitino acquires a mass ms/; in the “super-Higgs mechanism”,
see e. g. [28] by absorbing the goldstino which becomes its spin—% component. It is im-
portant to mention that SUSY is spontaneously broken if and only if auxiliary fields have
non-vanishing vacuum expectation values (VEVs) [28]. For F-term breaking of SUSY,
the gravitino mass is roughly given by

<Fauz>
MPl

(2.3)

mgjo ~

which becomes zero in the case of unbroken SUSY, i. e. (Fiu.) = 0 or by “switching off”
gravity, i. e. Mp; — oo. Gravitinos can have important effects in cosmology which will
be discussed later.
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2.2 Minimal supersymmetric Standard Model

The minimal supersymmetric Standard Model (MSSM) is a minimal supersymmetric
theory in the sense that one SUSY degree of freedom is introduced for every bosonic
or fermionic degree of freedom of the Standard Model. The MSSM shows the following
features [27]:

e The MSSM is gauge invariant under the groups SU(3)c x SU(2);, x U(1)y.

e The MSSM possesses the minimal structure for the Higgs sector of an anomaly free
extension of the Standard Model with two hypercharge Y = 4+1/2 doublets.

e The most general soft SUSY breaking terms are included.

e R-parity is conserved. This multiplicative quantum number is defined as R =
(—1)3(B-L)+25 (B: baryon number, L: lepton number, S: spin), yielding an even
value for SM particles and an odd number for their superpartners.

The conservation of R-parity is related to B — L invariance and implies important phe-
nomenological consequences:

e If the initial state for any process consists of SM particles (with even R-parity),
then SUSY particles can only be produced in even numbers.

e The lightest supersymmetric particle (LSP) has to be absolutely stable if R-parity
is exactly conserved.

e Every supersymmetric particle heavier than the LSP must finally decay into a state
with an odd number of LSPs.

From cosmological, experimental and theoretical considerations the LSP should neither
carry charge nor color [20]. Therefore a LSP having only electroweak interactions appears
as a promising candidate for dark matter.

In the MSSM the superpartners for quarks and leptons are shown in Tab. 2.1. The
(charge) conjugated fields of right-handed quarks, leptons and their superpartners appear
in this table, because it is standard convention that all chiral superfields are defined in
terms of left-handed Weyl spinors [27].

The MSSM superpotential is [31]

WMSSM = U%TYU q - h2 + d%TYd q - hl + €%TY; [- h1 + Mhl . hg, (24)

where the fields are understood as chiral superfields. Here the dot-symbol denotes a
summation over SU(2), indices, e. g. phy - hy = u(hl)a(hg)ﬁ €a8, Where €,5 is the
antisymmetric tensor with €;o = 1. A summation over family indices and also SU(3)¢
color indices for quarks is understood.

The MSSM contains two Higgs supermultiplets with hypercharges j:%. The Higgs chiral
supermultiplet with Y = +1/2 has the Yukawa couplings necessary to give masses to
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| Names | spin0 | spinl/2 | SU@B)c, SU2),, U(l)y |

squarks, quarks | ¢ = (&L JL) q=(ug dp) (3,2, %)
(x 3 families) U (upg)* (3,1,-2)
d, (dr)° (3.1,3)

sleptons, leptons | [ = (71, €r) l=(vg er) (1, 2, —%)
(x 3 families) €5 €% (1,1,1)
Higgs, higgsinos | ho = (hg hY) | ho = (hg RS (1,2,3)

hi = (R hy) | by = (1S Ay (1,2,-1)

Table 2.1: Physical components of chiral supermultiplets in the MSSM; fields of the SUSY
partners are written with tildes on the SM counterpart.

| Names | spin 1/2 [ spin1 [ SUQB)c, SU2)r, U(Dy |

Gluino, gluon G G (8,1,0)
winos, W-bosons | W+ W0 | W+ /0 (1,3,0)
bino, B-boson B B (1,1,0)

Table 2.2: Physical components of vector supermultiplets in the MSSM.

up-type quarks. On the other hand, the Y = —1/2 supermultiplet leads to masses of
down-type quarks and charged leptons after electroweak symmetry breaking. The VEV
vy of the Y = +1/2 Higgs field and the VEV v; of the Y = —1/2 Higgs field are connected
to the mass of the Z boson, the weak coupling constant g and the hypercharge coupling
constant g’ [27],

2m?
2 .2 2 Z
’Ul +’U2 = vV = m (25)
The ratio of the Higgs vacuum expectation values defines tan [,
tan 3 = %2 (2.6)
01

The gauge supermultiplets of the MSSM are shown in Tab. 2.2, see also [27]. The mixing
of the gauginos and higgsino states to the neutralinos and charginos as well as the mixing
of sfermion gauge eigenstates to the physical sfermions will be summarized in appendix

C.
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In the case of the MSSM one can write down the possible soft SUSY breaking terms in
the following way [31],

MSSM  __
_‘Csoft -

< 3 +MW‘1W“+MG@G“+}LC>
( 2)UqL‘JL + (m3),; W an, + (m3), dp,de, + (m3),, 111,
(mg) €R +mh hTh1+mh hTh2+<B/Lh1h2—|—hc)

1
2
+
+
+ ((Au)ij hatiidn, + (Aa)g Mad i, + (A o, + he) . (27)
The labels i and j are generation indices. Eq. (2.7) introduces SSB masses for gauginos,
squared mass terms for sfermions, SUSY breaking contributions to the Higgs potential
and trilinear couplings, respectively. The matrices A are complex matrices in generation
space with entries having dimension of mass.

Many unknown masses, phases and mixing angles arise with these soft SUSY breaking
terms. There are actually more than 100 new parameters in the MSSM Lagrangian
that cannot be rotated away by a redefinition of phases and the flavor basis for the
supermultiplets. As a result, some of these new phases and parameters can lead to
potentially large flavor-changing neutral currents (FCNCs) and C P-violating effects.

It has been noted that even if one takes mj, , mj,_ and p? positive at some high energy scale,
large top Yukawa couplings can drive m%u negative at lower scales through renormalization
group (RG) running, see e. g. [28]. This mechanism is known as radiative electroweak
symmetry breaking (REWSB). The necessary conditions for REWSB to work are that
the Higgs potential is bounded from below and that the minimum of the Higgs potential
occurs at non-zero field configurations. These conditions can be expressed in terms of
and B at tree-level, see e. g. [32],

1

2 = 5 (tan 23 (mi2 tan 3 — mil cot ﬁ) — MQZ) (2.8)
—sin 203

B o= T8k i, o). 29

The above equations have important consequences: If the Higgs mass parameters and
tan 3 are known at low energy, p? and B can be determined so that REWSB occurs.
Moreover, naturalness requires that |u| as determined from eq. (2.8) should not be too
far away from the electroweak scale, typically |u| < 1 TeV. To be more precise about the
energy scale in eq. (2.8): It has been found that at the so-called SUSY-scale, defined
through the geometric mean of the stop masses,

Msysy = /mimg,, (2.10)
the scale dependence of the electroweak breaking conditions is smallest, see e. g. [33]
and references therein. This minimizes most SUSY-threshold effects, because below the

stop mass scale the RG running of SSB parameters is negligible. Therefore eqs. (2.8) and



12 CHAPTER 2. THEORETICAL FRAMEWORK

(2.9) should be understood at Mgysy. The p-parameter enters in the mass matrices of
charginos and neutralinos, making them more scale independent at the SUSY-scale. It is
therefore convenient to define the SSB masses at Mgygsy [34].

2.3 SUSY seesaw model

The seesaw mechanism is an elegant and natural way to generate very light neutrino
masses by the introduction of super heavy right-handed Majorana neutrinos, being sin-
glets under the SM gauge group. A non-supersymmetric version of the seesaw mechanism
would lead to a serious hierarchy problem [35]: The presence of very massive fermions, i. e.
the right-handed neutrinos coupled to the Higgs field generates radiative corrections to the
Higgs mass, which are proportional to the mass scale of right-handed neutrinos squared.
However, in the supersymmetric framework, this problem is automatically cured by con-
tributions of right-handed sneutrinos having similar mass as their fermionic partners.
The supersymmetric version of the seesaw mechanism is characterized by the superpoten-
tial [31]

1
W:WMSSM—FEVETMI/R-FVRTY [ ho, (2.11)

where Wy ssy is the superpotential of the MSSM. The Lagrangian for the SSB terms
gets modified according to [31]

v - 1
_‘csoft = _E%]%SM + (mg)m I/Rz‘I/Rj + (5

+ ((Ay)ij hoirp, Ir, + h.c) . (2.12)

(Bv)y; Mg, U, —|—h.c.)

Below the mass scale of the lightest right-handed Majorana neutrino, the effective super-
potential [35] is obtained by integrating out all heavy neutrino fields,

1
Werr = Wussu + §(Yu [- hz)TM_l(Yu [ - hy). (2.13)

After electroweak symmetry breaking, the effective superpotential [35] leads to a mass
term for the light neutrinos,

m, =mpg M *mp =Y MY, (h3)? = k(h)?, (2.14)

where (h9)? = v2 = v?sin?  and the neutrino Dirac mass terms are denoted by mp. It
is convenient to work in the flavor basis in which the charged lepton Yukawa matrix is
diagonal, so that the symmetric matrix x is diagonalized by the MNS matrix U,

UTkU = Diag(ky, kg, ki3) = Dy, (2.15)
being related to the light neutrino masses by

m; = vsk, i=1,2,3. (2.16)
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This unitary matrix U relates flavor to mass eigenstates,

Ve n
v, | =U[ 12 |. (2.17)
UV, V3

If one chooses k; > 0, then U can be written in the form
U =V - Diag(e /2 e7%'/2 1), (2.18)

where ¢, ¢’ are Majorana phases and V' can be parametrized in the standard CKM form

0

C13C12 C13512 S13€
_ i i
V= —C23812 — $23513C12€" C23C12 — S23513512€" 523C13 ) (2-19)
i§ 5
893812 — C23513C12€"°  —823C12 — C23513512€"°  (23C13

where ¢;; = cos 0;; and s;; = sin 6;;. The symmetric mass matrix M of the heavy Majorana
neutrinos can be diagonalized by the unitary matrix U,,, such that

Uy MUy, = Diag(My, My, M3) = Dy, (2.20)
M~ = UyD,}U,;. (2.21)

Diagonalization of the seesaw relation
m, = v3Y, TUpy DU Y, (2.22)

leads to the complex orthogonal matrix R defined as [35]

R = /DU, Y,U\/D:L. (2.23)

The neutrino Yukawa couplings are then expressed as [35]

Y, = Ui/ Dy R/ DU (2.24)

The renormalization group evolution of neutrino Yukawa couplings from m  to the GUT-
scale Mqyr for non-degenerate seesaw scales is summarized below, see also [36] for a
top-down approach:

Below M, the heavy Majorana neutrinos are decoupled, so that Y, = 0 and only the
effective light neutrino mass matrix k evolves, starting from the input value k(myz) =
U*D,U'. At the M;-threshold, the corresponding right-handed Majorana neutrino is
integrated in, according to the seesaw formula

(Yo)i| = 0a <\/ Dy Ry DHUT) (2.25)
My ij |nn
The tree-level matching condition for x at M; is given by
1
T
(K)ij w7 (k)i P v,"),, A (Vo) . (2.26)
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The masses of heavy neutrinos evolve above the respective mass thresholds. For the
evolution between M; and My, the input values are k|, Y, |a, and M (M), evolving to
K|y, Yuln, and My(Ms) at the Ms-threshold. The matching at Ms is analogous to the
matching at My, when replacing M; by M, and indices 1 by 2, respectively,

V| = M)y 6 (VDuRVDUY) | (2.27)
Wal,, = ], — 0D ar 0], (228)

Above the M, threshold, the 2 x 2 submatrix of M obtains small off-diagonal elements,
so that at the M3 scale M has to be diagonalized by Uy;. The diagonalization of M leads
to the redefinition Y, — Uj,Y,. As has been noted in [36], the renormalization group
equations (RGEs) are invariant under the transformations that diagonalize M. In the
corresponding RGEs, see appendix H, Uy, drops out in the combination Y[Y,. It can also
be checked that the RG equation (H.14) for M, where the combination Y, Y] enters, is
not modified under the transformations M — Uy, D MU]TW and Y, — U;},;Y,. Therefore the
matching conditions at Mj3 are given by

%+%¢m¢am¢am)w@

)

- (U]T/IYV)Z']’

(2.29)

— 0. (2.30)

Between M3 and Mgy, all right-handed neutrinos are active degrees of freedom, so that in
principle all matrix elements of Y,, and M evolve in this regime. It turns out however, that
the off-diagonal elements of M are many orders of magnitude smaller than the diagonal
entries, in all cases considered in this study. Also the corrections to the diagonal mass
terms in M are at the percent level or below.

By inspection of the RGEs (H.16, H.19, H.25), one sees that the additional contributions

from right-handed neutrino singlets to the SSB terms m%, m?2 and A, are given by

dm?

W6 s = mpYYe +YYomi 2 (VImiY, +mi Y)Y, + ALA,) (231
dm?

1om" = = 0 2.32
" dn (2.32)
2 dAe 1 ¥

These contributions induce lepton-flavor violating mass terms in the left-handed slepton
masses through diagrams depicted in Fig. 2.3 and also in the corresponding trilinear
couplings.
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VR VR

Figure 2.1: Generation of LFV mass terms for left-handed sleptons; the right diagram is
the supersymmetric version of the left one and 4, j are lepton flavor indices.

Parametrization of R

Requiring that the neutrino Yukawa couplings remain perturbative is equivalent to
’(Yy)ij‘ < O(1). For Uy = 1, this corresponds to the constraint

i\Ra 7l (D), 50 —— (2.34)
vV (Dwm);

implying that either the heavy Majorana masses and/or the elements of R have to be
sufficiently small. The complex orthogonal matrix R can be parametrized [35] as

6263 —615’3 — §1§263 §1§3 — 61§263
R = C2S3 C1C3 — S5159S83 —S81C3 — C152S53 y (235)
S2 51Co 162
where ¢; = cos (x; +1iy;) and 3; = sin(x; +4y;). In the case of imaginary angles one

obtains cos(iy) = cosh(y) and sin(iy) = i sinh(y), demonstrating that ‘(Yy)ij is expected

to be very sensitive to the imaginary parts of the angles if they are of order 1 or larger.
If only one angle in R is non-vanishing, one obtains the following matrices

1 0 0

Rl = O 61 —§1 (236)
0 55 &
o 0 —59

Ry, = 01 0 (2.37)
S9 0 ¢
¢s —s3 0

Ry = 53 ¢35 0 . (2.38)
0 0 1
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As we will show later, assuming relatively small values for the imaginary angles, y; ~ 107!,
and setting the real angles in R to zero, can lead to successful leptogenesis. Under these
assumptions, the R-matrix is approximately given by

L+ +y2) —iys+uyye  —ive — niys
R~ Y3 L+2(i+u3)  —ip+ueys |- (2.39)
1Yo 11 1+ % (v +v3)

The form (2.35) of the complex orthogonal R-matrix can be obtained from the CKM
parametrization (2.19) by taking the transponent matrix, neglecting the Dirac phase and
using complex angles. This parametrization of R is particularly useful in the case of
dominant Mjz and hierarchical s, i. e. Dy ~ (0,0, M), D, =~ (0, ko, k3) [35]. In this limit
the only non-vanishing Y, -elements are given by

(%) = Vs (30 (D0 + 00 [T (240

The authors of [35] have found that if one further assumes that the largest eigenvalue
of YV, is fixed at Mgyr, then the neutrino Yukawa coupling matrix only depends on
the phase of ¢; and the complex angle x; + iy; in this limit. Then the perturbativity of
neutrino Yukawa couplings leads to

=
D=

|R32’ S (M3/<62)_ ) |R33‘ S (szis)_ ) (2-41)
using |Uss| >~ O(1) and |Us| ~ O(1).
If both light and heavy neutrino states are quasi-degenerate, i. e. M;; ~ Mpgd;; and
Kij ™ Kq0;5, perturbativity requires

3

*
> [Ralj,
=1

< .
kaMpg

(2.42)

2.4 Minimal supergravity

In gravity mediated SUSY breaking, the hidden sector is connected to the MSSM sector
through interactions of gravitational strength. One can assume that SUSY is broken in
the hidden sector by a vacuum expectation value (Fy) of a complex scalar auxiliary field.
Then the very rough approximation

(Fx)
Mpy

Msoft ™~ (243)
gives the order of the soft SUSY breaking mass terms [27]. In an effective field theory the
interactions between the two sectors are described by a supergravity Lagrangian with non-
renormalizable terms that are suppressed by powers of the Planck scale, because the grav-
itational coupling is proportional to 1/Mp;. One might ask if this non-renormalizability
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is reasonable. However it is due to the fact that even a renormalizable model will lose
this property at least at the Planck scale where the non-renormalizable effects of gravity
are included. In practice one introduces a cutoff at the Planck scale.

The non-renormalizable part of a supergravity Lagrangian [27] includes the terms

1 C 1
—L,, = —F (_rz)\a)\a h. ) —F F*kz Hoy
L Mp, X 9 + h.c _'_M]QJZ xLx ](bquj
1 1, 1,
—l—M—PlFX éyijk¢i¢j¢k+§,U/ij¢i¢j+h-c- : (2.44)

Here ¢; stands for scalar fields in the MSSM and A, denotes the gaugino fields of the
MSSM. If one assumes that /(Fx) ~ 101° GeV, then L,, yields a soft SUSY breaking
Lagrangian of the form (2.1) with dimensionless couplings ca, kij, y;;, and mass dimension
coupling 4u;.

In the special case of a “minimal” form for the normalization of kinetic terms and gauge
interactions in the full, non-renormalizable Lagrangian of supergravity there is a common
dimensionless ¢, = cy for the three gauginos and the same k;; = c;0;; for all scalars.
Moreover the coupling characterized by y;jk is proportional to the trilinear term a;j; in
the Lagrangian eq. (2.1), y;;, = ¢,ai;. and the mass dimension coupling is proportional to
the bilinear coupling p;5, p1;; = ¢,pti; with universal and dimensionless constants ¢, and
¢,. Then the soft terms of the MSSM can be written in terms of four parameters [27],

- (Fx) 2 (Fx)[?
M1/2 = C) MP[ ) my = Cg M]%l ) AO

(Fx)

. (Fx)
Y Mp,’

=C .
m
inl

(2.45)

At the (reduced) Planck scale Mp; = (87GNewton) > &~ 2.4 - 10'8 GeV the gaugino
masses are unified, [27],

M,y = My = My = Mj (2.46)
and the scalar masses in the minimal form are fixed by a common scale mg
mgl = m%zm%zm%zm%:mézmg 2.47)
mg = m; =mj,. (2.48)
Trilinear and bilinear parameters are given by
Ay = AgY,, Ag=AyYy A=A, A,=A)Y, (2.49)

and By, respectively.

In this framework both the scalar squared masses and the A-parameters are flavor diagonal
and universal. This kind of universality relations evades unwanted FCNCs and CP-
violating effects at high energy scales. The mentioned form of SSB parameters represents a
set of boundary conditions for the renormalization group equations at the Planck scale. In
practice, phenomenological studies often assume that the mSUGRA boundary conditions
are valid at the GUT-scale Mgyr where gauge couplings and also gaugino masses are
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unified. The existence of Mgy near 101 GeV is a general prediction of the two-loop RGEs
in the MSSM [27]. The predictions of SUSY GUT theories between Mgy and Mp; on the
other hand are highly model-dependent. The RG evolution of the soft parameters down to
the SUSY-scale leads to the mass spectrum of the MSSM in terms of five basic parameters,
namely M, /2,m3, Ao, Bo, v (plus the gauge and Yukawa couplings of the MSSM). The
model described above is called the minimal supergravity scenario for the soft SUSY
breaking terms.

For the mSUGRA scenarios considered in this work, we refer to the new parameters tan 3
and sign(u) instead of By and |p|. From the conditions for REWSB, egs. (2.8) and (2.9),
one can introduce these new parameters by removing |u| and By in favor of my and tan j3,
however the sign of u is not fixed in that procedure.

The presence of the neutrino Yukawa couplings at high energies above the mass scales
of right-handed neutrinos modifies the RGEs of the slepton soft terms. In the leading
logarithmic (LL) approximation, this leads to the additional contributions

sm3 =~ — 5.3 (3mg + A3) Y,[LY, (2.50)
dm2 ~ 0 (2.51)
3A,
A, ~ — Y.YILY, 2.52
5 € 167T2 ety vy ( 5 )
assuming mSUGRA conditions at Mgyt and
Mgyt

see also [37], [38]. Note that in (2.50) to (2.52) the Yukawa couplings are evaluated at
Mcayr and these terms are only the leading contributions originating from right-handed
neutrinos. Higher corrections of the form Y}*, i. e. quartic terms in the lepton Yukawa
couplings have been neglected, see also [38] for the discussion of further contributions.
In the SUSY seesaw model, the SSB terms for the right-handed sneutrinos, i. e. m2,
and trilinear terms A, can be neglected in the sneutrino (mass)2 matrix, because of the
dominance of the right-handed neutrino masses. The terms in egs. (2.50) to (2.52) give
rise to LE'V processes such as [; — [;v and p-e conversion to be discussed later.

In general, the combination Y[ LY, entering the RGEs of left-handed sleptons reads

(viLy,), = (U VDR \/EU};)M In (MACZT) (U@@R\/DTUT) L (2.54)

kj

In the following, we choose a basis in which M is diagonal, so that Uy, = 1. Assuming

degenerate right-handed neutrinos, i. e. M; = Mg at a large scale, e. g. Mgur,
and neglecting small radiative corrections to M and correspondingly to U,;, one can
approximate
M,
YJLY, ~ MgIn ( ]\ZUT) U+\/D,R'R\/D,U". (2.55)
R

In this case it is obvious that if the orthogonal matrix R is real, it drops out in the
combination Y,/ LY.
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2.5 Gauge mediation

The basic concept of gauge mediated SUSY breaking is that chiral supermultiplet fields,
so-called messengers couple both to the SUSY breaking sector and also indirectly to sparti-
cles through SU(3)c x SU(2), x U(1)y gauge and gaugino interactions [27]. Gravitational
strength interactions can then be neglected. The messenger fields are a set of new chiral
supermultiplets containing very heavy (s)quarks and (s)leptons which transform under
the SM gauge group as a real non-trivial representation. The messengers ®; couple at
tree-level to a chiral superfield X,, by the superpotential [25]

Wmess = ()\m)” (I)szq)j (256)

The chiral supermultiplet X,, is assumed to overlap with the goldstino field thus being
in contact with the source of SUSY breaking which is left unspecified here. If the scalar
component of X,, and the auxiliary F-term component of X,, obtain VEVs denoted by
(S) and Fyg, respectively, the masses of the scalar and fermionic messenger components are
split apart, provided that Fg # 0 [25]. This effect of SUSY breaking is then communicated
to the visible sector fields by radiative quantum corrections involving loops of messenger
fields.

