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Abstract

The thesis deals with the automated generation and efficient evaluation of scattering amplitudes
in general relativistic quantum field theories at one-loop order in perturbation theory. At the
present time we lack signals beyond the Standard Model which, in the past, have guided the
high-energy physics community, and ultimately led to the discovery of new physics phenomena.
In the future, precision tests could acquire this guiding role by systematically probing the Stan-
dard Model and constraining Beyond the Standard Model theories. As current experimental
constraints strongly favour Standard Model-like theories, only small deviations with respect to
the Standard Model are expected which need to be studied in detail. The required precision
demands one-loop corrections in all future analyses, ideally in a fully automated way, allowing
to test a variety of observables in different models and in an effective field theory approach.

In the process of achieving this goal we have developed an enhanced version of the tool
REcoLA and on this basis the generalization RECOLA2. These tools represent fully automated
tree- and one-loop-amplitude providers for the Standard Model, or in the case of RECOLA2
for general models. Concerning the algorithm, we use a purely numerical and fully recursive
approach allowing for extreme calculations of yet unmatched complexity. RECOLA has led to
the first computation involving 9-point functions.

Beyond the Standard Model theories and Effective Field theories are integrated into the
REcoLA2 framework as model files. Renormalized model files are produced with the newly
developed tool REPT1L, which can perform the renormalization in a fully automated way, start-
ing from nothing but Feynman rules. In view of validation, we have extended RECOLAZ2 to
new gauges such as the Background-Field Method and the class of R¢ gauges. In particular, the
Background-Field Method formulation for new theories serves as an automated validation, and is
very useful in practical calculations and the formulation of renormalization conditions. We have
applied the system to produce the first results for Higgs-boson production in Higgs strahlung
and vector-boson fusion in the Two-Higgs-Doublet Model and the Higgs-Singlet Extension of
the Standard Model. All in all, we have laid the foundation for an automated generation and
computation of one-loop amplitudes within a large class of phenomenologically interesting the-
ories. Furthermore, we enable the use of our system via a very flexible and dynamic control

which does not require any intermediate intervention.
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Kurzzusammenfassung

In dieser Arbeit behandeln wir die automatisierte Generierung und effiziente Auswertung von
Streuamplituden in allgemeinen relativistischen Quantenfeldtheorien auf Finschleifen-Niveau.
Gegenwartig gibt es keine konkreten Hinweise auf Physik jenseits des Standard Models und da-
her auch keine Moglichkeit, gezielt nach neuer Physik in Teilchenbeschleuniger-Experimenten zu
suchen. In der Zukunft kénnten Prazisionstests eine richtungsweisende Rolle iibernehmen und
Aufschluss tiber Abweichungen zum Standard Model geben, und dabei moglicherweise erlauben,
indirekt auf neue Physik zu schliefen. Nach dem derzeitigen experimentellen Stand werden
Standard-Model-artige Theorien deutlich bevorzugt. Infolgedessen werden nur kleine Abwe-
ichungen zum Standard Model erwartet, die mit hoher Prézision untersucht werden miissen.
Auf der theoretischen Seite erfordert die notige Prézision die Berechnung von Einschleifen-
Korrekturen in allen zukiinftigen Analysen, die, idealerweise, vollautomatisiert durchgefiihrt
werden, um alle grundséatzlich zugénglichen Observablen in verschiedensten Theorien testen zu
konnen.

Um dieses Ziel schrittweise zu erreichen, haben wir das Programm RECOLA weiterentwickelt,
und auf dieser Basis die Verallgemeinerung RECOLA2 entwickelt. Die Programme erlauben eine
vollautomatisierte Erzeugung und Auswertung von Baumgraphen- und Einschleifen-Amplituden
flir das Standard Model, beziehungsweise, im Falle von RECOLA2, fiir allgemeine Theorien. Der
zugrundeliegende numerische Algorithmus arbeitet vollstdndig rekursiv und erlaubt die Berech-
nung von Prozessen mit bislang unerreichter Komplexitat. Beispielsweise hat RECOLA zur ersten
Berechnung mit 9-Punkt Funktionen gefiihrt.

In RECOLA2 werden neue Theorien durch spezifische RECOLA2 Modelfiles in das System
integriert. Die Renormierung wird mit dem neu entwickelten Programm REPT1L vollautoma-
tisch durchgefiihrt, wobei lediglich die Feynman Regeln als externe Abhéngigkeit bendtigt wer-
den. Zur Validierung des Systems wurden zum einen Vergleiche mit unabhéngigen Rechnungen
durchgefiihrt, und zum anderen RECOLA2 soweit verallgemeinert, dass dessen Konsistenz in
verschiedenen Eichungen getestet werden kann. Besonders die Background-Field Formulierung
erlaubt es neue Theorien automatisch zu validieren und ist dariiberhinaus sehr niitzlich fiir
praktische Rechnungen, sowie fiir die Formulierung von Renormierungsbedingungen. Mit diesem
System haben wir die ersten Berechnungen zur Higgs-Boson-Produktion in Higgs-Strahlung und
Vektor-Boson-Fusion im Zwei-Higgs-Doublet Model und der Higgs-Singlet Erweiterung des Stan-
dard Models durchgefiihrt. Alles in allem wurden die Voraussetzungen geschaffen, Einschleifen-
Amplituden in einer groflen Klasse von phanomenologisch interessanten Theorien automatisiert
erzeugen zu konnen. Dariiberhinaus ermoglichen wir die Nutzung fir andere durch eine sehr

flexible und dynamische Bedienung, die keinerlei Zwischenschritte benotigt.

viii



Contents

1 Introduction 1

2.1
2.2

Probing Beyond Standard Model theories with precision

Beyond Standard Model theories and the necessity for precision . . . . . . .. ..
Aspects of the Standard Model . . . . . . . . . .. ... ... .. ... ... ...
2.2.1  Overview . . . . . ..
2.2.2 Kinetic terms for gauge bosons . . . . . . ... ...

2.2.3 Kinetic terms for fermions . . . . . . . . ...

© 00 00 N = ot O«

2.2.4 Brout-Englert-Higgs mechanism . . . ... ... ... ... ........

2.3 Two-Higgs-Doublet Model and the Higgs-Singlet extension of the Standard Model 11
2.3.1 Fields and potential in the symmetric basis . . . . . ... ... ... ... 11
2.3.2 Parameters in the physical basis . . . .. ... ... 0 0oL 12
2.3.3  Yukawa Interactions . . . . . . .. ... L o 14

3 Matrix elements for generic theories with RECoLA2 17

3.1 Berends-Giele recursion relation . . . . .. ... L oo oo 18

3.2 Tree skeletons for general theories. . . . . . . . . . . .. ... ... .. 20

3.3 Extension to one-loop level . . . . . . . ... ... L 24

3.4 Off-shell currents for general theories . . . . . . . ... ... .. ... ... .. 26

4 Calculational framework for one-loop corrections 31

4.1 Regularization and computation of rational terms . . . . .. .. .. .. ... 32
4.1.1 Computation of Ry . . . . . . . . . . e 33
4.1.2 Computation of Ro . . . . . . . . . . . . e 33
4.1.3 Treatment of y5 . . . . . . . . L 34

4.2 Tadpole counterterm schemes . . . . . . . . . . ... oL oL 35
4.2.1 The FJ Tadpole Scheme for a general Higgs sector . . . . . ... ... .. 35
4.2.2 The FJ Tadpole Scheme in the SM . . . . .. .. ... ... .. .. .... 40
4.2.3 Interplay of tadpoles with MS subtraction . . . . . . .. .. ... ..... 45
4.2.4 Automation of the FJ Tadpole Scheme . . . . . . . ... ... ... .... 47

4.3 Renormalization conditions for physical particles . . . . ... .. ... ... ... 48
4.3.1 Mass and field renormalization counterterms . . . . . . .. ... .. ... 49
4.3.2 Renormalization conditions for mixing and self-energies . . . . . . .. .. 49
4.3.3 IR rational terms in self-energies . . . . . . . . .. ... L. 52

4.4 Treatment of unstable particles . . . . . . . . . ... ... L. 53
4.4.1 Complex-Mass Scheme at one-looporder. . . . . .. .. ... ... .... 53
4.4.2 Aspects of automation for general theories . . . . . . .. ... ... .. .. 55

X



Contents

4.5 Renormalization of couplings in the SM and extended Higgs sector . . . . . . ..
4.5.1 Renormalizationof a. . . . . . . .o oo
4.5.2 Renormalization of cvg . . . . . . . ..
4.5.3 Renormalization of Mg, in the THDM . . . . ... ... .. ... .....