It is important to study whether GMSB spoils the unification of gauge couplings. It has
been shown that if the messengers have similar masses and are in complete multiplets
of SU(5) GUT symmetry, then gauge coupling unification can still occur at Mgy [25].
Therefore, one often assumes that messenger supermultiplets transform under SU(5) in
N,, copies of the fundamental representation. The unified value of gauge couplings is
shifted according to

N Meur
2 M,
where N, is the so-called messenger index. Requiring perturbativity of gauge couplings
up to the GUT-scale then restricts the messenger index [25]

(2.57)

1 _
dagyr =

N,, < 150 , (2.58)

In M]@—ZT
so that N,, < 5 or N,, < 10 for M,, = 100 TeV or M,, = 10'° GeV, respectively. In this
work we consider only a messenger index N,, = 1.

Due to the gauge charges of the messenger fields under SU(3)c x SU(2), x U(1)y, the
messengers couple to gauge bosons and gauginos. Therefore gaugino masses arise at
the one-loop level, see Fig. 2.2, at the messenger scale M,, [25], which is approximately
My, ~ (S) for (A,),; of order 1. Positive scalar (mass)” terms are generated at the two-
loop level, because there are no direct couplings between scalars and messengers. At M,,,
the gaugino masses are given by [25],

(2.59)
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oL,
oL,
)
5

Figure 2.2: Generation of gaugino masses is shown in the left diagram; the right diagram
is an example of a two-loop diagram leading to scalar masses at M,,.

The gauge coupling constants are normalized such that they are all equal at the GUT-
scale, so that Sa; enters in eq. (2.59). This also implies that for very high messenger
scales close to the gauge coupling unification scale Mgy, as motivated in [26], the initial
value of M is approximately M; (M,,) ~ 2M, (M) ~ 2 Mz (M,,), leading to a relatively
heavy bino at the SUSY-scale.

The scalar SSB masses are given by [25],

1 Fs\?
(1), = 5 (cx0t () + cacd O) + a0 0) (1) 6 (260

where the c¢; denote the quadratic Casimir invariants which are given by cy = N;A_fl
for SU(N) groups and by ¢; = §Y2 for the hypercharge U(1)y in the normalization
Y = Q. — T3 making use of the electromagnetic charge @.,, and the third component
of weak isospin T3. Due to the different couplings of scalar particles under SU(3)¢ X
SU(2), x U(1)y at M,,, it is naturally expected that strongly interacting scalars become
heavier than only weakly interacting sparticles. Moreover, in order to obtain a SUSY-scale
near the TeV-scale, the ratio A,, = A};—fn, determining the size of the SSB mass terms, has
to be roughly 10* — 10° GeV [25]. MSSM gauge bosons cannot get a corresponding mass
shift, because they are protected by gauge invariance [27]. Moreover, the trilinear terms
Ay arise at two-loop order at M,,, suppressed by an additional factor of ¢* compared to
the gaugino masses, so that they can be neglected at this scale. The bilinear B-parameter
may be taken to vanish at M,,; in practice it is determined by successful REWSB [27],
see eq. (2.9).

It is often claimed that for gauge mediated SUSY breaking [25] there are no new sources of
flavor violation. In this class of models the SSB terms are generated at the messenger scale
M, which is a priori unrelated to the flavor scale A above which the flavor symmetry is
broken.

In the case of the MSSM with flavor breaking at a very high scale Ag > M,,, the flavor
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breaking is communicated to the soft terms only through Yukawa interactions. All other
sources of flavor violation at the messenger scale then correspond to operators of dimension
greater than 4, suppressed by powers of ﬁ The contribution of these operators to soft

masses is therefore suppressed by powers of Af—;” In other words the flavor problem is
naturally decoupled if flavor breaking occurs at a very high scale compared to M,,.

In the SUSY seesaw model the Ap-scale can be identified with the mass scale Mp of
right-handed Majorana neutrinos. Below Mg, the neutrino Yukawa couplings vanish, so
that for Mg > M, only operators suppressed by J\J\//[[—’; can contribute to the lepton-flavor
violating soft masses. One can obtain an upper bound on M,, if one requires that gravity
mediated contributions do not reintroduce large flavor violations [25]. Requiring that
gravity mediated contributions of the order of ]\5—; are below the 0.1 percent level in the
GMSB soft squared masses, leads to

1/2
Fs 1y (E)Q Fs Y’ / (2.61)
Mpl ~ 47 Mm ’ ’

M, < 10—3/2%1\4131. (2.62)

being equivalent to

Inserting the numerical value Mp; = 2.4 - 10'® GeV and a value for the unified coupling
constant parameter o ~ i gives rise to an rough upper bound on the messenger scale,
M, < O(10') — O (10%) GeV [25].

Recently, however, the authors of [26] have shown that high values of Fg in the range
of 10'7GeV? < Fg < 10" GeV? can be motivated in the SUSY seesaw model and it is
therefore possible to obtain sizeable rates for low-energy LF'V. Such high values of Fg lead
to gravitino masses up to ms» < 1 GeV according to eq. (2.3), while e. g. for the GMSB
scenarios of [39], mg/, is roughly in the eV-range. Therefore, the gravitino is the natural
LSP in GMSB models being stable if R-parity conservation is assumed. The analysis of
[40] provided a natural solution to the cosmological gravitino problem in GMSB: In the
case of a gravitino LSP, thermal relics of the gravitinos tend to overclose the universe
once they are thermalized in the early universe. Moreover the abundance of gravitinos is
roughly proportional to the reheating temperature of the universe after inflation. Note
that if the gravitino is very light, i. e. m3,; < 1 keV, there is no cosmological gravitino
problem, since in this case the gravitino does not overclose the energy density of the
universe even if it is thermalized [41]. The overproduction of gravitinos can be avoided
if there is a strong upper bound on the reheating temperature Tk of inflation, e. g.
Tr < 10° GeV for mgp=1 GeV, Tr < 10° GeV for my,=10 MeV or Ty < 10° GeV for
mg/2=100 keV [42]. For such low values of T it is very difficult for thermal leptogenesis
to work, see section 3.4 for more details concerning a heavier i. e. unstable gravitino
and its implications. The authors of [40] have found a solution to this problem by taking
into account small mixings between the messenger supermultiplets and MSSM fields. As
a result, the late-time decays of the lightest messenger provide an amount of energy
sufficient to dilute the thermal relics of the gravitinos down to the observed mass density
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of dark matter in the universe. It is important to mention that in this case the mass
of the gravitino or the reheating temperature are not severely restricted, once gravitinos
and messenger particles are thermalized in the early universe. The analysis of [40] has
demonstrated that the gravitinos are indeed in thermal equilibrium at high temperatures
such as Tr > 10'° GeV for mgje < 1 GeV. Therefore, in this class of GMSB models,
the severe upper bound on the reheating temperature is completely evaded and thermal
leptogenesis can naturally generate the baryon asymmetry of the universe.

It is a direct consequence of (2.60) that the SSB masses of singlet right-handed sneutrinos
vanish at the messenger mass scale and that the masses of left-handed sleptons are equal
to those of the SSB Higgs masses at M,,. Therefore the lepton-flavor violating terms are
given by

1
omi o~ —R(m% (M) Y,ILY,) (2.63)
om: ~ 0 (2.64)
§A, ~ 0, (2.65)

in the leading logarithmic approximation, where the neutrino Yukawa couplings are eval-
uated at M,,. In this case, L denotes

My,

Inserting the explicit form of m% (M,,) yields

) 1 3, 3, Fs \* 4

provided that M, is above the right-handed neutrino mass scales.

2.6 Minimal anomaly mediation

Anomaly mediated breaking of SUSY originates from the super-Weyl anomaly [23]. This
can be the dominant source of SSB in a higher dimensional framework, where one extra
dimension is assumed to be compactified roughly one to two orders of magnitude below
the four-dimensional Planck-scale. Assuming that the SUSY breaking and visible sectors
reside on different branes, and are “sufficiently separated” in the higher dimensional space
23], the gravity contributions to scalar masses are strongly suppressed.

Unfortunately, however, the anomaly contribution turns out to be negative for sleptons.
From a phenomenological point of view, it suffices to add an universal contribution m?
in order to cure this problem [43]. In the framework of minimal anomaly mediation of
SUSY breaking, see [43] and [44], the SSB terms are determined by the parameters ms,,
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my, tan 0 and sign(u) at the GUT-scale,

v L om o

Mi = 167 2BZ g m3/2 (268)

(Af)ij = ( ) msz/2 (269)
d (v )

(m§>zj - 2 dl §/2 + m05137 (270)

where the beta functions gp = 81 for the RGEs in the MSSM are defined in appendix
H and the anomalous dimensions are denoted by 7. At Mgyr the trilinear couplings are
multiplied by the corresponding Yukawa couplings. The coefficients for gaugino masses
are BN = (353 1, —3) in GUT normalization [43]. The pattern of the high scale values of
gaugino masses yields a characteristic spectrum [43] for them at low energy,

N Ny - ‘M3‘ ~28:1:83. (2.71)

The mixing of gaugino and higgsino states leads to the neutralinos and charginos, as
explained in appendix C. The authors of [43] have found that in the case of AMSB,
successful REWSB is possible for M, < M; < |u|. This implies that the lightest neutralino
and charginos consist mainly of wino states and the second lightest neutralino is bino-
like. Moreover, higgsino-type states form the heavier neutralinos and chargino [43]. In
much of the parameter space the triplet of winos is nearly degenerate. Note that my/, is
proportional to the VEV of an auxiliary field in the supergravity multiplet and is of the
order of the gravitino mass [43]. The anomalous dimensions of the MSSM are given by
[43] supplemented by those with additional right-handed neutrinos in [45],

1 . . 3, 3
e = e (30000, (070, 00, — B = et (272)
1 . « 3 3 5
Th = 1672 3(Yy )ji (Yd)ji + (Y2 )ji (Ye)]z - 592 o 1_091 (2.73)
1 . % 8 2 3 2 L,
1 . 8, 8,
(0 = e (2000 My~ 58 - 50t (279
1 * 8 2 2 2
(s = 1oz (200 Vi~ 502 - 50t (270
1 . X 3 5 3 5
(W)i] = 16n2 (Yo )hs (Ye)kj + (Y ki (YV)kj - 592 - E91 (2.77)
1 . 6,
(’yé)z] = ].67('2 (2 ()/e )'Lk‘ (}/;/)]k - ggl> (278)
1 *
(0)y = 1oz (20000 (M) (2.79)
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This leads to the following SSB terms at the GUT-scale,

W, = T (6Re (Tr (Vi) + 2Re (T (Vi) - 300,
3
__glﬁm) +mg (2.80)
m2, = 323/ 22 <6Re (Tr (YTﬂyd» +2Re (Tr (Y By.)) — 3925,
3
_gglﬁgl> +mg (2.81)
9 3/2 + T 16
m@ = 3 /BYu m + Y ﬁYu —'I— ﬁyd}/;i + Y ﬁYd 935‘93 - 3925{]2
1
L) i -~
2
me = T (5Yu T4 (YD) = 5058 — 1208 )+ mil (2.83)
2
Mo [ * 8 2
m?i = 1671/'2 (ﬁYdeT + (ﬁYdeT) 393593 - Bglﬂgl) + mOl (2'84)
m2 3
mi = 3;;;; (@SYE + Y By, + B, Y, + Y, By, — 39284, — gglﬁgl> +mgl (2.85)
2
m3 s 6
mg = 1672 (ﬁY e (ﬁY 6) gglﬁgl) +m01 (286)
2
m2 . m3/2 <ﬁ* (ﬁ YT) > + m21 (2 87)
7o 1em2 T Yy 0™ '

These values can be used to obtain the leading logarithmic corrections to the RGEs due
to the presence of right-handed neutrinos,

1
R (3m0YTLY +m3l, Lﬁyy) (2.88)
omZ ~ 0 (2.89)
§A, =~ 163/3 (2Y. Y, LBy, + By, Y/LY,), (2.90)
where
Meur
Ly zln( i )5ij. (2.91)

Note that these terms are only the leading contributions originating from right-handed
neutrinos. Higher corrections involving additional Yukawa or gauge couplings have been
neglected in eqs. (2.88) to (2.90). The lepton-flavor violating terms dm?2 in eq. (2.88)
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consist of a part proportional to mZ analogous to the mSUGRA case, supplemented by a
new contribution proportional to mj J2- This additional term is proportional to the com-

bination Bi,y By, of neutrino RGE beta functions assuming degenerate Majorana masses,
M; = Mpg. Making use of the explicit form of By, given in eq. (H.9), and keeping only the
dominant terms involving Yukawa couplings of up-type quarks or neutrinos, one obtains

1

= 1672

Assuming small neutrino Yukawa couplings as compared to the top Yukawa coupling Y;
leads to the approximation

By, Y, (3Tr (YY) 1+ Tr (YY,) 14 3Y}Y,). (2.92)

9m§/2
(1672)?

m3 0%, By, =~ Y'Yy (2.93)
If the neutrino Yukawa couplings are of similar size as the top Yukawa coupling, additional
terms in ﬁ;y By, involving more than two factors of Y, become important and may enhance
or weaken the effect of the m3 /o contribution in eq. (2.88). Inserting numerical values of
the AMSB scenario considered in section 4, i. e. mg = 450 GeV and m3/, = 60 TeV shows
that the contribution from m3 /o to 5m2Z is expected to be slightly smaller than the m3
contribution under the assumption of large top Yukawa coupling as compared to neutrino
Yukawa couplings.

2.7 Minimal gaugino mediation

In this model of SUSY breaking, the chiral supermultiplets of the observable sector reside
on a matter brane, whereas the SUSY breaking sector is confined to a different brane [24].
Gravity and gauge superfields propagate in the bulk, and hence, directly couple to fields
on both of the branes. As a result of their direct coupling to the SUSY breaking brane,
gauginos acquire a mass. However the SUSY breaking parameters for scalar masses,
trilinear couplings or the B-parameter only arise from their interactions with gauginos or
gravity. In minimal gaugino mediation [46] (see also [24]), the success of the unification
of gauge couplings is preserved by assuming that there is a SU(5) or SO(10) SUSY
GUT between Mgy and the compactification scale Ms. At the compactification scale
M the higher dimensional theory is matched to the effective four-dimensional theory.
In order to preserve the successful prediction of sin? fy from gauge coupling unification
in the MSSM, M is limited to My > Mgyr. On the other hand, the scale My is
restricted to be Mg < Nll—gl, in order to suppress flavor violating soft masses. Otherwise
the flavor violating couplings of heavy bulk fields would lead to unwanted large FCNCs.
Note that in minimal gaugino mediation the RGEs of the soft terms mainly depend
on gauge couplings and gaugino masses, the dependence on other soft masses through
gauge/Yukawa couplings above Mgyt is loop-suppressed. In its minimal form gaugino
mediation has basically two free parameters, the unified gaugino masses at M and the
compactification scale, plus the sign of the pu-parameter. The Higgs masses are assumed
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to be zero at M¢ and tan 8 can be determined by requiring that B = 0 at M¢, see [46].
The size of the u-parameter is fixed by requiring correct electroweak symmetry breaking
at the weak scale. In the gaugino mediation framework [46], the SSB-terms vanish at the
compactification scale Mo, Mayr < Mo < Mee.

0 °
ma| e = Aolyme = 0, (2.94)
whereas the common gaugino mass takes a value

Mipolae = M. (2.95)

Between the scales of M¢ and Mgy, the unified gauge coupling géyr and the common
gaugino mass M/, evolve in the same way [46],

d 1
dt gty ( )
d M
22—, (2.97)
dt 9&ur
where
1 p
t= 1 ) 2.98
167’(‘2 t <MGUT> ( )
We will consider a SUSY SU(5) GUT with additional right-handed neutrino singlets, in
which case bgyr = —3. This model [37] has three families of matter multiplets 73, F; and

v, which are 10, 5* and 1 dimension representations of SU(5), respectively. T} contains
the quark doublet, the charged lepton singlet and the up-type quark singlet, while the
down-type quark singlet and the lepton doublet are embedded in F;. Moreover the model
has 5 and 5* dimension representations of Higgs multiplets, H and H. H consists of the
MSSM Higgs multiplet hs and a colored Higgs multiplet. The other MSSM Higgs multiplet
h, and another colored Higgs multiplet constitute H. This model is characterized by the
superpotential [37]

1 _
WSU(5)RN — Z (Yu)u EABY—'J‘CDHE‘EABCDE + \/5 (Yd)u EABF}AHB

1
+(Y,),; v, Fi HY + o MisVR VR, (2.99)

where SU(5) indices are in capital letters. GUT Higgs sector self-couplings as well as
GUT Higgs superpotential mass terms are neglected, see [47] for a general analysis of
SUSY SU(5) RGEs and [48] for a more general approach to SUSY SU(5) GUT with
additional right-handed neutrino singlets. The additional terms of the Higgs sector are
not relevant in the minimal gaugino mediation framework for the study of SSB masses.
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The Lagrangian for the soft terms is then given by [37]

—ESS%S)RN = (m),; TIT; + (m5) FJFj+ (m 2 Ur, P, +mihth 4+ mi i

( (ALY, TiTih + V2 (AgYa),; EF}E+(A,,Y)ZJVRFh+hc)

1/ -
+5 (Ml/Q/\L)\L + h.c.> , (2.100)

where SU(5) indices have been dropped. In accordance with the work [46] on GMSB,
we define the trilinear couplings such that they multiply the Yukawa couplings in the
Lagrangian. Moreover, we do not assume lepton-down quark Yukawa unification, see e.
g. [49] for more comments on this point. In the case of minimal GMSB, the RGEs of
non-gaugino soft terms read

dm?, 3dmi 3dmi = 144

N =5 a - M1 2.101
dt 2 dt 2 dt 5 —9eur M), (2.101)
2
dZtLD =0 (2.102)
3 dmi, 3dmi, 144
2 -2 = M} 2.103
2 dt 2 dt 5 —9Jéur 1/2 ( )
dA, _ 8dA;  dA, 192 ,
dt T dt =2 dt TgéUTMl/ﬂ- (2.104)

Note that this convention [46] for the sign of the terms proportional to the gaugino masses
in the RGEs of trilinear A parameters is consistent with [50], however different from [37].
The analytic solutions to the RGEs in egs. (2.101) to (2.104) are obtained by first calcu-
lating the scale dependence of gauge couplings above the GUT-scale from eq. (2.96),

dragur
’(t) = : 2.105
g1) 1 = 8mbcuracurt ( )
It follows from eq. (2.97) that
- M /5 (M,
W, o) = Mﬂw. (2.106)

2 (Mgur)

Then the scale dependence of gauge couplings and gaugino masses between M and Mayr
is known and the solutions to the RGEs in eqs. (2.101) to (2.104) are obtained by analytic
integration from M to Mgyr, as has also been mentioned in [46].

Evolving the RGEs of SU(5) with additional right-handed neutrinos from Mg to Mgyt
yields the following values of the SSB-terms at Mgy

3, 3 ., 144 -

m%o = 5?”]’15 = §m5 = 5 1/2521 (2107)
8 192 ~

m:z = 0, (2.109)
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where from the RGE solution of gauge couplings and gaugino masses, the analytic solu-
tions

M, 1
S, = agqur In C

(2.110)
41 MGUT 1-— (271')71[9GUT04GUT In M]ZET
M. 1— (4n _le agur In Mg
Sy O‘ZUT In ——< Um)™ beuracur In gy . (2.111)
s
“ur <1 — (2m)"Ybeuracur In M]ZST)
have been determined, as explained before.
In generation space, the following relations at the GUT-scale hold
miy = mi=(md)" = (m)" (2.112)
mi = mi=(m3)=m;l=m;]1 (2.113)
A, = AT (2.114)

see also [51]. The relevant leading logarithmic contributions from right-handed neutrinos
are then given by

1
omi, = g (2m3Y, LY, +|A, (Mcur)|” Y] LY,) (2.115)
5m§ = 0 (2116)
1
_ i T
6Ae - 1677'2 (2}/;1/,/ LAZ/ + AeYy LYZ/) ) (2117)
where
M,
Lj=In ( ]\C}UT> 5i; (2.118)

and the terms are evaluated at the Mgyr scale. Eqgs. (2.115) and (2.117) can be written
in terms of GMSB parameters, resulting in

1 - 576 96\ °
6A, = ) My 58, (te) Y.V, LY,, (2.120)

2m2



Chapter 3

Phenomenological implications

In this chapter analytical results and useful approximations for both radiative leptonic
processes at low energies and the parameters of leptogenesis are discussed. The depen-
dence on the relevant parameters is analyzed and relations between observables in different
processes are outlined.

3.1 Lepton-flavor violating radiative decays [; — [;7y

The effective Lagrangian for the decay I — [;y can be written in the form [38]
Eeff == _amljlio'aﬂFaﬁ (A[{PL + A}%PR) lj, (31)

where F7 is the electromagnetic field strength tensor, oas = % [7a, 7], ¢ and j are flavor
indices and Pr; = %(1 + ;) are the chiral projection operators. Eq. (3.1) has the
form of an electromagnetic dipole operator. The electric and magnetic dipole operators
couple left-handed and right-handed leptons, thus requiring a chirality flip which can be
diagrammatically depicted by a mass insertion [37].