4.6 Renormalization of mixing angles . . . . . . . . ... .. Lo L.
4.6.1 Mixing angle av . . . . . . ..o
4.6.2 Mixing angle S . . . . . ...
4.6.3 Conceptual problems in the MS scheme . . . . .. ... ... .......

Automated generation of renormalized model files in REPTIL

5.1 Model-file generation with REPTIL . . . . . .. .. .. .. ... L.
5.1.1 Model-file generation flow . . . . . ... ... .o oL
5.1.2  Colour-flow computation . . . . . . . . . ... ...
5.1.3 Off-shell current basis . . . . . . . .. .. ...

5.2 Counterterm expansion, renormalization and computation of Ry terms . . . . . .
5.2.1 Counterterm expansion . . . . . . . . ... oo
5.2.2  Renormalization conditions . . . . . . .. ... o 000

5.2.3 Computation of Rg terms . . . . . . . . . . . ...

Validation methods

6.1 Background-Field Method . . . . . . . . . ... o o
6.1.1 The background-field effective action . . . . . . . . .. .. ... .. ....
6.1.2 Background and quantum fields in extended Higgs sectors . . . . . . . ..
6.1.3 Background-field gauge-invariant gauge-fixing function . . . . . . . . . ..
6.1.4 Construction of the ghost function . . . . . ... .. ... ... ... ...
6.1.5 Renormalization and implementation details . . . . . ... ... ... ..

6.2 R¢ gauge for massive vector bosons . . . .. ..o oL
6.2.1 Gauge-fixing function . . . . . . ... Lo
6.2.2 Implementation details of the Re gauge . . . .. ... ... ... ... ..

6.3 Automated testing suite . . . . . ...

Phenomenology in the HSESM and THDM

7.1 Interface to HAWK 2.0 . . . . . . . . . .
7.1.1 Process generation with RECOLA2 . . . . . .. . ... ... ... ... ..
7.1.2 Infrared divergences . . . . . . . . . . . ...

7.2 Setup and benchmark points . . . . . ... ..o
7.2.1 Input parameters . . . . . . ... Lo
722 Cutsetup . . . . . . . e

7.3 Renormalization conditions for mixing angles . . . . . . .. . ... ... ...

7.4 Numerical results for total cross sections . . . . . . . . . . . .. . ... ... ...

Conclusion and outlook

66
67
67
68
69
70
70
71
72

73
73
74
75
75
77
78
80
80
81
82

84
84
85
86
86
86
86
88
91

97



Contents

Appendices 99
A Tensor integrals . . . . . . . ... 101
Al Tensor-integral conventions . . . . . . . . . . . .. ... ... 101
A2 Selected PV reductionresults . . . . ... ... ... ... ... ... 101
B The FJ Tadpole Scheme applied to the THDM and HSESM . . . . . . ... ... 104
B.1 Results for tadpoles in the THDM . . . . .. ... ... ... ... .. .. 105

B.2 Results for 2-point tadpole counterterms in the F.J Tadpole Scheme in the
THDM . . . 106
B.3  Results for tadpoles in the HSESM . . . . . . .. ... ... ... ..... 107
C  Alternative tadpole counterterm schemes . . . . . . . . .. ... ... ... ..., 108
C.1  Gauge dependence of the mixing angle « in popular tadpole schemes . . . 110
C.2  Gauge dependence of the mixing angle 8 in popular tadpole schemes . . . 115
C.3  Feynman rules in the {g gauge . . . . ... ... ... ... .. ...... 120
D Two-loop Higgs-boson self-energy in the FJ Tadpole Scheme . . . . . . . .. ... 122
E  Distributions for Higgs strahlung and VBF in Higgs-boson production . . . . . . 124
Bibliography 138

xi






CHAPTER

Introduction

The Standard Model (SM) is undoubtedly one of the most successful fundamental theories of
our time due of its vast predictive power allowing for precision tests which are in almost perfect
agreement with current experiments. Despite its success, the SM is not the final fundamental
theory and at energies beyond the Large Hadron Collider (LHC)’s current reach the SM will fail
as it does not include the gravitational force. The compatibility with gravity, however, is only one
of many other aspects the SM cannot account for in its current form. For instance, the SM does
not have a proper dark matter candidate as required by cosmological observations, nor does it
explain dark energy. The matter-antimatter asymmetry induced by CP violation is too small to
account for our matter-dominated world. In its minimal form the SM does not explain neutrino
oscillations. Then, there is the long-standing issue with the anomalous magnetic moment of the
muon showing a significant discrepancy to the SM, though it is not clear yet if the discrepancy
is caused by new physics or if we do not control the uncertainties well enough. Finally, some
people also argue that the SM lacks naturalness which is disputable. There is still space left for
extensions of the SM, and Beyond Standard Model (BSM) theories can account for many of the
SM shortcomings. Relevant BSM theories include the SM in one way or the other. For instance,
they can be built on top of the SM by either enlarging the space-time symmetry group as done
in Supersymmetry (SUSY), e.g. the Minimal Supersymmetric Standard Model (MSSM), or by
extending the internal symmetries, e.g. additional U (1) gauge boson(s), or keeping the symmetry
structure, but extending the field content, e.g. extended Higgs models. Alternatively, effects on
new theories can be studied in a model-independent way keeping the SM symmetry and adding

higher dimensional operators in order to capture new physics at higher energy scales.

Since the discovery of a Higgs boson at the LHC [1, 2] the community is moving forward focus-
ing on precision which serves as the new guiding principle for new physics searches. Precision is
the key to probe the SM and BSM physics and potentially allows, together with automation, to
disprove the SM or single out new models. Progress in this direction requires the best possible
measurements as they are provided by the LHC, upcoming upgrades and future experiments, as
well as accurate theoretical predictions with small uncertainties. On the theoretical side higher
precision is achieved by including loops in calculations, which are much more complex to com-
pute. One of the many reasons is that the number of contributions growing rapidly with the
number of particle multiplicities and loops, pushing even modern computers to their limits of
memory and CPU workload. Further, numerical instabilities become apparent and need to be
treated with care. Besides the technical problems, the procedure of renormalization, rendering
theories valid beyond leading order (LO), and making the results ready for practical application

still raises many questions in view of BSM models, even though from a conceptual point of view,




Chapter 1 Introduction

the renormalization procedure is well understood.

In the last decades huge effort was made in the automation of next-to-leading order (NLO)
corrections. Originally, the progress was initiated by the so-called NLO revolution and driven
by the unitarity techniques [3, 4, 5, 6, 7, 8]. The resulting tools could overcome many of the
drawbacks of the traditional Feynman-diagrammatic approach, allowing for the first time fully
automated computations at NLO Quantum Chromodynamics (QCD). A distinct feature of these
new approaches was the fact that amplitudes could be written directly in terms of scalar integrals,
thus, bypassing the necessity for costly tensor reduction methods, but at the price of having to
address numerical instabilities with higher precision. The reduction techniques nowadays have
evolved and circumvent the need for higher numerical precision by performing the reduction with
suitable phase-space dependent methods which avoid spurious singularities. Despite the fact that
the Feynman-diagrammatic approach can be improved via a factorized treatment of colour and
further posterior algebraic simplifications, it is still not suited for high particle multiplicities. A
few years ago the Feynman-diagrammatic approach has been combined with recursive techniques
succeeding in the efficient computation of QCD corrections for general processes. The arisen
tools [9, 10] have now become standard tools for phenomenological studies at colliders. As a
result, the calculation of NLO QCD corrections is considered as a solved problem and with
the need of higher precision, the focus shifts to the calculation of QCD corrections of next-to-
next-to-leading order (NNLO) and of NLO Electroweak (EW) corrections. EW corrections are
important for many observables at the LHC. Typically they are of the order of NNLO QCD
corrections, i.e. of several percent. However, they can be enhanced for various reasons, e.g.
Sudakov logarithms. For BSM models EW corrections are as important as QCD corrections
and can easily reach 50%. The reason being large parameter choices in the Higgs-potential, i.e.
A = O (10) which are still allowed and only constrained by tree-level perturbativity, but not yet
by searches.