The amplitude for the ;' — [; 7 transition can be written as [31]

M7 = ey (p)ien0®’qs (A7 P + AL Pr) u;(p). (3.2)

In the limit of a massless final lepton, m;, = 0, the decay rate [31] is

2
0 = —mp (|47 + | 43[). (3.3)

whereas for non-vanishing lepton masses the decay rate is determined as [52]

2 m2

3
i — e’ (mlf l”) (|A’LJ’2 + ‘A’}%!z) : (3.4)

29
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We show exact analytical one-loop expressions for AiLj and Ag in appendix F, taking into
account all leptonic masses, see eqgs. (F.33) and (F.34). If the mass of the lighter lepton
is neglected and the mass of [; is neglected in the loop integrals, the well-known results
[31] for the coefficients A and A% are obtained,

2
g b1 NL(!>NL<1>*1—6am+3(7’ Y) + ( ) —6(rY) e
L 3271‘2 mlg ar jax (1
1— ( ) + 27°N lnr
MR8 AL ArR(D)*
+— Nzaa: Njaaz N
I (1 —rl
1 1 L(l)C()2+3r rf)Q—i— ) +6r¢ Inr¢
3272 m2 tax ~jaz 6(1—rC)*
—3+47’C— T —2In7r¢
Xa Cm:j)Cjax = ( aé) 3 o (35)
ml] (1 - Tax)
AR = Al g (3.6)
2 2
m2, me_
Tar = oy Ta = (3.7)

where a summation over x and a indices is understood.
It should be noted that the decay rate for the charge conjugated mode, i. e. Z;-L — Ity
is exactly as eq. (3.4) at the one-loop level. More precisely, in the decay lj — [~ the
coefficients Ay, g are complex conjugated with respect to [; — [;y. This can be seen if
one considers the effective Lagrangian for I — [y [51],

s = — 5o Fag (AF'Pe + A7'Pr) L (3.8)

By comparing L.;; with L'e;f, one finds A g = A'L*’ r using Dirac algebra, see appendix
D. Eq. (3.3) or (3.4) then imply that at the one-loop level, there is no C'P violation in
the decays Br (I — ) [51, 38].

The polarization P, (—1 < P, < 1) of the outgoing lepton with respect to the polarization
direction of the incoming lepton P; depends on the relative magnitudes of the coefficients
AiLj and Ag. The angular distribution shows a (1 + ALRPIJ, cos (91-) dependence [53], see
also [51] and [35], where

Ayl -yl
A7+ Ay
and 6; is defined as the angle between the momentum of the outgoing lepton and the spin

polarization direction of th.e incoming lepton. Neglecting the mass m;, of the outgoing
lepton in the coefficients A% in eq. (F.34) and A7 in eq. (F 33)7 one can see the dominance

of A} over A as follows: The chargino vertex factors me eq. (B.7) and C’WC eq. (B.8),

(3.9)
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Figure 3.2: Dominant diagrams for ;7 — [;77y in the mass-insertion approximation.

where Cﬁg) > Ciﬁg) appear mainly in A% and AY, respectively. Likewise, for neutralino

vertex factors in A% and AY one expects Ngg) > Nig), taking into account eqs. (B.13)
and (B.14) and the fact that lepton-flavor violating slepton mixing arises dominantly
in the left-handed slepton sector in the SUSY seesaw model. Therefore, in the SUSY
seesaw model the relation AiLj < Ag is predicted, implying a characteristic (1 — P, cos 6’1-)
distribution for [;. It is interesting to note that this angular distribution is expected to
be different in SUSY SU(5) or SO(10) models [51]: In the SU(5) GUT model, lepton-
flavor violating terms arise in the right-handed slepton sector through the mixing of
quark doublets and lepton singlets in the 5 representation. In the case of a SO(10) GUT
symmetry, all matter multiplets are embedded in the 16 representation, so that quark
mixing and also lepton mixing induces lepton-flavor violating terms in the left-handed and
right-handed part of the charged slepton mass matrix. These different mixing patterns
provide a possibility to distinguish between the seesaw model and GUT based approaches
by measuring the angular distribution of [;.

It should be emphasized that in the SM with additional massive neutrinos, the branching
ratios for Br (l; — [;7) are extremely small and cannot be expected to be observed, see
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[17] and [54]. For example, Br (i — ey) would be many orders of magnitude below any
planned experimental sensitivity due to the tiny neutrino masses compared to the W-
boson mass and due to the very small admixture of heavy Majorana neutrinos in the light
neutrino eigenstates.

In the mass insertion approximation, the branching ratio Br (I; — [;y) is estimated [31],
[35] as

a? tan? 8 m?j oy |2
see also Fig. 3.2. This implies the following pattern for branching ratios,
2
Br(l; —1y) miTy |(0m3) .

Br(ly — lyy)  m)T;

<§m%) 3!

The mass m in eq. (3.10) denotes the typical mass scale of the sleptons in the loop.
As the RG induced mass terms in the slepton mass matrices ((5m%)ji are proportional

0 (YVJr LY,,)].Z., we show some approximate results for Y,/LY, that will be useful for later
discussion:

Under the assumption of real R and degenerate M; = Mg, i. e. L;; = In M]@UT ij, one
obtains

Mg n Mgaur
it 2sin? B Mg
Assuming in addition hierarchical light neutrinos, i. e. m; < my < mg, leads to [55]

Mg N Mgyt
Ji T 2sin? B Mg

(YILY,) =~

(mlUle; + mnggUfz + mnggU;},) . (312)

(YVTLYU) < Am%lUjQUZQ + Am%lUng;;) . (313)

On the other hand, in the case of quasi-degenerate light neutrinos one has m; > \/Am3,,
VAm?Z, or, more specifically mq & my + ﬁAm%l, ms ~ my + ﬁAmgl’ so that one can
derive [55]

M M A Am2
(YJLY,), ~ o In =2 <m15ﬂ+<2m21U2U;; %Ung;g)) (3.14)
1

i y2sin? B Mg

Assuming R = 1 and non-degenerate heavy neutrinos leads to

1 Mecyr .
(YiLY,), =~ UQSmQﬁkaMkln M, — L URU;. (3.15)

In the limit of y;1 = y» = y3 = y <K 1, degenerate M; = Mpgr and kK, = 0, x; = 0,
0 = 1 = w9 = 0 we obtain

M,
(VfLY,),, ~ Mgk JZZT (kaUjaUsy (1+ 442 + \/RaraU,aUsy (2% — 2iy)

+VrakisUss Uy (297 + 2iy) + k3UjsUf (14 4y)) - (3.16)
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2
The quantity relevant for the decay rates is ‘(YVT LYy)ji’ which in this case can be eval-
uated to be

Jtu

M. 2
‘(YJLYV) ~ M2 (m GUT) (I6aU Uy + r3UssUg | (1 + 842

Mp
+Hrsks (UpUs|* + 1UjsUp %) o
+4v/karsRe ((k2UpUf 4 k3U53U%5) U Uss (y° + iy))
+4y/karsRe ((keUpUpy + ksUsUss) UlUs (v — iy))
—8kaksRe (UpUsUsUs) y°) - (3.17)

Another interesting limit is given by non-degenerate M; and real R, so that the dependence
on the real mixing angles in R becomes important. For x; = 0 and y; = 0, we obtain

(YILY,).. ~ roUpUs (R"DyLR),, + k3UjsUfy (RT Dy LR),,

(2

+/raks (R"Dy LR),, (UpUsy + UjsU,) . (3.18)

Ji

If only z; is non-vanishing (cf. (2.36)), the relevant terms (R"DyLR) in eq. (3.18) are
given by

Meur Maur
(R"DyLR),, = Mln 8 ¢ 4+ MsIn v s (3.19)
M M
(RTDMLR)23 = —Mgln ]ZZT8101+M3111 ]\C}ZTslcl (320)
Mgur Maur
(R"DyLR),, = Mln 8 s? 4+ MsIn v . (3.21)
Assuming that only x5 is non-vanishing (cf. (2.37)) yields
M
(R"DyLR),, = Mpln =t (3.22)
M,
(R"DyLR),, = 0 (3.23)
Maur Meur
(R"DyLR),, = Mln A s34+ MsIn i, c5. (3.24)

For non-vanishing x3 (cf. (2.38)), the relevant combinations of (RTDy/LR) in eq. (3.18)
are given by

M M
(R"DyLR),, = MIn ]\(ZTcngMlln J\(Z]T‘Sg (3.25)

(R"DyLR),, = 0 (3.26)

Meaur
Ms

(R"DyLR),, = Msln (3.27)

Here we use the abbreviation s; = sinx; and ¢; = cos x;.
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3.2 Magnetic and electric dipole moments of leptons

Magnetic dipole moments The supersymmetric contribution to the leptonic (g — 2);
arising from the diagrams of Fig. 3.1 with [, = [; or the effective Lagrangian (3.1) is
defined by the amplitude [31]

1
4mi

MZMDM = et (p) ( (9 - 2)1) iGZUQBQﬁUi(P)- (3.28)

In this work we will only consider the SUSY contribution and use the notation

da; = @ (3.29)

The definition of AZLJ r in eq. (3.2) leads to the result
da; = mi (AL + AR) =, » (3.30)

see also [56]. Making use of (3.3), the relation between |dax|* and Br (I; — I;y) is as
follows

ij
AR

Br(l;—ly) 1a m?j
Abk 4 ARk

—7 , (3.31)
|5ak\2 L4 m;*k

where the dominance of A% over A7 in the SUSY seesaw model has been used. Tt is
therefore natural to expect that both |dax|> and Br (I; — ;y) are related in a similar way
to the SUSY masses involved in the loops [57].

The natural mass scale for the mass insertion describing the necessary chirality flip in the
magnetic dipole moment (MDM) interaction is given by the lepton mass involved. Due
to the extra m;, denominator in eq. (3.28) one therefore expects that the leptonic MDMs

scale as

da; m; \ 2

L~ (—) : (3.32)
(S(Zj mj

which is also referred to as “naive scaling” [56].
The current discrepancy [18] between the measurement of (g —2), [19] and the Standard
Model prediction [18] is

(22+72+35+8.0)-107" [eTe™ based estimate] (3.33)
da, =

m

(7.4458435+8.0)-107""  [r based estimate]. (3.34)

In appendix F we derive a complete one-loop expression for the coefficients A% and A%,
see egs. (F.33) and (F.34), taking also into account the lepton masses in the corresponding



3.2. MAGNETIC AND ELECTRIC DIPOLE MOMENTS OF LEPTONS 35

loop integrals. If the leptonic masses are neglected in the loop integrals, we obtain the
well-known result for da; [31],

. 1 mp 1—6r +3 (M) +2(rN)° =6 (rX) Inrl)
“T T m2 (1—rNy* (‘ "

le

‘ NR(l

ax

2
1 mxoml, 1— (k)" + 20l Iner, Re (NL(Z)NR(I)*)

- 1671'2 m[ (1 o 7’%)3 iax iax
1 mli 2+ 37“5; —6 (Tfm)z + (r%)g + 67“6% In rgr ‘ ’
9671'2 m% (1 o 7’%)4 ax ax
Cc\2 e}
1 mg-my, =3+ 47 (rax) —2Inry, Re (C.L(Z)C.R(l)*> (3.35)
167‘(’2 mﬁm (1 . rgx)S taxr ~iax . .

We want to approximate the deviations of the MSSM prediction for (g—2), if one includes
LFV. For simplicity and illustrative purposes, we approximate the loop integrals in the
limit of me— = my, and mg = my . Assuming a real mixing matrix of charginos, see
appendix C the contribution from the chargino-sneutrino diagram yields approximately

2 3 2 2. 92 2 3 2
g 2 |(Ul7) 2| gmy, 2 |(Uz7) 2|
dal o~ [(Or) z 0O @
2 3 2
g |(Us) 4ol
E (Or)as (O e 3.36
24272 mw cosﬁ 2az (OR)a ; ms, (3.36)

The basic dependence on lepton-flavor violating parameters shall be illustrated in a simple
two generation model, where the relevant sneutrino (mass)? matrix is

2

m om?
(m’%)LFV = ( Sm? m? + Am? ) : (3.37)

The mass eigenvalues are chosen such that the lighter state is equal to 7, in the non-LFV
case. The mass eigenvalues corresponding to eq. (3.37) are

1
(m2),, = 3 <2m2 +Am? F \/(Am2)2 +4 (5m2)2> . (3.38)
In this approach, the sneutrino mixing matrix takes the form

U, = ( (:QSH~ —sinf ) 7 (3.39)

sinfd”  cos8”

where the mixing angle is given by

o7 1 . 20m?
= —arctan )
2 Am?

(3.40)
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The contribution of sneutrino-chargino loops to the magnetic dipole moment of the muon
can then be expressed as follows,

9° m, 2
6 c ~ M O v
ay 98472 m12/V cos? 3 ;1: [( L)a?] 51

9
24fﬂ2 my cosﬂ Z (Or) 42 (OR) 41 55- (3.41)

The terms s} and s result from the sum over sneutrinos and can be given approximately,

; 1 \/(Am2)2+4(5m2)2 .

s 1- 52 (1 —2sin*6”) (3.42)

i 1 Am?)® + 4 (6m?)° i

sho~ —[1- \/( 5 ) (1—2sin*6”) |, (3.43)
m m

where the assumptions Am? < m? and dm? < m? are made. This shows that in this
case the relative shift due to LF'V is determined by the terms in brackets. In particular,
this shift vanishes for maximal mixing, i. e. 7 = 7+ In the case of dm?=0,i.e. Uy =1,
the sum over sneutrino states breaks down to the state of 7.

Keeping only the dominant terms of the neutralino charged slepton contribution to da,
and assuming for simplicity that the lepton-flavor violating 2 x 2 sub-matrix in the left-
handed sector of m? is

2 2
2 [ m om
(mZ)LFV = ( Sm2 m? + Am? ) ) (3.44)
we obtain
g m tan QW 2
day, = — (0 N (0w, (0
i 9672 ( mz, ; N)a1) mWCOSﬁng ;( Va ( N)a3>

2847T Z ON a2 (ON) tanHW) S;

g'm? 1 ;
967-[-5 myy COSﬁ ; (ON)aZS ((ON)aQ + (ON)al tan QW) Sy- (345)

The first line in eq. (3.45) corresponds to lepton-flavor conserving contributions from the
right-handed smuon sector. The modifications in eqs. (3.42) and (3.43) due to lepton-
flavor violating mixing turn out to be rather small, e. g. they are of the order of 1072 if
the terms dm? or Am? are roughly one percent of m? in eq. (3.37).
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Electric dipole moments Electric dipole moments (EDMs) d; of charged leptons are
defined by the Lagrangian [3§]

Lepy = —%dizz‘aaﬁFaﬁ%li, (3.46)
corresponding to an amplitude of the form

Mipy =T (p’)iezaa% (divs) ui(p)- (3.47)

By comparison to eq. (3.2), this type of leptonic dipole operator can also be directly
related to A7 p,

ds = 5, (A = A%) i, = (3.48)

From the results of appendix F, see eqs. (F.33), (F.34), one obtains a complete one-loop

expression for the SUSY contribution to leptonic EDMs. Neglecting the leptonic masses
in the loop integrals yields the well-known result,

2
di = ———1Im (CLU)CRU)*) My, 3—4rd + (r$,)” + 2Inrd,
N 2 N N
__ L) RO Mg L= (ray)” + 2rag Inrgy
3271’2 Im (Niagg Nz’a:}c ) mlg (1 _ T(Jl\;)3 3 (349)

see e. g. [38]. This clearly demonstrates that EDMs are a measure for complex, or more

specifically C P-violating parts of the slepton mixing matrices.

The natural mass scale for the mass insertion describing the chirality flip in the EDM

interaction is given by the lepton mass involved. One therefore expects that the leptonic

EDMs are proportional to the corresponding lepton masses, leading to the the so-called

naive scaling relation [58] .
l;

d; ~

m, d;. (3.50)
The authors of [58] have pointed out that in general LF'V terms lead to a violation of naive
scaling. In this case new contributions arise, e. g. Z;b—; enhanced contributions to d, in the
mass insertion approximation, see [58]. Due to the smallness of m., contributions from
m,, and/or m, are even more important for the electron EDM, so that large deviations
from naive EDM scaling are possible [56].

If no other sources of SUSY phases exist, leptonic EDMs are generated through RGE
effects from complex parts in Y[V, in the SUSY seesaw model. In this context, it has
been noted in [38] that leptonic EDMs can be strongly enhanced if there is a large hierarchy
among the M;. For strongly hierarchical right-handed Majorana neutrino masses, electron
and muon EDMs can be in the range of future experimental searches, because d, =~
10726 ecm or d, ~ 1073! ecm are possible, as has been shown in [38]. In that analysis it
has been pointed out that a step-function-like enhancement of EDMs is expected when
going from the degenerate to the non-degenerate M; case. Effects from non-degenerate
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Figure 3.3: Generic diagrams for [; — [ 117 in the MSSM with LFV; the blob indicates

1 1
a ljl;y-vertex as in Fig. 3.1 or a [;/;Z-vertex where the Z-boson is external.

M; induce additional imaginary contributions being proportional to diagonal elements of
trilinear A-terms. This also implies that in the SUSY seesaw model with non-degenerate
M;, the leptonic EDMs depend strongly on the magnitude of A-terms.

3.3 Other rare lepton-flavor violating processes

Processes of the type l; — l;l;l; are generated by photon penguin diagrams, Z-penguin
diagrams and box diagrams (see Fig. 3.3). The photon penguin diagrams to l; — [;[;l;
give rise to the amplitude [31]

M, = T (p) (*va (ATPL + AT PR) + mljwaﬁqﬁ (AP + ASPR)) u;(p)
o2

X ?Ei (p2) Y*vi (p3) — (1 < p2) - (3.51)

The term proportional to m;; corresponds to on-shell photon penguin diagrams, whereas
the terms involving A; correspond to off-shell photon contributions. The minus sign
indicates an antisymmetrization due to the exchange of identical external fermions in
l; — L;l;l;. Analogously, the Z-penguin diagrams for I; — [;[;l; lead to an amplitude of
the form [31]

2

Mz = %ﬂi(pl)%(FLPL+FRPR)Uj(p)
Z

xT; (p2) V" (2P + ZzPr) vi (ps) — (p1 < p2) - (3.52)
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Figure 3.4: Generic diagrams for y — e conversion processes on nuclei at the quark level
in the MSSM with LFV; the blob indicates a [;l;y-vertex as in Fig. 3.1 or a [;[;Z-vertex
where the Z-boson is external.

The coefficients of the couplings of the Z-boson to left(right)-handed fermions are

Z4 i = Tipmy — QL sin® O, (3.53)

where T3L( R) and Q7 = represent weak isospin and electric charge, respectively. The am-
plitude for the box-type Feynman diagrams can be written in the form [31]

Mioe = BL@ U; (p1) ’YQPLUJ< Ui (p2) YaPrvi (ps) + (L < R)
i (p1) Y Prui(p)ui (p2) YaPrvi (p3) — (p1 < p2)) + (L < R)
i (p1) Prug(p)u; (p2) Prvi (ps) — (p1 < p2)) + (L < R)
+Bye? (U (p1) oapPru;(p)u; (p2) o “Prvi (ps) — (p1 < p2)) + (L < R).
(3.54)

The abbreviation “+ (L < R)” indicates a term that is equal to the preceding term when
any index L is substituted by R and vice versa. For the complete form of the resulting
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decay rate we refer to [31] and to the additional formulae given in appendix G,
4

5
U(l; =) = §1§3(|AL| + AR — 2 (AFAR 4+ ALAR 1 hc)

8. mi 22\ 1
+ (AR + A5 <§1n mlé - §> + = (B + |BIT)

b (1BEE + 1BE) + o7 (1B3F + [BEP) +6 (182 +|BEP)

1
-5 (BfB{* + ByB{™ + h.c.)
1
+3 (AYBI* + APB™ + AYBy* + ATBy™ + h.c.)
2
-3 (AFB{* + AYB™ + Ay BJ™ + AYBY* + h.c.)
1
+3 ((B{Fj, + B{'F};p + By Fip + BYEF}, + h.c.)
+2 (AVF} + Al Ffp + he) + (AT Frp + AT Fr + hec.)
A (ASFF, + ASFfp + hee) — 2 (ASFfy + ASFf g + hee.)
2 (1Foel* + [Fael®) + [Fgl’ + |Facl®)) - (3.55)

Here the following coefficients involving Z-penguin contributions appear,

R, = Fr ZlL
m? sin® Oy cos? Oy
Frr = Fiilier
Foao— FrZt
m? sin Oy cos? Oy
Fri = Firlir. (3.56)

As in the case of Br (lji — liify), the decay rates for Br (l»’ — [7I17) and its charge
conjugated decay mode are the same which can be checked by inspection of the effective
Lagrangian [51] of both processes.

The process of p-e conversion in nuclei, i. e. the process p+ (A, Z) — e+ (A, Z) where A
and Z denote the atomic and proton numbers in a nucleus, arises from diagrams depicted
in Fig. 3.4. The effective Lagrangian relevant for this process at the quark level consists of

penguin-type contributions and box-type contributions. The penguin-type contributions
read as

2

en, € — .
L5 = =57 (¢ (ATPL + ATPR) + myioass” (A3 Py + AT Pr))
71+ 7
22N 2L TRgy qey® (Fp P + FrPr) , (3.57
XqZUdQemQ”Y Q+ Zqzud 2 T¥ageY" (FLPr + FrPr) )
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where the first term comes from photon penguin diagrams and the second from penguin
diagrams with Z-boson exchange. For box-type contributions, one obtains

Cg‘;ﬁ; = ¢ Z qVaqey” (D;PL + DfPR) L. (3.58)
q=u,d
Normalizing to the total muon capture rate Iy, the following rate for p-e conversion on
a nucleus C', can be obtained [31]
5.5 74
4o m, Z, if

R € —eC) = ——2Z\R(q)P (|2 (af - ) - 22+ N)D,,
cap

—(Z+ 2N)E§)2 + (Lo R)) , (3.59)

where N denotes the neutron number of the nucleus, Z ;¢ is the effective charge of the
nucleus and F(g?) the nuclear form factor. For Tij5, these quantities are given by Z, ff=
17.6 [59], Teop = 2.59 - 10% s7' ~ 1.7 - 107'® GeV [60] and F (q2 ~ mi) ~ 0.54 [59]. In
the above equation (3.59) the terms Ei’f contain Z-boson penguin contributions and the
box-type contributions, specified in [31],

Zi + 7§, Fy,

2 m%sin® Oy cos? Oy
— —1L
D, = D,|, . (¢=ud). (3.61)

A few comments are in order: The evaluation of the nuclear effects in u-e conversion
is based on the Weinberg-Feinberg approximation [61], i. e. relativistic effects and the
Coulomb distortion have been ignored. It should also be mentioned that recently there
has been a more detailed approach to the evaluation of u-e conversion taking into account
relativistic overlap integrals of protons and neutrons in nuclei [62]. In the case of Titanium
nuclei, the difference of the conversion rates in the two methods of calculation amounts
to approximately 15%, leading to a slight reduction of the u-e conversion rate calculated
in the Weinberg-Feinberg approximation.

If R-parity is conserved, the main contribution to leptonic three-body decays is given by
the on-shell photon penguin terms (see [63] and [51]),

D, = Di+

(3.60)

. 8 e mi 11
D= Llil) ~ ———m) (JAL]? +|Ag]’) [mn— — — . 3.62
(= ) 35127r3mlj(’ "+ 14al) (nmzi 4) 202
Therefore one obtains the following ratios of branching ratios in the R-parity conserving
case,
Br(t — 3p) a (, m2 11 1
~ —(ln——-— ) ~—
Br(t — uv) 3m m?2 4 444
Br(t — 3e) @ (| m2 11 1
~ —(ln——— )~ —
Br(t — ey) 3 m2 4 95
B my 11 1
rip=de) oo (e 1Y L (3.63)
Br(p — ey) 3 2 4 143
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Figure 3.5: Examples of diagrams for LFV at low energies in the MSSM with trilinear
R-parity violation; trilinear R-parity violating couplings are explicitly shown.

Analogously, the dominance of on-shell photon penguin contributions leads to

R(p=C — e Q) | A o 12
~ 16" 2, Z|F .64
B’I“(,u 6’)/) Fcap e eff | (q )| (3 6 )
~ 6-107° for Titanium. (3.65)

These predictions are SUSY model-independent if R-parity conservation is assumed. Ef-
fects due to Higgs mediated LFV in these three-body decays have been extensively studied
in [64]. It turns out that the Higgs mediated contributions to these decays are subleading
compared to the photonic penguin ones, in particular for low or medium values of tan 3.
It should be mentioned that our numerical results on Br (li — liz}l,-) and p-e conversion
were obtained according to the results of [31] with the additional calculations summarized
in appendix G.

LFV at low energies and

trilinear R-parity violation It has been demonstrated in [65] that in models with
trilinear R-parity violation (R), g:éﬁ :23 can be in the range from 1 to 10%, in contrast
to the predictions of the SUSY seesaw model shown before, see eq. (3.63). Similarly the
rate for u-e conversion on nuclei can be strongly enhanced.

The R-parity violating superpotential with MSSM chiral superfields is given by [65]
2
For the study of LEV the \’-couplings are not relevant at the one-loop level and we also
assume that the bilinear pl-couplings vanish. As the A-couplings are antisymmetric in
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the first two indices, this model has 9 couplings of A type and 27 of X’ type. Under these
assumptions, Wy leads to the following SSB Lagrangian [65],

_ —cC ~% = ~ = ~
ER = Aijk (VLieLjeRk + €R,VL,€L; + eRkeLjVLi)
/ jo —c Tk 3 7 3 ~
+)\’ijVKM (yLidLa de + deVLidLa + dedLa VLi)

—Nijk (ﬂcheLidEk + dp,er i, + 8RkuLjéLi> + h.c. (3.67)

In the above equation, the Kobayashi-Maskawa quark mixing matrix is denoted by Vi .
It is assumed that there is no left-right mixing in the squark and slepton sectors which
is a good approximation for studying generic predictions for ratios of rates for rare LF'V
processes. If R-parity is violated, tree-level contributions in rare leptonic three-body
decays and p-e conversion on nuclei arise [65], see also Fig. 3.5. Therefore the relation
between Br (I; — l;7) and Br (lj — lil_ili) is expected to be essentially different in models
with generic trilinear R couplings, as compared to the seesaw predictions in eq. (3.63).

Note that the ratios of g:gﬁ :2:’3 and R%;f::g;)ﬂ) in R depend only on the SUSY spectrum,
not on the values of the R-parity violating couplings, if one assumes that the processes are
mediated by only two non-vanishing i couplings [65], see also the diagrams for ;1 — ey and
i — 3e in Fig. 3.5. It should be emphasized that in addition to rare muon decays studied
in [65], there is also the possibility to distinguish LFV in R-parity conserving/violating
models by comparing predictions for 7 three-body decays to the respective two-body

decays, as illustrated in Fig. 3.5.
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3.4 Leptogenesis

The asymmetry in the numbers of baryons as compared to those of antibaryons in the
universe has been confirmed e. g. by a the WMAP collaboration. They have measured
the ratio of baryon number density to photon number density at the recombination time
of photons [66],

np = (6.1703) x 107" (3.68)

The three Sakharov conditions [67], necessary for the generation of a baryon asymmetry
are:

1. Violation of baryon number B: B-violating interactions are necessary to generate
an asymmetry in baryons over antibaryons.

2. Violation of C' and C'P: If C'P was conserved, every reaction producing a particle
would be accompanied by a process which produces its antiparticle at exactly the
same rate. To generate a baryon asymmetry, C'P and C have to be violated.

3. Departure from thermal equilibrium: Moreover, if B-violating interactions are in
equilibrium, then the thermal average (B) vanishes. The B- and C P-violating pro-
cesses should have interaction rates smaller than the expansion rate of the universe,
so that (B) is not washed out by the inverse processes. In other words, the interac-
tions must have an arrow of time.

According to the standard theory of cosmology in the early universe [68], a particle re-
mains in thermal equilibrium, if the interaction rate I' per particle is greater or at least
comparable to the expansion rate H of the universe, I' > H, where the Hubble constant
is H= % and R denotes the scale factor of the universe.

In theories with heavy right-handed Majorana neutrinos, one can understand the genera-
tion of the baryon asymmetry of the universe (BAU) through the mechanism of leptogene-
sis [16]. In thermal leptogenesis the heavy right-handed Majorana neutrinos are produced
thermally after inflation and they induce L-violating interactions at temperatures above
their mass scales.

At lower temperatures, the generated (B — L) asymmetry Ng_j, is converted into a baryon
asymmetry by sphaleron processes [69] being related to the non-trivial vacuum configu-
rations of the electroweak theory. The vacuum structure of the SU(2), theory leads to
an anomalous non-conservation of (B + L), so that transitions between different vacua
are accompanied by a change in (B + L). Since this process is non-perturbative, the rate
for (B + L) violation is proportional to exp (—1/¢?). Because 1/g* > 1, such quantum
tunneling is completely negligible today. At finite temperatures however, the transitions
between different vacua can be driven by thermal effects. The analysis of Kuzmin et al.
[69] has demonstrated that the barriers between different vacua can be surmounted at
temperatures above the electroweak phase transition near 100 GeV. The sphaleron solu-
tion corresponds to the lowest barrier between two electroweak vacua states. Moreover
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these transitions conserve (B — L), so that an initial L asymmetry induces a B asymme-
try through (B + L) violating sphaleron processes which are in thermal equilibrium for
temperatures between 100 GeV and 10'? GeV.

A necessary condition for successful thermal leptogenesis is that the masses of the heavy
neutrinos are non-degenerate, see e. g. [70]; otherwise one could choose a basis where the
mass matrix M and the Yukawa matrix Y, are both diagonal, so that no C'P asymmetry
would be generated, see also eq. (3.75) below. Therefore one often assumes hierarchical
masses, 1. e. M3 > My > M or at least Mz — My ~ O(Ms), My — My ~ O(Mj). In this
case the (B — L) asymmetries produced by the heavier neutrinos will be washed out by
processes involving the lightest right-handed neutrino which are in thermal equilibrium
for temperatures above the M;j-threshold [71]. The authors of [71] have also demonstrated
that the final (B — L) asymmetry is independent of initial conditions, e. g. a large initial
asymmetry if the effective neutrino mass is m; > 5 - 1073 eV. The latter is defined as

Y
:
~ mpm . .
my = (—D)“, see also discussion on p. 48.

The Boltzmann equations [71] specify the time evolution of the numbers Ny, and Np_,
for the lightest singlet Majorana neutrino N; and the B — L asymmetry in the comoving
volume element. Taking the effects of the interactions of the lightest right-handed Ma-
jorana neutrino into account, they can formally be given in a compact form [71]. The
notation V; corresponds to the three heavy Majorana neutrinos [70]

N; = vg, + Vg, (3.69)

Then the Boltzmann equations are given by

dNy .
5 = ~(DHS v - Ny)
dNB—L e
dz = —ElD (]VN1 - N]\ﬁl) — WNB,L. (370)
It is convenient to express the time dependence through the variable z = % in eq. (3.70).

The Boltzmann equations above show explicitly that a difference (N N, — vaql) in the
numbers of lightest right-handed Majorana neutrinos Ny, and their numbers in thermal
equilibrium ]\f]e\,q1 is necessary to generate an asymmetry in (B — L). Four classes of
processes contribute to the Boltzmann equations [71]:

e Decays of Ny into leptons and Higgs bosons N; — [lhy and into antileptons and
anti-Higgs bosons N; — lh;

e Inverse decays of Ny, i. e. hol — N; and h;[—> Ny

e AL = 1 processes mediated by Higgs particles, i. e. NiI(l) « £(t)q(q) and Nyt(t) «

[(Da(a)

e AL = 2 scatterings with intermediate singlet Majorana neutrinos, i. e. lhy < l_hg,
Il — hinl and 11 < hahy
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In the above Boltzmann equations (3.70), the thermally averaged AL = 1 reaction rate

per particle I's enters through the quantity S = %£. The rescaled quantity D = L2

Hz® Hz
accounts for decays and inverse decays of Ny and the rescaled washout rate W = EI—VZ gets
contributions from inverse decays, AL = 1 and AL = 2 scatterings.

A formal solution to the asymmetry Np_j, in the Boltzmann equations (3.70) is given by

[71]

z 3
Np_r(2) = Ng_1 (2in) exp (—/ dz'W (z')) - Zelﬁf(z), (3.71)
where the efficiency factor k¢ is given by
4 z z
ki(z) = g/ dZ'D(2") (Nn, (z') = N3 () exp <—/ dz"W (z”)) : (3.72)

and initial values are defined at z;,. We assume that the initial (B — L) asymmetry is
zero, so that Np_p(z) is proportional to the C'P asymmetry and the efficiency factor,

3
NB—L = —Z€1I<Lf. (373)

The efficiency factor £ takes into account the effects of the washout rate W on an initial
(B—L) asymmetry by inverse decays, AL = 1 and AL = 2 processes. Thus the washout of
the (B — L) asymmetry does not depend on the decay rate of N or on the C'P asymmetry
€1 in Ny decays. The latter is defined as [70]

_ a7
[ (N; — hy +1) + T(Ny — R} +1)

Note that the aforementioned scattering and decay processes are shown for illustrative
purposes. In the SUSY seesaw model one also has to consider supersymmetric versions
of these interactions involving e. g. heavy right-handed sneutrinos, see for e. g. [70] for
a detailed analysis. The C'P-violation in the decays of N; is given by [72],

11 M?
6 ~ —gW;ITn((YyYVT)M (Yij)ij>f(W>, (3.75)
fl@) = \/E(xil—klnl—;x). (3.76)

The C'P asymmetry ¢; arises from the interference of the tree-level decay diagrams with
vertex and self-energy corrections, see Fig. 3.6, where the diagrams are shown generically.
A quantitative analysis, see e. g. the reviews in [73] and [72], taking into account the
chemical potentials of all particle species in the high-temperature phase, shows that the
sphaleron conversion factor ag,, for an initial (B — L) asymmetry is

87”Lp —+ 47LH

—Np_1. 3.77
2271}?‘|‘137”LH B-L ( )

Np = agph Np—1, =
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For three generations of fermions (np = 3) and two Higgs doublets (ny = 2), this leads
to a conversion factor

Gson — % (3.78)
in the case of the MSSM. Note that this factor of roughly one third also arises in the SM
with one Higgs doublet.

For the measured baryon asymmetry ng one also has to take into account the dilution of
the asymmetry due to standard photon production from the onset of leptogenesis until

the recombination of photons [71]. This is done by the dilution factor

N’V(T = Ml) - g*s(To)
NoTo) (T = M)

fair = ~ 0.017, (3.79)
where T} is the recombination temperature of the universe. This dilution factor can be
understood as follows [68]: The number of effectively massless degrees of freedom, i. e. of
those species with mass m; < T that are relevant for the entropy density of the universe,

is given by , ,

9o = > <%) + g | > (%) : (3.80)

i=bosons i=fermions

where the factor % is due to the difference in Bose and Fermi statistics and g; represents the
internal degrees of freedom of a particle. Moreover the temperature 7; takes into account
that a particle ¢ may have a thermal distribution different from the photon temperature 77, .
The conservation of the entropy per comoving volume in thermal equilibrium implies that
Gxs T2 R? remains constant during the expansion of the universe. At temperatures below
1 MeV, the interaction rates for electron-neutrino processes, v v, < e"e” and ve.e < v.e
fall below the expansion rate and neutrino interactions are too weak to keep them in
equilibrium, so that the light neutrino species decouple from the plasma. Shortly after
neutrino decoupling the temperature drops below the mass of the electron, and entropy
in e® pairs is transferred to the photons, but not to the neutrinos. As mentioned above,
for particles in thermal equilibrium, g.,(RT)? remains constant. Therefore the value of

T, after electron decoupling must be larger than T, before e* annihilation, leading to
T, [(11\"*
— = — ~ 1.4. 3.81
7= (%) (351)
This in turn yields
7 4
9xs(To) =2+ 3 X 2 x 3 X 7~ 3.91. (3.82)

On the other hand, at the time of decoupling of the lightest right-handed (s)neutrinos,
all lighter MSSM particles are active degrees of freedom (g.s = 228.75 in the MSSM, see
[70]), so that at T' ~ M,

7
g-s(Mn) = 22875+ 2 + o x 2= 2325, (3.83)
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Figure 3.6: Tree-level diagram, self-energy diagram and vertex correction for the decay of
singlet Majorana neutrinos.

Taking into account the sphaleron conversion factor eq. (3.78) and the dilution factor
eq. (3.79) finally yields the following form for the observed baryon asymmetry,

np ~ —0.0044¢; k. (3.84)

2 2
For hierarchical heavy Majorana neutrinos KJQ > 1, one obtains f (%) ~ 3%, leading
1 J

Ml
to [72, 74]
3 1 M,

@ = _gmglm (), (3x),,) M
11

Summarizing, extensive studies of thermal leptogenesis [71] have revealed that the gener-

ated (B — L) asymmetry depends on the following quantities:
1. The C'P asymmetry €; in decays of Ny

2. The mass M; of N;

;
. . ~ mpm . . . ~
3. The effective neutrino mass m; = %, which is constrained to be m; < my < mg

4. The sum of all neutrino masses squared, m? = m? + m3 + m3, which controls an
important class of washout processes.

In the limit of hierarchical light neutrinos, i. e. k1 = 0, one can express the effective
neutrino mass m; in terms of R-matrix elements and kg3 as follows,

my
v2sin? 3

For quasi-degenerate light neutrinos of mass scale my, the analogous equation is given by

K9 |R12|2 + K3 ‘R13|2 = (386)

m
|Rur|* + |Ria|” + | Rys” = Hl (3.87)
1
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This relation can be interpreted as a sphere of radius ,/% in |Ry|, |Riz|, |Ris| space.
A numerical fit for £, for hierarchical light neutrinos and M; < 10'* GeV is given by [71]

~ Fl—a
kp(my) 2 0.24 (z_e™ +ape”™), Ty = (@) : (3.88)
m4
where m_ = 3.5-107% eV, m, = 83-107* eV and a = 0.1. Note that this fit has
been obtained in the non-supersymmetric seesaw model. However it is expected that
in the case of thermal leptogenesis in the SUSY seesaw model, the efficiency factor is
approximately as in eq. (3.88), see also [70] and [75]. The efficiency factor eq. (3.88)
increases for m; < 1 meV roughly as m; due to the first term in (3.88). Since 7 is
a measure of the coupling of right-handed neutrinos to the thermal bath, the efficiency
factor grows in the region of small m; < m_, where out of equilibrium decays lead to
a strong dependence on the number of Ny [76]. The decrease of k¢, Ky m%? for large
my 2,1 meV is controlled by the second term. For large m; > 1 meV, the lightest
right-handed neutrinos are rapidly produced and their number approaches the thermal
equilibrium value. Then the washout processes dominate over the production processes,
diluting a generated asymmetry more effectively [76].
For hierarchical right-handed Majorana neutrinos, the C'P asymmetry in the decays of
Ny is given by

3 M
6 = ——s ~—Im [(Y,mY,"),] (3.89)
8T <YVYJ>
11
M 1
- _iillm[(Yij—Y:YyT> } (3.90)
8 (YVYJ> 11
11
3 M,y T
= = Im[(D~RD-R"D . 3.01
8 <Y,,YJ> m[( VMt \/M)1J ( )
11

Note that the approximation (3.85) for €; is obtained by inserting the seesaw formula

m, = v3Y,F' Y, in (3.89). From the above equation (3.91), one can also conclude that

M
[74]
3 M m2Im (R?,
€1 ———;szz m ;z) (3.92)
8m vy 37 mi| Ryl

Using the orthogonality condition Y, Rf, = 1, the authors of [74] have shown that

3 M
[STIS 8—7rv—21 (mz —ma). (3.93)
2

Assuming a hierarchical spectrum of light neutrinos, this corresponds to an upper bound
on the C'P asymmetry ¢;. On the other hand this also implies a lower bound on the
M;i-scale, e. g. if e, < 107% then M; > 4- 10 GeV, see also the discussion in [74].
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Writing the terms contributing to eq. (3.90) explicitly, the expression for the C'P asym-
metry becomes

3 M 3 1
1 * *
G = T8 (Y,,Y,,T> Im <k;1 (Yo) i (Y ) o M, (Y )o (Yo)y
11
i 1
+ Z (Vo)1 (Y))sy, Ms (Y))s (Yu)u) . (3.94)
k=1

In the above equation, the terms involving M, are from interference processes in the
decays of vg, involving vg,, while those involving M3 are from interference processes in
the decays of vg, involving vg,. For numerical results, these terms are evaluated at the
scales of My and Mj [77], respectively. On the other hand, (V,Y;! )11 being relevant for
the effective neutrino mass m is evaluated at the scale of M; in eq. (3.94).

As the MNS matrix U drops out in €y, it is clear from eq. (3.91) that non-zero imaginary
parts of the R-matrix elements are necessary to generate a C'P asymmetry. We will study
a minimal model, where the real parts of the angles in the R matrix are vanishing, i. e.
Z123 = 0. For small imaginary parts, i. e. yj23 = 1072, the form of the R-matrix has
been derived in eq. (2.39). In this limit one obtains the following approximate results:

my
v—% ~ (/ﬁ (1 + yg + yg) + m2y§ + mgyg) (3.95)
2
Im <((Y,,Yj)12) ) ~ —2M My (K1 + ko) (Ka + K3) 1152153 (3.96)
2
Im <((Y,,YVT)13) ) ~ 2M;Ms (k1 + K3) (K2 + K3) Y1Y2Y3 (3.97)

In the above equations, terms of higher order in y; have been neglected. This shows
that successful leptogenesis is possible if yiyoy3 # 0. Therefore the minimal choice is
Y1 = Yo = y3 = y. If one further assumes hierarchical light neutrinos, i. e. k; = 0, the
baryon asymmetry is determined through eq. (3.84) by the parameters

_3M,

€1 1 (—Ko + K3)Y (3.98)
T
kp ~ 024x_e ™
: 0.9 02 0.9
~ 0.24 <~—2 (Ko + Hg)) y'® (1 — ( 2 (kg + /4;3)) y1‘8> . (3.99)
m_ m_

Summarizing, in this model the sign of y;y.y3 is fixed to be positive, and the baryon
asymmetry depends on a common y = y; < 1072 as np o< >3, in the limit of hierarchical
light neutrino masses and m; < m_.

It has been noted that an overabundance of gravitinos can cause serious cosmological
problems [78]. For example, the abundances of light elements as explained by big-bang
nucleosynthesis (BBN) may be modified by gravitino decays: Since the couplings of the
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gravitino to ordinary matter are strongly suppressed by the gravitational scale, it has a
very long lifetime. However, if it is heavier than the LSP, it can decay e. g. radiatively
into a photon and photino. These decays will occur after the big-bang nucleosynthesis,
unless the gravitino is heavier than ~ 10 GeV [41]. Among the gravitino decay products
are energetic photons which induce electromagnetic cascade processes, thereby spoiling
successful BBN. Since the number of gravitinos produced during the reheating epoch
is approximately proportional to the reheating temperature Tk, one can obtain upper
bounds on T depending on the gravitino mass mg/,. According to the analysis [79], the
upper bounds corresponding to a heavy, i.e unstable gravitino are given by Tx < 107, 10°
and 10" GeV for mg/, = 100 GeV, 1 TeV and 3 TeV, respectively. Assuming that the
right-handed neutrinos are produced thermally after inflation results in a constraint on
My, i. e. My < Tg. This potential problem of thermal leptogenesis can be overcome
e. g. in AMSB, as has been realized in [44]. In anomaly mediated SUSY-breaking,
mge is typically of the order of 10-100 TeV, so that bounds obtained from ms/, are less
severe. This is due to the fact that for mgs/, 2 60 TeV, the gravitinos decay well before
the start of nucleosynthesis, see also [44] for details. Another way to solve the gravitino
problem has been proposed recently by the authors of [80]. It has been noticed that
in gaugino mediated supersymmetry breaking, gauge couplings decrease above a critical
temperature T, which depends on the SUSY breaking mass scale. In this scenario, the
gravitino is the LSP and therefore the dark matter candidate. The decrease of the gauge
couplings crucially affects the production of gravitinos after inflation. The authors of [80]
have shown that this mechanism leads to a relic gravitino density which is compatible
with the WMAP results and which becomes independent of the reheating temperature
for Tr > T..

Since an analysis of the gravitino problem is beyond the scope of this work, we will not
consider the related constraints which are also model dependent in the following.



Chapter 4

Numerical results

4.1 Input parameters

4.1.1 Neutrino parameters

For numerical results we use the global fits in a three neutrino framework performed
in [3] including data from KamLAND, CHOOZ, MACRO and Super-Kamiokande, and
also the recently improved measurement of the neutral currents at SNO as well as the
first spectral data from the K2K long baseline accelerator experiment, see references in
[3]. The neutrino oscillation parameters corresponding to the highly-favored large mixing
angle solution of the solar neutrino problem are summarized in Tab. 4.1.

| Parameter | best fit | error (30) |
sin? 03 0.52 o5y
sin® 03 0.006 o ooe
sinZ 0 0.30 o
Am2,/107° eV? | 6.9 e
Am3,/107% eV? | 2.6 o

Table 4.1: Best-fit values and 30 confidence level (CL) intervals for the present uncer-
tainties of neutrino oscillation parameters corresponding to [3].