SM EW corrections became available recently in various approaches, e.g. OPENLOOPS [11],
MADGRAPH5_AMCQ@NLO [12], GoSAM [13, 14], FEYNARTS/FORMCALC [15, 16]. As an al-
ternative to these pure or semi Feynman-diagrammatic approaches, with recursive elements, the
method in Ref. [17] has been proposed for evaluating one-loop gluonic amplitudes. It relies on
the representation of the amplitude in terms of tensor integrals, whose coefficients are computed
recursively [18] without resorting to Feynman diagrams at any stage. Thus, the algorithm bene-
fits from the stable and universal reduction methods for tensor integrals and recursive techniques
which tame the vast number of contributions to one-loop amplitudes. This is the basis for the
fully recursive approach in REcoLA [19, 20], in combination with the tensor-integral library
COLLIER [21]. RECOLA has been successfully used in many NLO QCD and EW computations.
The first computations were carried out for various lepton-pair-production channels in associa-
tion with two hard jets [22, 23]. In a new series of publications the NLO QCD and EW off-shell
vector-boson-pair-production channels were investigated [24, 25, 26]. Yet in another series the tt
and tth fully off-shell final states were computed at NLO QCD and EW [27, 28, 29, 30]. Finally,
the first fully off-shell prediction of vector-boson scattering has been computed in Ref. [31] at
NLO EW. In all of the calculations RECOLA has been used with in-house Monte Carlo inte-

grators. However, in order to make contact with experimental data the integration of matrix



elements is only the beginning of a proper theoretical prediction. In this respect it is advanta-
geous to combine amplitude providers, such as RECOLA, with advanced event generators, which
go beyond the standard Monte Carlo integration, in the sense that besides the simulation of
the hard process via matrix elements, also soft processes via parton shower algorithms and
hadronization processes are taken into account. This requires flexible and user friendly ampli-
tude providers which can be used as a black box working in a fully automated way. RECOLA
perfectly meets these requirements and has been interfaced to the general purpose event gener-
ator SHERPA [32, 33] which has been made publicly accessible [30]. Soon also WHIZARD [34, 35]
will have an official support [36].

Amplitude providers are confronted with the needs of the future, namely the ability to cal-
culate NLO QCD and EW corrections in general weakly interacting theories, similarly to the
existing automated tools for the calculation of QCD corrections. However, the automation for
one-loop BSM physics is more involved and requires the following three ingredients: First, new
models need to be defined, typically in form of a Lagrangian and followed by the computation of
the Feynman rules. For this kind of task FEYNRULES [37] and SARAH [38] are established tools.
Then, a systematic and yet flexible approach to renormalization and computation of further
ingredients is required to deal with generic models. Finally, the renormalized models need to be
interfaced to a generic one-loop matrix element generator. As for the automation of renormal-
ization, there has been progress in the FEYNRULES/FEYNARTS approach [39]. In this thesis a
fully automated procedure to renormalization and computation of amplitudes in general models
has been developed, thus, combining the second and third step. Our approach makes use of
bare Universal FeynRules Output (UFO) model files [40] and results in renormalized one-loop
model files for RECOLA2, a generalized version of RECOLA, allowing anyone, in principle, to
compute any process in the underlying theory at the one-loop level. Much effort has been spent
in the validation of the system which resulted in the support for additional gauges such as the
Background-Field Method or the R¢ gauges, and a systematic treatment of the tadpole renor-
malization. As an application of the system, we focused on two BSM Higgs-production processes
at the LHC, namely Higgs production in association with a vector boson and Higgs production
in association with two jets, in the Two-Higgs-Doublet Model (THDM) and the Higgs-Singlet
extension of the SM (HSESM). Those processes are particularly interesting for an extended
Higgs sector, as they represent the next-to-most-dominant Higgs-production mechanisms at the
LHC.