For the Dirac phase 0 of (2.19) and the two Majorana phases ¢ and ¢’ introduced in
(2.18), no experimental limits exist.
Upper bounds on the absolute mass scale of neutrinos can be obtained from tritium beta
decay experiments, neutrinoless double beta decay searches and the neutrino hot dark
matter contribution to the cosmological large scale structure and the cosmic microwave
background, see [81] for details. Assuming that thermal leptogenesis in the decays of N;
provides the solution to the BAU yields a very strong constraint on the mass scale of the
lightest neutrino [71],

my < 0.11 eV. (4.1)

52
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SPS 1a
mo/GeV | My/GeV | Ag/GeV | tan 3 | sign(p)
100 250 -100 10 1
moy = _AO =04 Ml/g, M1/2 varies

Table 4.2: Input parameters and parameter line of the SPS 1a mSUGRA scenario.

SPS 9
mo/GeV | mg)/TeV | tan 3 | sign(p)
450 60 10 1
mo = 0.0075 msz/2, m3/2 varies

Table 4.3: Input parameters and parameter line of the SPS 9 AMSB scenario.

Note also that a positive signal at the final sensitivity of the tritium beta decay experiment
KATRIN would imply m; = 0.3 £ 0.1 eV [82].

4.1.2 SUSY parameters

The fundamental SUSY input parameters should be chosen such that they are consistent
with all experimental and cosmological constraints. These include

e direct sparticle searches;
® b— sy

e cosmological relic density, with the lightest neutralino as LSP and dark matter
candidate;

e Higgs searches.

In the following, we specify the numerical values of the fundamental input parameters of
the SUSY models and also show the resulting sparticle spectra in Tab. 4.6.

mSUGRA There have been several proposals for mSUGRA benchmark scenarios, e.
g. [39] and [83]. The so-called Snowmass Points and Slopes (SPS) benchmark scenarios
[39] propose single points in mSUGRA parameter space, including parameter lines along
which dimensionfull input parameters are varied. The mSUGRA scenario SPS 1a studied
in this work is specified in Tab. 4.2. Note that SPS 1la is similar to scenario B of [83].

AMSB parameters For the input parameters in the AMSB scenario we refer to SPS
9 of [39], see Tab. 4.3.
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GMSB
M2/ GeV M]\C{IC]T tan 3 | sign(u)
500 2 12 1

Table 4.4: Parameters of the GMSB scenario.

GMSB
Fs/GeV? | M,,/GeV | N,, | tan 3 | sign(p)
101 10t 1 15 1

Table 4.5: Parameters of the GMSB scenario.

GMSB parameters We choose the parameters of the GMSB model according to the
so-called “heavy MGM” scenario of [46], specified in Tab. 4.4, for simplicity referred to
as “GMSB” in the following.

GMSB parameters The fundamental input parameters of the GMSB scenario consid-
ered here are specified in Tab. 4.5. As mentioned earlier, for sizeable LF'V effects in the
SUSY seesaw model, the messenger mass scale has to be larger than the Majorana mass
scales. The other parameters, in particular Fg are chosen such that they lead to sparticle
masses comparable to the other scenarios.

4.2 Leptogenesis

Effective neutrino mass m; as a function of elements of R The effective neutrino
mass m; is displayed in Fig. 4.1 as a function of a common y = y; and vanishing z;,
showing an increase proportional to y?, as expected from eq. (3.95) for y < 1 in the
limit k; = 0. In order to demonstrate effects when this restriction is relaxed, we show
in Fig. 4.5 m; when y; are non-equal and z; are small. It turns out that in this case
my is approximately proportional to (y1y2y3)2/ 3 although the correlation is weaker in
comparison to the previous case.

For definiteness, we choose tan § = 10 and a SUSY-scale of Mgysy = 467 GeV, corre-
sponding to the scenario SPS 1a. Note, however, that the results concerning leptogenesis
are virtually independent of the choice of a low-energy SUSY-scale. This also implies that
the results for the leptogenesis parameters would be almost identical in the other models
of SSB considered here.

Efficiency factor x as a function of elements of R As mentioned in section 3.4 on
p. 49, for hierarchical light and heavy neutrinos with M; < 10** GeV, the efficiency factor
ks for the generated (B — L) asymmetry is to a good approximation only a function of m;.
Using the numerical fit of eq. (3.88) for the efficiency factor, we plot in Figs. 4.2 and 4.6
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Parameter | SPS 1a | GMSB | SPS 9 | GMSB
mgo/GeV | 96 211 164 207
mgy/GeV | 177 406 551 221
mgy/GeV | 359 739 986 428
mg/GeV | 378 750 991 444
my—/GeV | 176 406 164 213
my-/GeV | 378 750 990 444
me,/GeV | 143 235 383 310
mz /GeV | 133 224 355 298
ms./GeV | 186 364 382 393
me, /GeV | 202 373 390 401
ms,/GeV | 206 375 400 400
my, /GeV | 185 364 377 390
m;, [GeV | 492 1121 | 1087 | 668
my, /GeV | 379 906 906 533
m;, /GeV | 525 1195 | 1251 | 701
m,/GeV | 575 1117 | 1118 | 721

Table 4.6: Sparticle masses in the scenarios under consideration; in an obvious notation,
the slepton masses of the first two generations are displayed with an “e” index, i. e.

My, = Mg, etc.

Ky as a function of y and Y/y1y2ys, where the relevant parameters are as in Figs. 4.1 and
4.5, respectively. As discussed before, the efficiency factor scales roughly as m; or 1/m;
for m; < 0.1 meV or my > 0.1 meV, respectively. Therefore a maximal x; near 0.1 meV
can be expected in Fig. 4.2. Moreover, the increase of the efficiency factor proportional
to y'® for y < 1 is explained in eq. (3.99). The scattering of r; in Fig. 4.6 follows from
the variation of m; for different y; and small x;.

CP asymmetry ¢; as a function of elements of R The C'P asymmetry €; generated
in the decays of Nj also depends on M in the case of hierarchical right-handed neutrinos.
We present €, as a function of y in Fig. 4.3 when M, is varied in the range 10 —10'2 GeV.
As expected from eq. (3.98), in the case of small y; = y and y > 0, real mixing angles set
to zero and scattering of M; around 10 GeV, the resulting C' P asymmetry is negative
resulting in a correct sign of ng. The fact that —e; scales linear with both M; and y for
y < 1 is explained in eq. (3.98). We also show results for the “less constrained” choices
of R in Fig. 4.7. Note, however that in this case some choices of z; and y;, especially
for large ¥/y1y2y3, yield the wrong sign of €;, in which case the points do not appear in
Fig. 4.7.
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Figure 4.1: Effective neutrino mass pa-
rameter m; as a function of y; = y > 0,
real mixing angles x; set to zero.

Figure 4.3: C'P asymmetry —e; as a func-
tion of y; = y > 0, real mixing angles
x; set to zero; scattering of M; around
10" GeV (inner line) between 10'° GeV
and 10'? GeV, My = 10(100)M;.
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Figure 4.2: Efficiency factor x; as a func-
tion of y; = y > 0, real mixing angles x;
set to zero.
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Figure 4.4: Baryon asymmetry np as
a function of y; = y > 0, real mix-
ing angles x; set to zero; scattering of
M; around 10" GeV (inner line) be-
tween 10" GeV and 10" GeV, Mg, =
10(100)My; straight line corresponds to
eq. (3.68).

Baryon asymmetry 75 as a function of elements of R The predictions for the final
baryon asymmetry ng in the case of a variation of y or y; and z; are shown in Figs. 4.4
and 4.8, respectively. As np is proportional to —eq, it is clear that it also scales linearly
with the mass scale M; corresponding to the spread of points in Fig. 4.4 for a variation
of My in the interval 10" — 10'? GeV. As expected from eqgs. (3.84), (3.99) and (3.98),
np strongly increases proportional to y*® in the range y < 10~!. The maximal baryon
asymmetry is reached near the maximal efficiency factor, i. e. for y ~ 0.1 corresponding to
my ~ 0.1 meV. Comparing the values of maximal baryon asymmetry to the measured one,
see eq. (3.68), we conclude that for this “minimal” choice of the R-matrix, M; should be
roughly 10" GeV or larger. Fig. 4.8 shows that 7 is only weakly dependent on Y1Y293
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Figure 4.5:  Correlation of m; and Figure 4.6:  Correlation of x; and

JY1yays > 0, random variation of yq, YY1yeys > 0, random variation of yq,
y2 = [0.1;10]y1, y3 = [0.1;10]yy, z; scat- y2 = [0.1;10]y1, y3 = [0.1; 10}y, z; scat-

tered between 10~* and 1072. tered between 10~% and 10~2.
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Figure 4.8:  Correlation of np and

Figure 4.7: Correlation of —e; and o
o - Yyays > 0, random variation of yq, yo =
3/y1yay3 > 0, random variation of y, ys = 0.1;10)y1, ys = [0.1;10]y1, ; scattered

[0.1;10}y1, Ys = [01, 10]y1, € scattered between 10_4 and 10_2; Ml _ 1011 GeV;

Z4 —2. _ 101l
between 107" and 1075 My = 10 GeV. straight line corresponds to eq. (3.68).

when considering the “less constrained” form of the R-matrix. This is a consequence of
the weaker correlation of €; and &y1y»ys, see Fig. 4.3.

4.3 Leptonic processes at low energies

In this section we discuss effects of various parameters on Br (I; — [;7) and also on electric
and magnetic dipole moments. In order to illustrate the results, they are displayed for each
of the different SSB scenarios, performing the full one-loop RGE evolution numerically,
see also appendix H.

Earlier works Before discussing the numerical results on Br (I; — [;) of this analysis
in detail, we want to summarize some of our results obtained in former studies on LF'V in
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low-energy and high-energy processes in the SUSY seesaw model with mSUGRA univer-
sality conditions: In [55] we have analyzed the possibility to probe the scale Mg of degen-
erate heavy Majorana neutrinos under the assumption of a real R-matrix. To this end,
we have studied Br (1 — ev) and Br (7 — py) in various mSUGRA benchmark scenar-
ios proposed in [83]. Varying simultaneously over all neutrino oscillation parameters, we
have derived upper bounds on Mpg in these scenarios, if the rare decay Br (u — e) is not
observed by future experiments. Moreover we have obtained intervals for the sensitivity
on Mg provided that future measurements of Br (u — evy) and/or Br (1 — py) are suc-
cessful. It turned out that for very light neutrino masses corresponding to m; < 0.03 eV,
the measurement of Br (1 — ey) ~ 1071* would probe Mp in the range 5 - 10!? GeV to
5-10 GeV, depending on the mSUGRA scenario. On the other hand, a future measure-
ment of Br (1 — uy) at a level of 1072 will determine My, in the range above 5-10' GeV
with an accuracy of a factor of 2 for a specific scenario. In the case of quasi-degenerate
light neutrinos, i. e. m; ~ 0.3 eV, the upper bound from Br (1 — ey) < 1074 is shifted
o (1 —3)-10" GeV, independently of the mSUGRA scenario.

Another interesting possibility is to search for LEV at a future eTe™ linear collider, see
references in [84]. We have studied in [84] possible signal cross-sections for lepton-flavor
violating slepton production and decay efe™ — > i ljill l XY, a # 3. The nu-
merical results have been obtained in the context of the SUSY seesaw model under the
assumptions explained before, i. e. real R-matrix and degenerate right-handed Majo-
rana masses. We have considered those scenarios proposed in [83] leading to left-handed
sleptons that can be pair-produced in the cms energy range (500-800) GeV. The cross-
sections can in principle be as large as (1-10) fb, although they depend strongly on the
SUSY parameters and on neutrino masses and mixings. On the other hand, the correla-
tions between high-energy cross-sections and the branching ratios for the corresponding
rare radiative decays are less influenced by experimental uncertainties in the neutrino
parameters. It turns out that present bounds on p — ey and 7 — 7y still allow sizeable
signal rates at a LC. If the result from the PSI experiment would be Br (u — ey) < 1071,
the cross-sections are constrained to be below 107! fb in these mSUGRA scenarios thus
making it very challenging to search for such a signal. For more details of these works,
the reader is referred to [55] and [84].

Br(l; — l;y) as a function of My According to the leading logarithmic approximations
egs. (2.50), (2.63), (2.88), (2.115) and the mass insertion approximation eq. (3.10), we
expect that Br (I; — l;v) should be proportional to M in the case of degenerate heavy
Majorana masses, because of the form of Y,JLY, in eq. (2.55). Figs. 4.9 to 4.12 show
that this approximation is valid for a wide range of values of M assuming hierarchical
light neutrino masses, vanishing phases and real R. As can be seen from eq. (3.11), the
ratios of branching ratios are expected to remain approximately constant in the various
scenarios if only Mp, is varied. Numerically, this expectation is fulfilled in SPS 1a, GMSB,
GMSB and also for Mg < 10*® GeV in SPS 9 which can be seen in Figs. 4.9 to 4.12. In
Tab. 4.7 the detailed ranges of the branching ratios resulting from a variation of My are
shown, together with results based on the LL approximations where the parameters are



4.3. LEPTONIC PROCESSES AT LOW ENERGIES 29

7B’“ (lj — li7y)
107" ¢

10°
10—11 L
10—13 R
1075 ¢
107
107

\

Mp
5 GeV

L L L |
10t 102 108 10% 10"

Figure 4.9: Br (7 — py) (upper curve),
Br (i — e7) (middle curve), Br (7 — ey)
(lower curve) as a function of M; = Mpg,
k1 = 0, scenario SPS 1a.
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Figure 4.11: Br (1 — u7y) (upper curve),
Br (u — e7) (middle curve), Br (1 — e7)
(lower curve) as a function of M; = Mg,
k1 = 0, GMSB scenario.
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Figure 4.10: Br (1 — ) (upper curve),
Br (i — ev) (middle curve), Br (1 — ey)
(lower curve) as a function of M; = Mg,
k1 = 0, scenario SPS 9.

B’I“ (lj — ll’y)
10° ¢

10—11 L
10—13 L
10—15 L
107 ¢

109 |

| | | | Mp
101 1012 1013 104 GeV

Figure 4.12: Br (7 — p7y) (upper curve),
Br (u — e7) (middle curve), Br (7 — e7)
(lower curve) as a function of M; = Mg,
k1 = 0, GMSB scenario.

evaluated at the GUT-scale for SPS 1a, SPS 9 and GMSB or at the messenger scale in

the case of the GMSB scenario, respectively.

For hierarchical light neutrinos, vanishing phases, real R matrix and best-fit neutrino
oscillation parameters according to Tab. 4.1 one obtains the generic results

Q

3 (4.2)

8- 10°. (4.3)

For these ratios, RGE evolution effects are not important, i. e. inserting the input values
for the seesaw parameters would lead to the same approximate ratios as in eqs. (4.2) and
(4.3). However as mentioned below eq. (2.93), for large values of neutrino Yukawa cou-
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plings corresponding to Mg > 10 GeV, effects from additional contributions of neutrino
Yukawa couplings become important in AMSB, leading to the deviations from the simple
M% dependence in Fig. 4.10 for large Mp.

Non-degeneracy of M; In order to demonstrate effects of non-degenerate heavy Ma-
jorana masses, we compare predictions for rare decays for degenerate Majorana masses, i.
e. M; = Mg and non-degenerate mass spectra in Tab. 4.8. Inserting the best-fit neutrino
oscillation parameters and assuming a real R-matrix, x; = 0 and vanishing phases, Y,/ LY,
at tan § = 10 becomes

_ M. MGUT _ M3 MGUT

YILY,) ~ 81071721 9.10717 23
(YLY.),, Gov "L, Gov MG

_ M. MGUT _ M3 MGUT
YILY,)). ~ —1-107%6-"21 9.10717 23
(YLY.)y Gov " T, Gov A,

_ M. MGUT _ M3 MGUT
YILY,)). ~ —1-107%6-"21 8107165 4.4
(YJLY.)y, Gov " A, Gov A, (44)

The form of eq. (4.4) shows that Br(r — ey) is strongly suppressed in the case of
degenerate M; due to the approximate cancellation of the terms involving M, and M;z in
(Yj LYV)31. For Br(u — ev) the contributions from M, and Mj in (Yj LY,,)21 are roughly
of the same size, whereas for Br(t — py) the term proportional to M3 is dominant. By
increasing Mj with respect to M, one therefore expects that particularly Br(r — ev) is
strongly enhanced, whereas Br(u — e7v) is suppressed compared to the other two decay
modes. Moreover Br(1T — ) is only weakly affected by a different hierarchy among M,
and Mjs. Numerically, a spectrum of My : My : M3 =1:2: 3 leads to typical ratios such
as

) 5
Br(p—e)
B
rlr=en) ooy g (4.5)
Br (1t — ey)

These ratios are roughly as expected from eq. (3.11), when eq. (4.4) is inserted in the LL
approximations.

A hierarchical spectrum of right-handed neutrinos, i. e. M; : My : M3 = 1 : 10 : 100,
leads to the numerical results

M ~ 11

Br(u— ey)

Brp—e) ~ 10 (4.6)
Br (1 — ev) ’ '

which is also expected from eq. (4.4). It should be noted that the values given in egs. (4.5)
and (4.6) should be understood as typical values of these ratios for the parameter space
considered. There are however some exceptional regions, to be discussed below, especially
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SPS 1a
Mp Yi =y my
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Table 4.7: Ranges of Br (I; — [;7y) that correspond to the variation of the corresponding
parameter in the case of SPS la, SPS 9, GMSB and GMSB. Additional rows show the
estimate of the effects of these variations based on the LL approximations egs. (2.50),

(2.63), (2.88) and (2.115).
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Table 4.8: Minimal (maximal) ratios of Br (I; — l;7) that correspond to a variation of
the Majorana mass scales in different M; mass spectra. Also the averaged estimates for
these variations based on the LL egs. (2.50), (2.63), (2.88) and (2.115) are shown.
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Figure 4.13: Curves of Br (I; — ;7) as in
Fig. 4.9 and da;, (dashed) as a function

of Ml/Q, M; = Mp = 10'3 GeV, k; = 0,
scenario SPS 1la.

Figure 4.14: Curves of Br (I; — l;7y) as in
Fig. 4.10 and da? (dashed) as a function
of mgs, M; = Mg = 10" GeV, k; = 0,
scenario SPS 9.

Br(l; — ly) ,da’, Br(l; — 1) ,0a,

1071 ¢
10711

- _\
1077 ¢

—15 |
10 105 L
107 T T = — Y -19 | I
My o 10 AL

06 07 08 09 1 TeV 9 100 110 120 130 140Te

Figure 4.15: Curves of Br (I; — ;7) as in
Fig. 4.11 and da, (dashed) as a function

of ]\7[1/2, M; = Mr = 10" GeV, k; = 0,
GMSB scenario.

Figure 4.16: Curves of Br (I; — l;77) as in
Fig. 4.12 and da’, (dashed) as a function
of Ay, M; = Mp = 10" GeV, k; = 0,
GMSB scenario.

in SPS 9 and GMSB scenarios, where large deviations from egs. (4.5) and (4.6) arise which
are included in the ranges of Tab. 4.7. In the AMSB scenario SPS 9 the predictions from
eqgs. (4.5) and (4.6) hold well for Mp < 10'® GeV, before effects from additional contri-
butions of neutrino Yukawa couplings become important. In the case of GMSB, sizeable
LFV rates are only possible if the messenger scale M,, is larger than the corresponding
heavy Majorana neutrino scale. If M,,, < M;, the different LFV rates are damped and the

ratios based on the leading logarithmic approximations egs. (4.5) and (4.6) differ from
the numerical results.

Differences between different SUSY breaking models The branching ratios
Br (l; — l;y) generically depend on the mass scales of the sleptons, neutralinos and
charginos in the loops and are enhanced by tan? 3. From eq. (3.10) it is also obvious
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Figure 4.20: Correlation of Br (u — ev)
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eters, GMSB scenario.

that the size of the off-diagonal mass terms (5m% is very important. By comparison of the

approximate form of ‘6m%‘2 in egs. (2.50), (2.63), (2.88), (2.115), one can deduce that
these terms are expected to be largest in the case of mSUGRA and AMSB. Assuming
similar size of the high-energy SSB terms and neglecting trilinear terms, we expect from
these LL approximations that the branching ratios in GMSB and GMSB models should
be suppressed by roughly a factor of 0.5. In principle one also has to consider effects from
trilinear terms and also terms involving m3 Jo I AMSB that modify this naive estimate.
For a rough understanding of the quantitative differences in Br (I; — [;7y) of the models,
the effects of sparticle masses in the loop and tan § have also to be taken into account.

In order to illustrate the ranges of slepton and gaugino masses that correspond to a
variation of the SUSY-scale, we show the mass of heaviest slepton and of the wino for
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light and heavy SUSY-scales in the different scenarios:
e SPS la: m;, = (206;779) GeV, M, = (188;765) GeV

Ml/g = (025, 1) TeV, mo = —AQ =04 Ml/Z (47)

o SPS 9: my, = (400;651) GeV, M, = (167;274) GeV

mg/s = (60;100) TeV (4.8)

o GMSB: m;, = (375;700) GeV, M, = (386;782) GeV

M5 = (0.5;1) TeV (4.9)

o GMSB: m;, = (306;590) GeV, M, = (170;337) GeV

A, = (80;140) TeV, M,, = (0.66;1.33) - 10'"* GeV (4.10)

The mass m;_ is a measure of the masses of left-handed sleptons and the wino mass is a
typical mass scale for gaugino masses in both diagrams of Fig. 3.1. Increasing the scale
of SUSY breaking typically leads to a reduction of leptonic dipole moments, because for
heavier slepton and gaugino masses, the loop contributions are more suppressed. In order
to demonstrate this behavior, we show in Figs. 4.13 to 4.16 both branching ratios and
5ai when the SUSY-scale is increased. This is done along the model lines in the case of

SPS 1a and SPS 9, whereas for GMSB we varied M; /2 within a factor of 2, as specified in
egs. (4.7) to (4.9). In the case of GMSB, the SSB masses increase with A,, which is varied
in the interval (80-140) TeV. It can be seen that for a variation of the SUSY-scale, 5@3
scales in the same way as the branching ratios, as expected from eq. (3.31). In Figs. 4.17
to 4.20 we show the correlation of Br (u — e7y) to the RG-induced slepton mass terms

(om2),,

to scale as ‘(5mi)

2
. From the mass-insertion approximation eq. (3.10), we expect Br (u — e7)

2
o1 which can also be seen in Figs. 4.17 to 4.20, apart from scattering

effects. In these figures, we have scattered simultaneously over the following parameters:

e Neutrino oscillation parameters are varied in their 30 CL interval, phases are scat-
tered in the interval [0; 27].

e The real parts x; of the mixing angles of the R-matrix are also varied in [0; 27].

e The imaginary parts y; of the mixing angles of the R-matrix are scattered in the
range [0.0001; 1].

e M is in the interval [10'® — 10'3] GeV, the other heavy Majorana masses are ran-
domly chosen in the ranges My = [1;10] My, M3 = [1;10] M.
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e m; varies in the interval [0.0001;0.3] eV.

e The SUSY-scales are varied in the ranges corresponding to eqs. (4.7) to (4.10).

Note that these ranges of variation are referred to as “scattering over all parameters”
in the following. The different ranges of scattering around an ideal correlation stems
from the different variation of the SUSY-scales and therefore different ranges for the mass
scales in the loops. The largest range of scattering is thus understandable in SPS 1la,
where slepton masses and gaugino masses increase by roughly a factor of 4 through the
variation of the SUSY-scale along the model line, see eq. (4.7). In order to make this point
clear we also show in Fig. 4.17 the corresponding correlation when all seesaw parameters
are simultaneously varied and the SUSY-scale is kept fixed in SPS 1a. This leads to the
narrow line in Fig. 4.17, demonstrating that the variation of the SUSY-scale is indeed the
reason for the spread in the correlation of Figs. 4.17 to 4.20 which also implies that the

2

scaling of Br (I; — 1) with ‘((Sm%)m

parameters. If all lepton-flavor conserving masses are fixed, results on Br (u — ev) lead
2

to bounds on (6m?) < (a few) GeV? in

SPS 1a.

holds even for the most general choices of seesaw

21’

e. g. Br(u— ey) < 107! implies ’(5m%)21

Effects of m; on Br(l; — l;7) We show the dependence on the mass scale m; of
the lightest neutrino in Figs. 4.21 to 4.24 in the case of SPS 1la, SPS 9, GMSB and
GMSB, respectively. These results have been obtained assuming degenerate M; = Mg =
10'® GeV, real R-matrix and vanishing phases. It can be seen that there is a strong
suppression of all branching ratios if m; > \/m3,. A suppression of Br (I; — l;y) with
increasing my is expected by comparing eqs. (3.13) and (3.14): In the limit of quasi-
degenerate light neutrinos, the branching ratios Br (I; — l;y) are then suppressed by

VAm3, and V Am3,

o smr~ as compared to the hierarchical case. The ranges of the branching
ratios resulting from a variation of m; can be seen in Tab. 4.7, together with results based
on the LL approximations. In order to demonstrate the effect of a varying mq-scale, we
show its effect in Y/LY, explicitly,

Mgr my . M, Am Am?

+ - _14 Mpr My Gur | 21 31
(VLY,),, 0= My 1+ o2 ) (4.11)

M M, / A / LA
(YVTLYV>31 ~ ]_0_14 Gel\%/:/{; 1 j\jUT m21 + 0 2 m31) (412)
R

_ Mp m MGUT Am Am2
YILY,). ~ 107" 2l 0.5 — 2L L. (413
( )32 GeV eV Mg m3 (4.13)

Evaluating eq. (4.12) we see that (Y, LY)) .

~ 0.01 eV, before the

increases up to my

decrease for quasi-degenerate light neutrinos sets in. Note also that suppression factors of
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Figure 4.21: Curves of Br (l; — l;7) as a  Figure 4.22: Curves of Br (l; — l;y) as a
function of my, M; = Mpr = 10" GeV,  function of m,, M; = Mr = 103 GeV,

scenario SPS 1la. scenario SPS 9.
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Figure 4.23: Curves of Br (l; — l;y) as a  Figure 4.24: Curves of Br ([; — [;7) as a
fynction of mi, M; = Mg = 10" GeV, function of my, M; = Mr = 10" GeV,
GMSB scenario. GMSB scenario.

roughly 3-107% and 9-1073 are obtained from eqs. (4.11) and (4.13), when m; is increased
from 0 to 0.3 eV in |(YLY,),,|* and |(Y/LY,),,

’(Yj LY,,)?)I}2 is enhanced by a factor of 2. The different mi-dependence of |(YVTLY,,)32‘2

or ‘(YJLYV)Ql}Q as compared to (YJLY;,)31|2 for m; < y/Am3, can be understood as
follows: In the region of small mq, the effect of m; mainly comes from the “interference”
of terms proportional to m; x \/Am?2,. This term obtains a negative sign in eqs. (4.11)
and (4.13), as opposed to eq. (4.12). The order of magnitude of the suppression factor
can also be seen in Fig. 4.21 or in Tab. 4.7. For accurate numerical predictions one has
to include the full one-loop RG running.

2, respectively. On the other hand,

The authors of [85] have analyzed the RG running of neutrino masses, mixing angles and
phases. It has been demonstrated that the RGE effects are generically enhanced in the
case of very large tan ( or in the case of quasi-degenerate light neutrinos. More specifically,
the enhancement of RGE effects of 7 Yukawa couplings for neutrino parameters scales as
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Figure 4.25: Br (l; — l;y) as a function of ~ Figure 4.26: Br (l; — [,) as a function of
yi =y, M; = Mp = 10" GeV, k1 =0, vy =y, M; = Mr = 10'3 GeV, k; = 0,
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Figure 4.27: Br(l; — l,) as a function of ~ Figure 4.28: Br (I; — l;y) as a function of
vi =y, M; = Mr = 101 GeV, k; = 0, v =y, M; = Mp = 10'3 GeV, k; = 0,
GMSB scenario. GMSB scenario.

tan? 3 and the RGE effects of neutrino Yukawa couplings increase for quasi-degenerate
light neutrino states. Apart from the effects of quasi-degenerate neutrinos discussed here,
we work in the limit of hierarchical light neutrinos and small or moderate values of tan 3,
so that RG effects for the neutrino masses and mixings are less pronounced, though we
include them in our numerical predictions.

Effects of y on Br (I; — l;y) The effect of a variation of the imaginary part y = y; in the
R-matrix is shown in Figs. 4.25, 4.26, 4.27 and 4.28 assuming degenerate M; = 10'% GeV,
hierarchical light neutrinos, vanishing x; and phases. The detailed ranges of the branching
ratios resulting from a variation of y can be seen in Tab. 4.7, together with results based
on the LL approximations egs. (2.50), (2.63), (2.88), (2.115). The basic y-dependence
for small y is estimated in eq. (3.17). Using the input values of the neutrino parameters
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according to Figs. 4.25 to 4.28 in this approximation yields
(Vi) [P = 2-107* +4-107%?
(Vi) [P = 1-107+2-107%?
(VL))" =~ 3-107%+3-107%2, (4.14)

where higher powers of y have been neglected. Eq. (4.14) clearly shows that we expect
a strong increase of Br (T — e7y) with increasing y. In Figs. 4.25, 4.26, 4.27 and 4.28 we
actually see the increase of Br (1 — e7) over roughly two orders of magnitude. As has
been mentioned before, we cannot consider arbitrarily large y-values, because Y, has to
stay perturbative. For My = 10'® GeV, this corresponds approximately to y < 0.4.
From egs. (4.14) one expects a much smaller y-dependence in the decay modes Br (T — )
and Br (i1 — e7y). This behavior is confirmed in Figs. 4.25 to 4.28. Moreover, numerically
it turns out that Br (7 — u7y) has a stronger y-dependence than Br (i — e7v), a conclu-
sion that could not be drawn from the simple approximations in egs. (4.14). It should
be emphasized that for a lower Mg scale, perturbativity allows larger values of y, e. g.
y < 1 for Mr ~ 10! GeV. Then the effects of y can be strongly enhanced, as compared
to a Majorana mass scale of 10'3 GeV.

Effects of z; on Br(u — ey) We study effects of the real mixing angles z; of the R-
matrix for vanishing imaginary angles y; = 0 and phases, hierarchical light and heavy
neutrinos in the case of Br (i — e7). The corresponding Figures 4.29 to 4.32 show the
dependence of Br (1 — e7) on a single x;, assuming M; = 10! GeV and M, : M, : M3 =
1:10: 100, also referred to as “spectrum I” for the heavy Majorana masses. In this case
the approximations based on eq. (3.18) are relevant, leading to

M,
(YJLYV)21 ~ \/K3Uf3 <M3 111 ]\ZUTcl (UQQSl\/K/Q -+ U2301\/I€3)
3

M,
—M2 In ]\C}UTsl (Uggclwli - U2381\/I€3>>
2

M,
+/k2U7Ty (M2 In ]\GIUTQ (Usacrv/ka2 — Usssiv/Ks3)

2

M,
+M;1n AG;Tsl (Usas11/Fa + U23cl\//<;_3)) (4.15)
3
M,
(YILY,), =~ koMyln =200, Us
2
M, M,
"‘/‘igUingQg (Mg In ]\Z,ZT C% + M1 In ]\(}TT 8%) (416)
+ MGUT *

M

M M
+/€2UTQU22 MQ In cuUT Cg —+ M1 In Ak 8?)) s (417)
M, M,
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Figure 4.29: Br (u — e) as a function of
xq(full curve), x5 (long-dashed curve), x;
(short-dashed curve), y = 0, spectrum I,
k1 = 0, scenario SPS 1a.
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Figure 4.31: Br (u — e) as a function of
x1(full curve), xo (long-dashed curve), x3
(short-dashed curve), y = 0, spectrum I,
k1 = 0, GMSB scenario.
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Figure 4.30: Br (1 — e7) as a function of
x1(full curve), x5 (long-dashed curve), x3
(short-dashed curve), y = 0, spectrum I,
k1 = 0, scenario SPS 9.
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Figure 4.32: Br (u — e7) as a function of
x1(full curve), xo (long-dashed curve), x3
(short-dashed curve), y = 0, spectrum I,
k1 = 0, GMSB scenario.

in the case where only z;, x2 or x3 are non-vanishing. In the above equations, the
abbreviation s;(¢;) = sinx;(cosx;), i = 1,2, 3 is used.

From eq. (4.15) we see that cancellations in terms proportional to M3 are possible if

U.

tanx; = — @U—%, r ~—1.3 (4.18)
Ko U2z

tanz; = —,/— , a1~ —0.3, 4.19

as has also been discussed in [35]. It is clear from the above that in the limit of 6,5 = 0,
the cancellation corresponding to eq. (4.18) occurs at x; = 0, whereas the best fit value for
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Figure 4.33: ’(m%)m /GeV* acc. to LL

eq. (2.50) as a function of x;. Full (short-
dashed) curve corresponds to sin®f;3 =
0.006 (0), y = 0, spectrum I, k; = 0, sce-
nario SPS 1la.

013 = 0 moves this kink towards negative x;. Due to the periodicity of the trigonometric
functions this corresponds to a kink near x; = 2.8. The other cancellation then occurs
near 7 = 1.9. For the precise values of these cancellations one has to take into account
the RG evolution of the neutrino parameters, as has been done numerically. The different

2
cancellations already occur in the LL terms ‘(5m%) 21‘ , as can be seen from Fig. 4.33. In

order to demonstrate the large impact of 0,3, we show curves for its best-fit value and also
for vanishing 6;3. Notice that the kinks in both curves are shifted and that for #;5 = 0 the
rate Br (. — e7) is suppressed near x1 = 0, as is obvious from eq. (4.19), see also [35].
From eq. (4.15) it follows that cancellations arise for cosz; = 0, i. e. 2, = § ~ 1.6.
Moreover, cancellations in terms proportional to M, are possible for

2] Uso

1 ~ 0.3, (4.20)

tan xy s Us
and also between contributions involving My and Ms.

In the case of non-vanishing x, and the best-fit values for neutrino parameters, it turns
out that the the coefficient of ¢ is the dominant term, so that for Br (u — ey) we expect
a dependence similar to c3, i. e. being minimal around z, = 5

If only z3 is non-vanishing, the term proportional to k3Mj3 is clearly dominating and
independent of z3, so that there is virtually no z3-dependence in Br (1 — e7).

Effects on da, and EDMs Recently, there has been a work on magnetic and electric
dipole moments in the SPS la scenario [56]. The authors have taken into account all
possible SUSY phases and generic LFV mass terms and have shown that in the most
general case SUSY phases can be large and still be consistent with experimental bounds.
Moreover a variation of da, by a factor of up to 3 has been reported together with EDMs
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that can be expected to be measured. In [86] the authors have analyzed the impact of
a large mixing of smuons and staus on the muon anomalous magnetic moment in the
decoupling solution, i. e. sfermion masses of the third generation are assumed to be
below 1 TeV, while those of the first two generations should be a heavier, e. g. 10 TeV. In
this case it has been demonstrated that LFV mixings between relatively light sleptons of
the third generation and heavy second generation sleptons can significantly enhance da,,.
We have studied effects on da, and EDMs in the SUSY seesaw model and have found
that, even in for the most general cases of seesaw parameters the effects on the muon
magnetic dipole moment are tiny. This can be expected from the approximate results in
section 3.2 implying that relatively small off-diagonal slepton mass terms, i. e. relatively
small mixing angles only correspond to tiny shifts in da,,.

Imaginary parts in the combination Y,!Y, of neutrino Yukawa couplings generate leptonic
EDMs in the SUSY seesaw model, so that for the most general choices of Y, and allowing
complex entries, an increase in the magnitude and/or the imaginary parts in Y, leads
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to larger EDMs. This also implies that leptonic EDMs and lepton-flavor violating decay
rates should be approximately correlated when the seesaw parameters are varied simul-
taneously. The correlation between |d,|/ecm and Br (u — ey) is shown in Figs. 4.34 to
4.37 for the different scenarios, demonstrating that this correlation is rather weak for a
simultaneous variation of all parameters. In principle constraints from a measurement
of Br (u — e7y) on the muon electric dipole moment are possible. However the maximal
values of |d,|/ecm are below the sensitivities of future experiments for the parameters
considered here. Nevertheless the work of [38] has shown that leptonic EDMs strongly
increase for large hierarchies among M; masses and also specific textures in Y, or larger
values of trilinear terms A, can enhance EDMs to a level that can be tested in future
experiments. As has been also pointed out in [38], particularly for non-degenerate M;,
no strong correlation is expected between d, and d., because of additional contributions
to A, that violate naive scaling of the form eq. (3.50). We show the correlation between
|d,|/ecm and |d.|/ecm for a simultaneous variation of all parameters in Figs. 4.38 to 4.41.
Both leptonic EDMs are typically far below future experimental sensitivities, however as
mentioned above, a strong enhancement is possible. As expected, |d,| and |d.| are only
weakly correlated for the simultaneous variation of all parameters considered.

Effects of non-vanishing lepton masses in loop integrals The difference between
the results for branching ratios using exact one-loop results presented in appendix F and
the well-known results from [31] for Br (I; — [;y) are mainly due to the phase space factor
in eq. (3.4). Taking into account the non-vanishing lepton masses in the two-body decay
(m?j _mlzi)g
my.

approximation. This factor yields a reduction of the exact one-loop result by a factor of
0.989 in Br (T — w7y), while for Br (1 — pvy) and Br (7 — e7v), small relative deviations
at a level of 107® and 10~7 are obtained from non-vanishing lepton masses in the decay
phase space. Scattering over the whole parameter space, we find that these predictions
for Br (l; — l;7y) are accurately fulfilled in SPS 1a, i. e. the relative changes with respect
to the standard formulae are at the level of one percent, 107° and 107% in the above
cases. This also implies that the modifications for the MDMs and EDMs in SPS 1a are
tiny, because then only the corrections in the loop integrals enter, leading to a relative
modification of da, at a level of 1077 and for the EDMs of e and u at the level of 1074,
respectively.

We emphasize that the relative shifts in leptonic electric dipole moments below the level
of 0.1 percent when taking into account all lepton masses are generic for slepton masses
and gaugino masses of the order of 100 GeV. Such tiny effects from m;, masses are ex-
pected from the exact denominators egs. (F.17) and (F.32) of the loop integrals, see
egs. (F.14), (F.15), (F.16), (F.29), (F.30) and (F.31), where lepton and sparticle masses
enter quadratically.

phase space corresponds to a factor of , as compared to mi in the standard
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Relations of Br (I; — l;7) to Br (lj — lil_ili) and p-e conversion We have examined
the approximations egs. (3.63) and (3.65) obtained under the assumption of dominance of
on-shell photon penguin diagrams numerically by varying over the whole parameter space
of the models. Using complete analytic expressions as specified in [31] and appendix G,
we have found the results of Tab. 4.9. It can be seen that in the models considered, the
approximations eqs. (3.63) hold with good accuracy, even for a simultaneous variation
of all parameters. Therefore these correlations among different lepton-flavor violating
processes provide predictions that can probe the SUSY seesaw model in the future. One
can e. g. conclude that a measurement of Br (i — e7y) ~ 1.5:107!3 corresponds roughly to
a value of 1-107% for R (u=Ti — e~ T4%) or Br (u — 3e). Taking into account the different
future sensitivities for these processes mentioned in the introduction, a measurement of
R(u~Ti — eTi) at a level of 1071¢ would correspond to a sensitivity of 1.7 - 10714 in
Br(p— ey).
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Ratio SPS 1a SPS 9 GMSB GMSB
B2 /1078 6.2 6.2 6.2 6.1

Br(u—ey)

Br(r—3pu) 3
B /10 2.3 2.3 2.3 2.3

Brtt /1072 1.05 1.05 1.05 1.05

Br(r—ey)

R Tize 10 /103 | (4.3 —4.7) | (71—7.2) | (4.3 —4.4) | (5.0 —5.1)

Br(p—ey)

Table 4.9: Ranges obtained by scattering over the whole parameter space of the models.
We display only one value if the variation is less than one percent.

Effects of oscillation parameters and phases on Br (I; — l;7) The detailed ranges
of the branching ratios resulting from a variation of a single neutrino oscillation parameter
including the Dirac phase § can be seen in Tab. 4.10, together with results based on the
LL approximations. Comparing the predictions for the variations based on the LL ap-
proximations egs. (2.50), (2.63), (2.88), (2.115) evaluated at the GUT-scale or messenger
scale and the numerical ranges of Br (I; — [;7y), one sees that the LL approximations are
rather accurate for an estimate of the effect of a single parameter.

In the following we will briefly discuss these effects, keeping in mind that they can be
approximately understood by inserting numerical values in eq. (3.13). It turns out that
variations in the parameters 65, 693 and Am?2, within their 30 CL intervals have a small
impact on Br (i — e7y) and Br (7 — py), while a variation of 613 and § causes significant
changes in Br (u — e7v). The effects of the neutrino oscillation parameters on Br (1 — e7)
will be discussed separately below.

Considering only the effect of a variation of #,5 on the rare decays, a numerical estimate
based on eq. (3.13) shows that Br(u — ey) and Br (7 — py) both increase with 6o,
although the dependence on 65 is rather weak corresponding to an increase of roughly
11% and 6%, respectively.

The angle 013 has quite a large impact on Br (i — e7v), i. e. increasing 63 from 0 to its
maximal value at 30 CL leads to a rise in Br (u — ev) by approximately a factor of 15.
On the other hand Br (7 — u7) slightly decreases by less than 10%, if 613 is increased in
its 30 CL range.

Varying only o3, it turns out that Br (u — e7y) and Br (7 — ) are both maximal for
o3 =~ 0.8 with a stronger o3 dependence of Br (1 — ).

If the neutrino mass parameter Am3, is increased within the 30 CL range, the rate of
i — ey also increases by roughly 23%, because (YY) scales linearly with /Am2,,
as can be seen from eq. (3.13). In (Y)Y, )3, there is a relative minus sign between the
subdominant contribution from Am3, and the dominant term involving AmZ,, so that
Br (1 — uy) decreases by about 7% for increasing Ams3,;.

An increase of AmZ; in its 30 CL interval leads to a rise in both Br (u — ey) and
Br (1 — py). The term proportional to AmZ, is numerically dominant in (Y,Y,)s2. The

max m2
M ~ 2.6. On the other

increase in Br (7 — u7y) can be roughly approximated by — (an2,)
min m31
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Figure 4.42: Br (I; — l;y) as a function of
the Dirac phase §, M; = Mgz = 10'3 GeV,
real R, k1, = 0, scenario SPS 1la.
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Figure 4.44: Br (I; — l;7y) as a function of
the Dirac phase §, M; = Mg = 10*? GeV,
real R, k1 = 0, GMSB scenario.
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Figure 4.43: Br (I; — l;y) as a function of
the Dirac phase §, M; = Mz = 10'3 GeV,
real R, k1 = 0, scenario SPS 9.
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Figure 4.45: Br (I; — l;7y) as a function of
the Dirac phase 6, M; = Mp = 10" GeV,
real R, k1 = 0, GMSB scenario.

hand, in (Y,Y, )21 the terms involving Am32, and Am3, have a relative plus sign and are
of similar magnitude, leading to a variation of Br (u — evy) by 40%.

The variation of a single parameter within its 30 CL range can induce a large suppression
in Br (1 — ev), implying cancellations in (Y,[Y,)3;. From eq. (3.13) it follows that

M M,
YIY,)5 ~ Ry 2CUT Am?, sin ;5 cos O3 cos 013
v 31

v2sin? 3 Mp

—1/Am3; cos 613 sin 015 (cos O3 sin O3 + cos O3 sin Hy3 sin 012)) (4.21)
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Different cancellations can occur in the aforementioned equation (4.21). More specifically,
inserting numerically the best-fit values from Tab. 4.1 where necessary, these cancellations
are approximately at:

[} 912 ~ 0.53

913 ~ 0.08

923 ~ 0.78
VAmMZ, ~ 7.9 meV
e /Am3, ~ 54 meV

It is interesting to notice that the best-fit value for 6,3 ~ 0.0775 is very close to the
cancellation value shown before, implying a large suppression for Br (7 — ev). Eq. (3.13)
also implies that an increase of Br (7 — e7) by three orders of magnitude is possible if
913 ~ 0 or 913 ~ 0.2.

The Dirac phase § can have a large impact on Br (7 — e7y) and Br (u — e7v), as can be
seen in Figs. 4.42 to 4.45. For the choice of parameters in these Figures, the effect of §
on the decay rates can be approximated using eq. (3.13) and inserting the best-fit values
according to Tab. 4.1 numerically, leading to

Mg . M, |
(VILY,), ~ 1-1077 I . (9+9¢°)
Mg . M, |
i ~ 1.107 Mz Mcur is
(Y/LY,),, ~ 1-10 oy . (=9 +9¢”)
(Y/LY,), ~ 1-107'6 Mp y, Meur (8 + 0.05¢7™ — 0.05¢™) (4.22)
v s GeV' Mg ’

where a value of tan § = 10 is assumed. Eq. (4.22) shows that Br (u — ey) is expected
to be maximal for 6 = 0 and minimal for 6 = 7 where the dominant terms cancel
in (YLY,),,. For Br(r — ey) on the other hand, the situation is reversed: Maximal
(minimal) values are expected for § = 7(0) due to the different sign in front of the real
term in (YJLYV)31. Moreover, it is clear from eq. (4.22) that Br (7 — py) is virtually
unaffected by a variation of the Dirac phase in the case considered here, which can also
be seen in Figs. 4.42 to 4.45.

On the other hand, there is no effect of the two Majorana phases in the case of degenerate
M; and real R-matrix, as can be seen from egs. (2.55) or (3.12). Then the Majorana
phases ¢ and ¢’ drop out in the combination U;, U}, which is also true for non-degenerate
M; and R =1, see eq. (3.15).
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SPS 1a
923 913 912 Amgl Am?ﬂ 5
Br(t — py) /1071 1 6.2, 76 | 6.9; 7.7 | 7.4; 7.8 | 7.2, 7.8 | 3.7; 11 72,76
om?2 ?
“((55% 0.82 0.90 0.94 0.93 0.33 0.95
") 32 ma
Br(u—ey) /1071 [ 2.1; 22| 0.6;8 |2.1;24 [20;26 | 1.7;2.7 | 4-107% 2
om?2 ?
K;#g’”’” 0.95 0.07 0.89 0.77 0.60 2.1074
‘<6m£>21 max
SPS 9
023 913 912 Am%l Amgl )
Br (7' — ;ry)/lO_lO 1.0;,1.3 112,13 112;,1.3|12;1.3|0.7; 1.8 1.2, 1.3
dm?2 ’
W 0.82 0.90 0.94 0.93 0.34 0.95
ML) 39 mag
Br(p — ev) /10_11 3942 1.1;15 1 3.9;44 138,49 (3.2;50|1- 10_3; 4
dm?2 ’
“(((SQL% 0.94 0.07 0.89 0.77 0.61 6-107°
ML) 21 g
GMSB
023 913 612 Amgl Amgl )
Br(t — uy) /1072 [ 1.0; 1.3 | 1.2; 1.3 [ 1.2; 1.3 | 1.2; 1.3 [ 0.6; 1.8 | 1.2; 1.3
om2 ?
W 0.82 0.90 0.94 0.93 0.33 0.95
ML) 32| mag
Br (u — e7) /10_13 3.6;381 09,13 135,39 |34;44|28;46 |7- 10_4; 4
dm?2 ’
W 0.95 0.07 0.89 0.77 0.60 2.1074
ML) 21 g
GMSB
923 913 912 Am%l Amgl )
Br (1 — wy) /10*12 3.2;39|36;4.0|38;4.1|38;4.1|1.9;5.8 3.7:3.9
dm?2 ’
W 0.82 0.91 0.94 0.93 0.33 0.95
i) 39| mag
Br(p—ey) /10712 {1.1;1.2[0.3; 3.9 | 1.1; 1.3 | 1.1; 1.4 [ 0.9; 1.5 | 2-107%1
om?2 ?
W 0.95 0.08 0.89 0.77 0.60 2.1074
M%) maz

Table 4.10: Ranges of Br (I; — ;) that correspond to the variation of the corresponding
parameter in the 30 CL intervals according to Tab. 4.1 in the case of SPS 1la, SPS 9,
GMSB and GMSB. Additional rows show the estimate of the effects of these variations
based on the LL approximations egs. (2.50), (2.63), (2.88), (2.115).



Chapter 5

Conclusions

In this work the SUSY seesaw model and its effects on low-energy leptonic observables
and thermal leptogenesis have been systematically investigated. Precision measurements
will increase the sensitivity on lepton-flavor violating decays, particularly on Br (I; — [;y)
and also on electric and magnetic diplole moments in the near future. In order to improve
also the accuracy of theoretical predictions for these processes, we have performed a full
one-loop calculation of the underlying supersymmetric processes taking into account the
lepton masses.

By the introduction of very heavy Majorana neutrinos, the supersymmetric seesaw model
naturally leads to small neutrino masses. On the other hand it provides definite predic-
tions for SSB mass terms, where in flavor space, non-diagonal elements of the slepton
mass matrices induce LF'V. The scale dependence of these SUSY mass parameters is de-
termined by the RGEs. In order to obtain reliable and precise results for the mass terms,
the complete set of one-loop RGEs between the electroweak scale and the unification scale
has been solved numerically.

Since the mechanism of SSB is completely unknown, a novel analysis beyond the often
studied mSUGRA models has been performed. This includes the formulation of the
SUSY seesaw model in the “minimal” framework of gauge mediation, anomaly mediation
and gaugino mediation. For the numerical results in mSUGRA and AMSB, we have
referred to the benchmark scenarios SPS la and SPS 9 proposed in [39]. In the case of
GMSB and GMSB, the fundamental parameters have been chosen such that the sparticle
masses are in the range from 200 GeV to roughly 1 TeV, being also the mass range in
the aforementioned benchmark scenarios. This way it has been demonstrated that in all
of these models of SUSY breaking, the ongoing search for Br(u — ey) can constrain
fundamental SSB parameters and/or the seesaw parameters. In this context it should be
mentioned that in GMSB lepton-flavor violating effects can be strongly suppressed, if the
messenger scale is below the mass scales of right-handed neutrinos.

We have studied many useful relations for rare leptonic processes that are valid in all of
these SSB scenarios, e. g. Br (l; — lilil;) o< Br(l; — l;y) and Br(l; — l;y) |0a,|*.
These correlations between different LFV decays will allow for many predictions for lep-
tonic observables at low energies once charged LFV is observed. In each of the SSB
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mechanisms considered, we have also demonstrated numerically that the decay rates for
l; — ;7 generically scale with the “leading logarithmic” approximations for the RGE
effects in the slepton sector. This might be useful for model building. Finally, because
many SUSY flavor effects can also be studied in supersymmetric models that violate tri-
linear R-parity, we have pointed out correlations in lepton-flavor violating processes that
are essentially different in R-parity conserving or violating approaches.

This analysis shows that for slepton and gaugino masses below roughly 700 GeV and a
right-handed Majorana mass scale of at least 1-10'® GeV, one can expect an observable
signal for 4 — ey in the PSI experiment in a large portion of the seesaw parameter
space. If the light neutrinos are quasi-degenerate, the rates for Br (u — e7y) are reduced
by more than two orders of magnitude. The C' P-violating neutrino Dirac phase also has
a great impact on Br (u — ey) and Br (7 — e7): For the specific case of a real R-matrix,
degenerate right-handed Majorana masses and hierarchical light neutrino masses, large
cancellations occur in Br (u — e7y) for 6 = m and in Br (7 — e7y) for § = 0, respectively.
If the masses of the right-handed neutrinos are non-degenerate, the ratios of Br (I; — ;)
for different decays can probe the mass spectrum of the heavy Majorana masses M;.
For non-degenerate M;, the real mixing angles x; in the unknown complex orthogonal
R-matrix are important for Br(l; — ;). It has been shown that Br (i — ey) may
be suppressed in some regions of x; by more than four orders of magnitude, while the
suppression for ro = 7 can be more than three orders of magnitude.

Finally the predictions for the baryon asymmetry of the universe generated through ther-
mal leptogenesis have been analyzed in the context of the seesaw model. Thermal lepto-
genesis is only possible for non-degenerate heavy neutrinos. Assuming both hierarchical
light and heavy neutrinos, the low-energy rare processes are dependent mainly on the
mass of the heaviest right-handed neutrino M3, whereas in thermal leptogenesis a lower
bound on M; can be obtained. The baryon asymmetry generated in thermal leptogenesis
is essentially independent of the mechanism of SUSY breaking and also on the neutrino
MNS mixing matrix. The basic parameters of leptogenesis, such as the C'P asymmetry
€1 in the decays of Ny, provide probes of the unknown complex orthogonal R-matrix. We
have shown that for a minimal model, i. e. parameterizing R in terms of one common
imaginary angle, y; = y and vanishing real mixing angles, successful thermal leptogenesis
is possible provided M; > 10! GeV.

The results of this work show that further information on Br (1 — e7) in the near future
in connection with constraints from thermal leptogenesis will be an excellent probe of
the parameters of the SUSY seesaw model and will allow for more precise predictions for
other lepton-flavor violating processes.



Appendix A

SM input values

The input parameters of the SM have been taken from the Particle Data Group Collab-
oration [5] and the program package SOFTSUSY [33]. For the numerical analysis of the
RG evolution we refer to the input values at my listed in Tab. A.1 specifying the running
masses at myz, see also [33], where accurate RG studies have been carried out. An addi-
tional fundamental parameter is the GUT scale, Mgyt = 1.5-10'% GeV corresponding to
an unification of gauge couplings in the scenarios considered.

It should also be mentioned that we do not include quark mixing in this analysis which is
appropriate for the purpose of this study, where we concentrate on lepton mixing rather
than on the small quark mixing. Due to the dominance of top and bottom quark masses,
the corresponding Yukawa couplings are strongly dominating among the quarks.
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APPENDIX A. SM INPUT VALUES

Variable value description
a, a(mgy) 1/137.036, 7.82 - 1073 fine-structure constant
as (myz) 1.17-1071 strong coupling constant
sin? Oy (my) 0.2311 weak-mixing angle
v 174.19 VEV of Higgs field
my 91.188 Z-boson mass
mw 80.423 W-boson mass
me (me), me (mz) | 5.11-107% 5.01 - 1071 electron mass
my (my), my, (mz) | 1.057-101,1.039 - 10~* [ mass
my (m;), m, (mz) 1.777, 1.752 T mass
L', 2.996 - 10717 full width of u
I, 2.2649 - 10712 full width of 7
my (mz) 1.72-1073 u-quark mass
mg (mz) 3.89-1073 d-quark mass
ms (my) 6.76 - 102 s-quark mass
me (Mmz) 0.576 c-quark mass
mp (Mmz) 291 b-quark mass
my (my) 174.3 t-quark mass

Table A.1: SM input parameters, all masses and widths are in units of GeV.




Appendix B

Feynman rules

In this appendix we show the relevant vertices for sparticles arising from the interaction
Lagrangians specified below.

Interaction Lagrangians Charged lepton-sneutrino-chargino [31]:

L7 =1, (c )Pp+ CEOp >Xa1/w—|—1/xxa (oR“) P+ kO p )zi (B.1)

wuaxr axr

Quark-squark-chargino [31]:

£l = & (CoPr+ COP) Xt + @K, (G P+ CEY Pr) d

4, (0 () p. 4 ol PL> K, + d°XF (C (Wrp o ok “>*PR) s

(B.2)
Charged lepton-charged slepton-neutralino [31]:
£l =T (N P+ NP ) XL+ BXT (N P+ N PR) 1 (B3)
Quark-squark-neutralino [31]:
L5 = & (N Prt N PL) X0+ X (N Py + N Pr) d
+u; (Nmi 'Pr + Nm; )PL) Xoily, + X0 (Nm(ﬂu)*P + Nmé wep ) U
(B.4)
Photon-chargino-chargino [87]:
LY = —e A XS (B.5)
Photon-charged slepton-charged slepton [87]:
L = ieA 00 I, (B.6)
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The coefficients of the vertex factors involving charginos are given by

Ci]?;;(rl) = -9 (OR)al (Uﬂ)m' (B.7)
ctO — g M (0L (Uy). B.8
iax \/_mW COSﬁ ( L>a2 ( )m ( )

G = (= (O (U, 4 5 (On) Uiy (B9
C? = 975t (O1)a Vi) (B.10)
Cl = 0 (=00 Ot 5 (O Wny) (31D
Cus’ = 95 e (O (U (B.12)

The vertex factors involving neutralinos have the following coefficients

g
Nag' = =5 (= (Ow)y = (On) s tanbi) (U,
my,
p—— (ON)as (Uz)x(¢+3)> (B.13)
NEO o 9 (T A
iax \/i mw COSﬁ (ON)aB (Ul)zz
+2(Ow),, tan by (U)m(l+3)> (B.14)
g 1
Ni]jgjd) = _ﬁ ((_ (ON)aQ + g (ON)al tan QW) (UJ)JJ’L
my, 3
Ty o5 B (ON) a3 (Ud)z(i+3)) (B.15)
Ld _ 9 Mg, 5
VAP = (I (), W,
2
+2 (O tan (V)0 (B.10)
u g 1
N = 5 ((— (ON)gs + 3 (ON)a 138“1914/) (Ua)
_ M (ON) o (Uﬁ)x(H»S)) (B.17)
myy sin 3
NEw 9 [ T a
ax \/5 mw sinﬁ (ON>a4 (Uu)m
4

_g (ON)al tan ew (Uﬂ)m(2+3)> . (Blg)
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Vertices From the above interaction Lagrangians the vertex factor for diagrams in-
volving one scalar and two fermions when all arrows are reversed, is obtained from the
“original” one as follows: If the vertex factor is of the form c¢*P;, + ¢ Py, then reversing
all arrows yields the vertex factor ¢/™* P, + c** Pg, see also [87]. The arrows on scalar lines
denote the flow of the corresponding lepton number or baryon number.

Up ~
Xa
d;
- « cEDp,  cHD py
A AN
A Y
ﬂ; N
Xa
u R(u) L(u)
“ ™ Ciaz PR+C’L’ax PL
A AN
A 3
AN
d: -~
Xa
I
“ ™ Niag)PR_'_Nzﬁ:(rl)PL
A AN
A 3
AN
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Appendix C

Masses and mixings

Neutralinos The symmetric neutralino mass matrix Myo is introduced by [31]

1

—Li0 = §¢)~COM)~<O¢;:§0 + h.c., (C.1)
in the neutralino basis S
Vo = (BLWE RS, B3, ) (C.2)
as ~
M, Q —MzSe,C8  MZS0, S3
Moo — 0 M, MzCoy, €3 —MzChy S ’ (C.3)
X —MzSey,Cs  MzCoyCa 0 —
mzSey Sa —MzCoy, Sp — K 0

where s, = sin« and ¢, = cos .

The gauge eigenstates are the bino, the neutral wino and two higgsino states where each
component is a two-component Majorana fermion field. The real matrix Mo is diagonal-
ized by the orthogonal matrix Oy,

OnMy Oy = Diag (mxg, mg, mig,mig) , (C4)
leading to four left-handed neutralino mass eigenstates which are defined by
X?L = (ON)ij (%Zo)ja G,y 1,4 (C.5)
Four-component Majorana spinors x? of mass mgo are obtained as x! = )Z?L + )Z,?R [31].

Charginos The mass matrix of charginos L4~ is given by [31]

o = (Wi Fs, ) Me- < Z_L ) +he., (C.6)
as N /2
o M, 2myy cos 3
My = ( V2myy sin 3 v ) ' (€.7)
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A real M- matrix is diagonalized by two orthogonal matrices O and Oy, such that
OrM,-OT = Diag (MX;, M~,> . (C.8)

Defining

leads to two chargino Dirac states
Xa = Xa;, + Xap> a=1,2 (C.10)

with masses my— and m- [31].

Sfermions The charged slepton (mass)? matrix has the form

m?  (m? )
lg: ( mglL rnlngR , (C.ll)
2

where ml~ , m? and m? ~are 3 x 3 matrices, m? and m? being hermitian, see [31] and
R LR L R

[51]. The matrix elements are given by

1
(m?L)ij = (m})i; + 0y (mi + m?%, cos(20) (—5 + sin? HW)) (C.12)
(mlgR)ij = (m2)ij + 6;;(mj — m% cos(23) sin® Oy) (C.13)
(ml?LR)ij = (A¢);;veos 3 — bijmy,ptan B. (C.14)

From eq. (C.11) the mass eigenvalues of mlg are found through diagonalization by a 6 x 6
unitary matrix Uj,
Ul~mgU~Jr = Diag(mg,...,mg,...,mg), (C.15)

I Is
where the masses increase from ml2 to m~ The slepton mass eigenstates are expressed

in terms of the gauge eigenstates by
[ = (UDjalr + (jarslre:  §=1,..6; a=e . (C.16)

The (mass)® matrix of the SUSY partners of the left-handed neutrinos is given by
1
(m3)ij = (m?)y; + §5ijm22 cos2B,  i,j=1,2,3. (C.17)

In the SUSY seesaw model, the partners of the right-handed neutrinos are very heavy
and their admixture to the left-handed sneutrino mass matrix can therefore be disre-
garded in m? at energy scales much below the heavy Majorana neutrino masses. After
diagonalization with the unitary 3 x 3 matrix Uy,

U;m2Ul = Diag(m?2 ,m?2,, m? 2)s (C.18)

U v
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the mass eigenstates 7; are related to the gauge eigenstates by
v; = (Up)jaVL,, j=1,2,3; a=e,u,rT. (C.19)

The (mass)2 matrices for up- and down-squarks have a form analogous to that of the
charged sleptons. For down-squarks it is given by

2 2\t
my = P o)) (C.20)
"br "bp

where m% ., m%2 and m% are 3 x 3 matrices, m
Dy, Dgr Drr

matrix elements are given by

(m% )iy = (m3)y + 0y [ m3, +m7%cos(28) _1+sin20W (C.21)
D T 0/ii T 9 | My z 5 3 :

2

2 . o .
Be and mp being hermitian. The

1
(m%R)ij = (m?j)ij + (Sij(m?li — ngZ cos(203) sin? Oyy’) (C.22)
(m%LR)ij = (Aa)y; veos B — dmg,putan 5. (C.23)

2~

7 are obtained by diagonalization with a 6 x 6

From eq. (C.20) the mass eigenvalues of m
unitary matrix Uy,

Udm%Ug = Diag(m?il, e mfzj, ey m?%). (C.24)

The down-squark mass eigenstates are expressed in terms of the gauge eigenstates by
dj = (Ujadr, + Ujeizydr.,  j=1,...6; a=d,s,b. (C.25)

For up-squarks the (mass)® matrix reads
m2 m2 )
m? = ( Jr ( U2LR> : (C.26)
U ma me
ULr Ur

where m2 , m2 and m%  are 3 x 3 matrices, m
UL UR ULR

elements are given by

1 2sin%6
(m?}L)ij = (mé)” + 0y (mi + m?%, cos(2) <§ — T”’)) (C.27)

2 and mZ being hermitian. The matrix
L R

2
(m%R)ij = (m3)y + 6;;(ml + ngZ cos(23) sin” Oyy) (C.28)
(mZULR>%’j = (Au)ij vsin 3 — 0;5my, pt cot 3. (C.29)

From eq. (C.20) the mass eigenvalues of m2U are found through diagonalization by a 6 x 6
unitary matrix Uy,
UsmZ UL = Diag(m2 ,....m2 ,...m2,). (C.30)

Uj °) ug

The up-squark mass eigenstates are expressed in terms of the gauge eigenstates by

ij = (Ua)jatir, + (Ua)j(a+3)URa J=1..,6; a=u,ct (C.31)



Appendix D

Dirac algebra and Gordon identity

The Dirac equation for spinors u; and u; = uho is given by

u; (p) (' —mi) = (P —my) u;(p) =0, (D.1)
where
pP=p=p-. (D.2)
Dirac matrices fulfill anticommutation relations,
"t =2¢"  {"7°} =0 (D.3)

Useful relations of Dirac matrices are [52]

7= (D4)
=% =1 (D.5)
MW = =27 (D.6)
=y (D.7)
Using
V", 7" = —2ic", (D.8)
one can show that
¢¥=a-b—ia,b,o". (D.9)
Then one can derive the following Gordon identity, see e. g. [88] and [54],
— @ 1 — (e o e
u; (') uy(p) = muz () [(p, +p%) +ic®” (Pia _Pﬁ)] u;(p)
1
i (p))y - €ui(p) = mﬂl ') [2p-€ — iej;ao‘ﬁqﬁ] u;(p), (D.10)

where the four-momentum ¢ is defined as ¢, = p,, — pib and for an on-shell photon € - ¢ =
€* - ¢ = 0. Making use of eq. (D.3) and

[v°, "] =0, (D.11)
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one can show that

_ o 1 — (e «a LY
@ ()Y ui(p) = ——— () [(0" + %) + 80 (s — ps) ] v504 ()
i J
— * 1 — * - %«
W (p) v - €ui(p) = ———w (p) 20+ € —ieo™qs] v5u;(p). (D.12)
m; — mj
Only helicity-changing terms contribute to leptonic dipole operators at the one-loop level,
so that helicity conserving terms, i. e. v-€* = 0 can be neglected [54]. Therefore, for an
on-shell photon ¢?> = 0, the helicity-changing part of the penguin-type diagrams can be

written as
U; (p') 2p- € PL(R)Uj(p) = Uy (p’) iEZUQﬁQBPL(R)Uj (p)- (D.13)



Appendix E

Formulae for calculation of loop
integrals

The following identity is used to combine denominator factors [54],

n

1 ! dzidzs - - - dz,
7:(71—1)!/ S S1-3"z ), (E.1)
ajas - Qp o (a1z1+asz+ -+ anzy)

i=1

where the z;’s are called Feynman parameters. In the case of three denominator factors,
which arises in the calculation of penguin-type diagrams, the above formula yields

1 1 1—2z1 1
=2 / le / dZQ 3 - (E2)
a102a3 0 0 (z1a1 + 22a9 + (1 — 21 — 29)ag)

The subsequent relations can be derived by the technique of dimensional regularization
in d-dimensions [54],

L(a,n) = / (dnk ! (E.3)

2m)" (k2 4 2p - k + M? + ie)”

—\n/2 _
(=m)"*T(a —n/2) 1 e
(271')” F(a) (MZ _ pz + ie)af(n/2)
d"k k
o) = / G P 2p k4 ragr ~ Pelol@n) (E.5)
d"k k Lk
v B e E.
iz (O_/,TL) / (271’)” <k2 + 2p ke + M2+ iﬁ)a ( 6)
1 M2 — p2
= vt Q9w T ) E.7
olem) (pup +29“ a—%—l) (E.7)
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Here k denotes the loop four-momentum. These formulae lead to

/ d*k 1 _ 1 1 (E.8)

2m)4 (k2 +2p - k — M2 + i)’ 3272 p? + M2 + e
/ o . - % o (B.9)
2m)* (k2 +2p -k — M2 + i)’ 3272 p? + M2 + ie '
(/ Ak k., ) _ 7 Puly (E.10)
(2m)* (k2 + 2p - k — M2 + ie)® Fin 3212 p2 + M? +ie '

In expression eq. (E.10) we show only the finite part of the integral. The infinite part
proportional to g,, does not contribute to leptonic dipole moments in the leading order
of the perturbative calculation, because it cannot be absorbed by counter-terms at this
order. As we only consider one-loop integrals, i. e. the amplitudes at leading order, we
can safely ignore the infinite part [54]. Due to the same reason the anomalous magnetic
moment (g — 2), of the electron must be finite at the one-loop level in QED [54].



Appendix F

Calculation of [; — [;7 at one-loop
level

F.1 Neutralino part

For the analytical calculation of the amplitude M™ for the neutralino-charged slepton dia-
gram in Fig. 3.1, we choose x and a as indices for slepton and neutralino mass eigenstates,
respectively. Using the definition of momenta in Fig. F.1, the amplitude is

o NEO L(1) —1 () L(1)*
—iM" = Z/ Nige Pr + Niga PL:| m [Njaz Pr + Njax PR:|
1
X e(2p + 2k — q) €' 5 Uj(p F.1
— o NEO 0
= —eeu;(p Z/ o) 4den N,..' Pr —l—Nmz P] (}/c my )
X | NI Py 4+ N Pr (2 + 2k = g),(p), (F.2)
where the denominator factors can be written as
1 1
detn (k‘2 —m3 ) [(p +k)? — } [(p +k—q)?—m?

_ /dzl / Ao (F.4)

A, = 2z <k2 — mig) + 22 [(P + k)~ mlﬂ

+ (1 -2 —2) [(p +k—q)° - m?] (F.5)
= K H+2k[(1—20)p+ (142 +2)qd—m (1-2)—-mizn
+m123 (1 —21)+2p-q(—1+2’1+22). (FG)
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Figure F.1: Definition of the momenta for the neutralino-charged slepton diagram (left)
and the chargino-sneutrino diagram (right) corresponding to Fig. 3.1.

In the last expression we have used the fact that the incoming lepton /; and the outgoing
photon are on-shell, i. e. p? = mlzj and ¢> = 0. From the kinematics of two-body decays

[52], it follows that

p-q:%(mi—mi), (F.7)

so that the factor A,, in the denominator of eq. (F.2) can be written in the compact form
A, = BP4+2k[(1—z2)p+(—1+2z+2)q-b —c, (F.8)

I mlgx (1—2)+ m?(gzl, (F.9)

ci = —mi_z? — mi (1 — 21— 29). (F.10)

We use € - ¢ = 0 and write the Dirac index structure explicitly,

4
1
—iM" = 66”*114 Z / dzl/ de/ d k4 A3

< ([N Ny, 0 Pr+ N NI Py | (n,kr” + 2kky”)

ax jax iaxr © ' jax

iax jax iax * ' jax

—mio [NR(”N 0% p, - NEO N EO PL} (2p, +2ku)> wi(p).  (F.11)

Using egs. (E.8) to (E.10) for the calculation of f o )4 integrals in dimensional regular-
ization, and taking the finite part from the mtegral over k,k, yields

e

n o __ = (!
M= )
jﬁcizl Jn(iZQ
a2+ 24+ (1—2) mlz_ + (1= 2z1) (=14 21 + 229) (le] — mi)

X

X ([N.R(I)N O+ pe 4 N ()N.L(l)*PL] ez [(1—2)p+ (—1+2+2)d]

ax jax ax ' jax

ax jax iax ' jax

+ms [N.R(”N O*p, + N ()NR(”*PL] 2p-e*z1) u;(p). (F.12)
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Writing ¢ = p — p' and using the Dirac equation (D.1) for incoming and outgoing lepton
leads to

n € R(1)* L(l n
M - 16 2 (p )2p € Z (mli |:Nzaa(ﬁ)NjaE(:) P +Nza§c)N]a(x) P Iz
+m>~(8 [Nljzil)N][L;(gﬁ)*P + ng;)Nj]Z(af)*PL] ]n> ( ) (F13)

In the terms proportional to the lepton masses, the helicity flip takes place in the external
lepton lines, whereas in the term proportional to the neutralino mass, the helicity is
flipped in the neutralino propagator, see also [37], where the mass-insertion technique in
the calculation of Br (l,_,,) is discussed. The loop integrals are given as follows

o= /dzzl (1 _dzl ) (F.14)

n 2179
o= /dz A (F.15)

o= /dz;—l, (F.16)

where integration over Feynman parameters is abbreviated,

1 1—2z1
/dzz/ dzl/ dzo, (F.17)
0 0

and the common denominator is

d,, —m (1—21)—|—m 021 — lejZIZg—mizl(l—zl—ZQ). (F.18)

F.2 Chargino part

For the analytical calculation of the amplitude M*¢ for the chargino-sneutrino diagram
in Fig. 3.1, we choose x and a as indices for sneutrino and chargino mass eigenstates,
respectively. The momenta for this diagram are defined in Fig. F.1, so that the amplitude
is given by

: d'k 1 ro) L(1) -
—iMe = Pr+C,. P } —ievyle
Z/ lax iax * L k—l—ﬁ—'—mj(; v K

—1 " 1
[C O+p, + o0 p,

W jax jax i| (p+ ]{3)2 2 Uj(p). (F19)
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The denominator factors can be written as

1 1
den, m2 2 2 (F.20)
o rer-m ] [k2 =2 | [(p+ k)2 = m ]
1—2
ol [l wan
_ 2 2 2
A, = 2z [lf +2k-g—m ~_] + 29 |:]€ —m)z_]
b=z 2) (4 K — i) (F.2)
= K +2k-[(1 =2 —2)p+2q — b2 -, (F.23)
where
bp = mi(z1+z)+mi (1-2—2)
& = mi(=1+2z+2). (F.24)
Making use of
€ q=0, W) =muw@)m,, (F.25)

and specifying the Dirac index structure of the terms, the amplitude of the chargino part
becomes

. c d4k 1 v e 2 ok v %
LiMe = Z / dz / Sy g [0 Bl = 2phg
+25*“k kyfy + kP — kY 4 2p - €k
X [C’ZP;";)CJQ&) P+ ij)C D+ p } M- [—mu, ¢ — ¢ P+ 26"k, +2p - €]

jazx

< [CaC Pa+ DI P ) i) (F.26)

Using egs. (E.8) to (E.10) for the calculation of ( )4 integrals in dimensional regular-
ization, and taking the finite part from the integral over k,k, leads to

e

— c e /
M W) 15

[ d=
o 224 (1 — 2 — 29)° ml +(1—21—29) 21 <ml2] —mi)
x((—2(1—21 —z)p-€ (1= 21— 2)p+ad ] + 21fd P
—my, (1 — 21— 20) P —myz1d" g+ 2p- € (1 — 2 — 29) P
+2p €z %) [ mzl)ojax P+ O’La:}: Cja:p *PR}

X

jax

tmy [2p- € (21 + )] [le)cjm Pr + CEO RO PL} )uj(p), (F.27)
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To derive the last expression, we use p - ¢ = = (mi — m%) and also that a term of the

form constd* does not lead to dipole-type amphtudes and thus can be disregarded. After
some Dirac algebra, in particular using eq. (D.1), the amplitude of the chargino part is
given by

c € R(l c
M = 16 Ta oW (p )2p € Z (mz [wa)Cjax Py +Czax Cjax) Pr I

xT,a

e, [CROCHY Py + LV CI P 1

axr ~jax iax ~jax

tmg [Cm:cl) Clas P+ oy " P } IC) i(p)- (F.28)

In analogy to the neutralino part, the helicity flip takes place in the external lepton lines in
those terms of eq. (F.28) proportional to lepton masses, whereas in the term proportional
to the chargino mass, the helicity is flipped in the chargino propagator. The loop integrals
are given as follows

= /d/l (=2 = 2) (F.29)

7 dc
. 2p(1—21—2

s = /dz 2 dcl 2) (F.30)
o= /@“;@, (F.31)

where

de = m2 (1—2z—z)+ m?(; (z1 4+ 29) + m?jzz (=1 + 21 + 20)
+miz (—1+ 21+ 22). (F.32)

Exchanging the indices ¢ < 7 and the integration variables z; <« 2z, simultaneously
transforms 7 into [ and vice versa.

In summary, the coefficients for the one-loop leptonic dipole factors are given by

167T2A7gmlj = Ty, InNm:(c)N]agcl) InNm:(E)Nja(:i) [nNzagcl)N]a(z)*
c ({1 c~L() ~L(1)* c~L(l 1)

—my, [ CZ(Z.T)CJ(I.T I'Ciagc)cja(at) ~_[acngc)c'jagz:) (FBB)
167T2A7gmlj = Ty, InNzLa(xl Nga:i)* InNzax Njazl) InNzaac N]a(;rl)*
e L(1) ~L(1)* c R(1)* e R(1) ~L(1)*

—my, I Ozaa: C]a:c ] me Cjaz ~_IULC(zaa: C]aa} . (F34)
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F.3 Limiting behavior of loop functions

Neglecting the leptonic masses in the loop integration, the loop functions including the
sparticle masses are given by [89]:

c 1 243r—6r°+7°+6rlnr _

b= 2m2 6(1 —r) =1Ij; <m12i7 mi — 0) (F.35)
. My —3+4r —r? —2nr .

Fo= 5 T = mg, 12 (i mi, —0) (F.36)
. 1 1—6r+3r*+2r3—6r2lnr _ 7/ o

K= 2m? 6(1—r) = I, <mzi7 mp — 0) (F.37)

le
N mgo 1 —r%+2rinr .
Fy = 277;‘[2 1= =myol, (mi,mi — ()) , (F.38)

where in the loop functions of the chargino diagram (superscript ¢) r denotes mfg; and in

Vx

m?
those corresponding to the neutralino diagram (superscript n) m’ég, respectively.

In the limit of » =1, i. e. my, = m - or m; = myo, these fuctions obtain the following

Xa
values,

Fer=1) = —— (F.39)

i\ = N 24m? '
me— 1

Fé(r=1) = —Xe _— F.40
1

Fiir=1) = —_ F.41

=D = g (F.41)
v 1

Fifr=1) = X _ _~ (F.42)

For » > 1, these functions behave as

Fi(r>1) = 55 (F.43)
Xa
1

Fotr>1) = 5— (F.44)
1

Fir>1) = (F.45)
)
1

Fir>1) = 5—. (F.46)
0
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For r <« 1, these functions are approximated by

1
Fr<l) = —; (F.47)
My~ — m%,
Fir<l) = —m—éalnm—éa (F.48)
1 T
E? 1) = —= F.4
i(r<1) o2 (F.49)
Frr<l) = X4 (F.50)



Appendix G

Evaluation of loop functions for
other leptonic low-energy processes

The calculation of the decay rates for lepton-flavor violating decays [ — [ I}l and pu-e
conversion on nuclei can be found in [31]. As we follow the conventions and the calculation
for these processes, we do not repeat their full results here.

In the calculation of box diagrams to the process [; — [ Ir [;, the following types of loop
integrals occur:

d*k

I3 = / (k2 —m2) (k2 — m2) (k2 — m32) (G.1)
0o _ —1 d4k.

Iy = (271')4 / <k2 _ m%) (k‘2 — m%) (k? _ m%) (k}2 — mi) (GQ)
0 _ —1 d4k'k'2

i = (2m)4 / (&2 —m2) (k2 —m2) (k2 —m2) (k2 —m2)’ (G.3)

Obviously, the functions I3, I? and J? are functions of the squared masses m?, m3, m3

and for the latter two also of m?. Making use of Feynman parameters, see eq. (E.2), and
performing the loop-momentum integration in Euclidean space, one obtains

_2_71_2 /1 d21d22d235 (1 — 21 — k9 — Zg) (G4)
0

0 _
I3 - 2 2 2 ’
z1my + zams + zZams

which can be evaluated to be

70 . m? Inm? m3Inm3 m3Inm3
= —im
’ (mi —m3) (mi —m3) ~ (m3 —mi)(m3 —m3) ~ (mj —mi) (ms —m3)
(G.5)
The loop function I{ can be written in terms of I3,
—1 1
1 i ) = e (1 () — 1§ () ()
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leading to
oo 1 m? Inm? N m3Inm3
4
167> | (mf —m3) (mi —m3) (mi —m3) ~ (m3 —m3) (m3 — m3) (mj — mj)
N m3Inm3 N m3Inm}
(m3 —m3) (m3 —m3) (m3 —m3) ~ (mi —m3) (mj —m3) (mj —m3)
(G.7)
Then the loop function J§ can be expressed through I3 and I3,
3 (i ) = w12 (i, ) — oo IS (ki) (G8)

If some of the masses appearing in the loops are equal, the following limits of I occur

9 2 2
T m m
I (mi,ms,m3) = ———— {1 +——"— —;] (G.9)
my — my my —my 1My
9 2 2
T m m
I3 (mi,mim;) = —— s [1 +———n —3] : (G-10)

In order to derive these results for equal masses, some interesting calculations have to be
performed, as shall be demonstrated in the case of I (m?, m? m2):
We express the difference between m? and m2 through the infinitesimal quantity e,

m2 = (14 e)m?, mi —mj = —ems. (G.11)

In the limit ¢ — 0 we obtain for the terms involving Inm? and Inm3 in I3 (m?,m3, m3),

see eq. (G.5),

2l In m? N (1+¢€) (Inm? + In(1 + e))}
0 [ (m} —m3) (—¢) e (1 +€e)mi —m3)
In m? 1 1 1 In(1
= —ir’lim —Q]W”Q —=+ +€2 + (L+¢) In( +€)2
i\ e e(1ras)) ot mde (1 )
_ e [l ! 1 (G.12)
o~ =
In deriving this limit we have used
2
In(l+¢)~e— % (G.13)

for small |¢| < 1, so that

(I+e)ln(1+e€)~e(l+e) ~e. (G.14)
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The third term in I (m?, m3, m2), see eq. (G.5), proportional to Inm3 is simply given by
2 2
%, so that the above limit eq. (G.10) is verified.
m3z—mj
It should be mentioned that the other limits of I{ and I for equal masses can be derived

in an analogous way,

1 m21Inm? m2Inm?2
0( 2 2 92 9 2 2 3 3
I4 <m17m17m27m3) = _16 2 |: 2 2\2 2 2 2 2\2 2 2
7™ L(m3 —m7)” (m3 —m3)  (m3—mj)” (mz —m3)
=) )~ k= o]
2 2 ‘
(mi —m3)” (mf —m3)
1 m? Inm? m2Inm?2
0( 2 9 9 9y _ 1 1 2 2
Iy (m1>m2’m3’m3) T 1672 { 2 2 2 212 2 2 2 2\2
(ml - m2) (ml - m3) (m2 - ml) (m2 - m3)
) o~ )= i) g
2 2 :
(m3 —m3)” (m3 —m3)
1 1 m? +m2 . m?
I9 (m? m2,m2,m2) = — [2—1— 1 2ln —2| . G.17
4 ( 1 1 2 2) 1671'2 (m% _ m%)z % _ m% m% ( )

For definiteness, we also show the functions arising from Z-boson penguin-type diagrams
[31] and present relevant limits with equal masses,

2 m2
s 4 m2 1 myln s myln
F(mZ,m m;) = In —% + —; 5 5 == S (G.18)
my Mg — My, My — My mg — my,
2 2 2 2 2
m m 2m: —m m
2 2 2 _ a a T a T
I e =)
X X a X a a
(G.19)
2
21p Ma 21 my
2 2 2\ _ a a’m2 m2
G (mg,mg,my) = m2 —m2 \m2 —m2  m2 —m2 (G-20)
a b x a x b
2 2 2
m m m
G (mi,mz,mz) = ﬁ 1 + ﬁln—g . (GQ].)
my —m, my — My my

It should also be mentioned that we have corrected equation (25) in [31] according to
[90], in such a way that the term in brackets now reads Fxap + Gxap instead of
Fx a,+2Gx 4. Moreover, the logarithmically enhanced contribution of photon penguin
diagrams in I' (lj_ — l._l*lf) is taken to be (g In - — 2) instead of <% ln% — 1—4>

Lj
i Y1 i m12~ 3 9
1

m2

in equation (52) of [31].



Appendix H

Renormalization group equations

In the following RGEs, the renormalization scale is denoted by p. At first, we list the
one-loop RGEs for the Yukawa couplings, gauge couplings and the effective neutrino mass
matrix, valid in the SM extended by right-handed neutrino singlets, see [91] and [92],

dy, 17 9
1672 =Y, ((——gf ——gs—8gs+Tr (3Yqu +3Y] v, + YJY6>> 1

dp 2071 4
+§ (Yqu - Yij)) (H.1)
167r2u‘2—13 = Y ((—%g% - %g% —8gZ +Tr (BYJYu +3Y,) Y, + Y;Ye)) 1
+g (Yij _ YJYU)> (H2)
167r2ﬂcil—f = Y, <(—§g% — %gg +Tr <3YJYU +3Y) Y, + Yte>) 1
2 JYe) (1.3)
16#%—% = Mg (H.4)
167T2M§_Z = —g (YeTYe)T K — gli (YJYG) +2Tr (YJYe) 1k
+ <6Tr (YJYU +Y] Yd> 13621+ Ahl) K, (H.5)

where in GUT normalization for U(1)y, b5 = (%, —%, — ) and we have used that Y,
vanishes below the mass scales of the right-handed neutrino singlets which are assumed
to be many orders of magnitudes above the SUSY-scale in the SUSY seesaw model.
Due to the underlying supersymmetric theory, the Higgs self-coupling A, is given by
A = 3 (91 + g3), see also [34]. Note that the top Yukawa couplings are integrated in

above their running mass threshold m; (mz).
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The one-loop RGEs for Yukawa coupling matrices in the SUSY seesaw model are given
by

dy, 13 16
16720 i Y, (( 9t — 395 — —g3 + Tr (3Y]Y, + YJY,,)) 1

157! 3
13vly, + YdTYd) (HL6)
dYy 7 16
16w2u@ = Yy ((—Eg% —3g;— 5o+ 1r (SY;J Yo+ YJYE)) 1
+3VIY, + YJYU> (H.7)
dy, 9
16—t = Y, ((—ggf — 3¢+ Tr (3Yij + YJYe)> 1
0
+3YY. + YY) (H.8)
dy, 3
16720 =Y ((—ggf — 3¢5 + Tr (3Y'Y, + YJY,,)) 1
i
+3YY, + Y'Y, , (H.9)

see also [31], [35] and [45]. For the RGEs of supersymmetric gauge couplings and gaugino
masses we also take into account important two-loop effects, see also [34],

dga 8 (<

167@% = ¢*BW 4 12;;2 (ZBﬁ’gg) (H.10)
dM, L9 & L

l6n°p; = 262 BW NI, + %ZBﬁ)gg (Ma+]\/[b>. (H.11)

Here the coefficients are BW
SU(3)¢, respectively, and

(%, ,—3) for U(1)y in GUT normalization, SU(2), and

199 27 88
25 5 5

B®=1 2 25 24 |. (H.12)
9 14

In GUT normalization for U(1)y, the one-loop RGEs for the effective neutrino mass

matrix and the right-handed Majorana mass matrix in the SUSY seesaw model are as
follows [36],

16W2u§—z = (Y k+ s (YIV) + (V) &4k (YY)
+ (zTr (BYy, +YvlY,) — ggf — 693) K (H.13)

167@% — 2(VY) M +2M (V,Y))". (H.14)
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The one-loop RGEs for soft-breaking terms in the MSSM [50], extended to the SUSY
seesaw model read [34]

dm=
Q
167% p—= m = m%YJYu + YJYum% + m%YdTYd + YdTYdm%

42 (Yj m2Yy + m2, Y Yy + AL Ay + Yim2Y, +m2 Y1V, + ALAU>

2 - ~ 32 ~ 1
~ (AR + ORI + TR — gt ) 1 (115

dm?

2 L _ 2 2 2 + 2
167 ,UW = mi}/j}/e + }/JY;imi + miYJYV + YV Yl,mi
12 (YIm2Y, + m2 VIV, + ALA, + VIm2Y, + m3 Y)Y, + ATA)
6 ., ~ -
~ (Zotn e + o + 2gts ) 1 (1.16)

dm?

6m°u pE = 2 (miYY] 4 VY lm 2) 4 (YamdY + md YY)+ A,4L)

~ (TR + SN + oS ) 1 (H.17)
16w = 2 (m2¥av] + Yavim2) + 4 (Yam3Y] +m?, Yov] + 4,4})

~ (gt + 2 - 2ts) 1 (1L15)

16W2u% = 2 (ALY YY) + 4 (Yo Y]+ m2, VY + A

(2491|Z\41|2 — —ng) (H.19)
6w’ p—-r = 2(m YV + Y,V Iml) + 4 (YomiY,f +mp VY + A A (H.20)
167?2ud21—:1 = 6Ir (m%Yij + YdT (mz~ + mil 1) Y.+ A;Ad>

+2Tr (miY]Y, + Y] (m2 +mj 1) Y, + ALA,)
6 ., ~ -
—59%|M1|2 — 695 Mo|* — —915 (H.21)
dm
167?2/1Wh2 = 61Ir (m%YJYu +Y] (m3 +m;,1)Y, + ALAU)
+2T'r (m%YjYV + V] (m2 + mi ) Y, + A:LAZ,)
6 ., ~ -
—59%|Ml|2 — 63| Mo|* + 915 (H.22)
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(8,

16
—1591 395 — —gs +1Tr (3YJYU + YJYV)> A,

3
13 , - -~ 16 5 -

HAY,YIA, + 5AY Y, + 2V, Y A+ AY]Y, (H.23)
dA 7 16
167T2Md—ud = (—ng — 395 — ?93 +Tr <3YdTYd + }/eTY;a>) Ag

7T ., -~ ~ 16 . ~
+2 (ngM1 3Gy + 3 g3M; + T <3Yj Ag+ YJA€>) Y,
FAY Y] Ag + 5AY Yy + 2Y, VI A, + A, (H.24)

dA, 9
167T2/LW = (—ggf —3g5 +Tr <3YdTYd + YJK)) A,

9 , - N
+2 (59%M1 + 395 Mo + Tr <3YdTAd + YJA6>> Y,
HAY,YIA, + 5AYIY, + 2V, YA, + AY)Y, (H.25)

dA, 3
167T2,LLW = (—ggf — 3¢5 + Tr (3Y,}Y, + YJYZ,)> A,

+2 (ggfz\% +3g5 My + Tr (3Y, A, + YJA,,)) Y,
+4Y,YTA, + 5AYY, + 2V, YIA, + AY]Y,, (H.26)
where
S = Tr (mé +m2—2mj —m? + m?) —m; +m,. (H.27)

We have adopted the convention of S. P. Martin and M. T. Vaughn [50] for the sign of
terms proportional to the gaugino masses in the RGEs of trilinear A parameters. As
the right-handed neutrinos are no active degrees of freedom below the M;-thresholds,

the corresponding trilinear terms A, are also integrated out below the respective M;-
thresholds, see also [34].
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