The outline of the thesis is as follows

e In Chapter 2 we motivate BSM physics and give a brief description of the key aspects of
the SM. We introduce the THDM and the HSESM, and derive the physical parameter
basis which is used throughout the thesis.

e In Chapter 3 we introduce RECOLA2, focussing on the generalization with respect to
REcoLA. The generalization is two-fold and concerns the dynamic process generation

and the computation of processes.

e In Chapter 4 we discuss our framework for one-loop renormalized BSM theories, which
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consists of the regularization scheme, the renormalization of 1-point functions (tadpoles),
two-point functions (self- and mixing eneriges) and higher-point functions (couplings). We
discuss the application of the Complex-Mass Scheme (CMS) with a focus on automation.
Further, basic commonly used renormalization schemes in the SM are extended to BSM

theories.

e In Chapter 5 we introduce the computer program REPT1L and describe our approach
to a fully automated renormalization procedure, covering the model-file generation in a
format suited for RECOLA2, the counterterm expansion, the formulation of renormalization

conditions and the computation of Rp rational terms.

e In Chapter 6 the main validation tools are presented. In particular we apply the Background-
Field Method (BFM) to extended Higgs sectors and highlight differences with regard to

the renormalization.

e In Chapter 7 we present our numerical analysis for Higgs-production processes in the
THDM and HSESM. We study various renormalization schemes and investigate genuine

effects from the underlying models.

The thesis is supplemented by analytic calculations and results in the appendices which are
referred to whenever suited. In App. A the reader finds our conventions for scalar and tensor
integrals. In App. B we give the effective prescriptions for the FJ Tadpole Scheme and explicit
tadpole expressions in the THDM and HSESM. In App. C we discuss the gauge dependence of
the mixing-angle renormalization in the THDM and its implication on the gauge dependence
of the S-matrix. In App. D we investigate the FJ Tadpole Scheme at two-loop order at the
example of a scalar self-energy. Finally, in App. E we discuss shape-distortion effects on selected

distributions in the considered processes of Chapter 7.



CHAPTER 2 .

Probing Beyond Standard Model theories
with precision

Despite of all the successes of the SM it remains an incomplete theory with many shortcomings
which demand explanation. Some of these questions can be addressed by simple extension, e.g.
extended Higgs sectors as discussed in this chapter. In Section 2.1 we argue in favour for BSM
theories and the necessity for precision in future investigations. In Section 2.2 we review the
SM, focusing on the aspects relevant for the later discussion. Finally, we discuss simple, but yet
viable extensions of the SM Higgs sector in Section 2.3, namely the THDM and HSESM. These

models are then subject to the automated renormalization discussed in Chapter 5.

2.1 Beyond Standard Model theories and the necessity for

precision

The overall agreement of observables predicted by the SM and measured by particle colliders such
as the LHC, does not show, at the time of writing, any deviation larger than 3c. Nevertheless,
the SM is clearly not the final answer to nature as many questions remain unanswered. Among
the fundamental ones is the compatibility with the theory of gravity, namely General Relativity
(GR). GR is a well-established theory and has been confirmed recently once again by the
discovery of the gravitational waves at LIGO [41], which, in its importance, is comparable to
the discovery of the Higgs boson. Yet, both GR and the SM are expected to break down at very
high energies, namely at the Planck scale, where they should be replaced by a unified quantum
version. The idea of unification is most appealing and is deeply rooted in our understanding of
nature via simple principles as encountered in gauge theories and GR. Besides, unification is
nothing new and has already successfully lead to the unification of EW theory. Therefore, there
are good reason to believe in a unification, but there is no guarantee that we are able to see it, if
it happens at all. The new physics scale might be separated by a large gap from the electroweak
scale and we would not be able to see anything, at least not with human-build machines like the
LHC. However, astrophysical observations make hope for new physics which may very well reside
within our grasp. For instance, neither the SM nor GR are able to describe the preponderance
of matter over antimatter as seen in our universe, or the existence of dark matter as nowadays
accepted to explain the rotational velocity curves, or dark energy which is responsible for the
acceleration of the universe [42, 43]. All of these phenomena can be addressed and explained by
non-gravitational interactions which should leave an imprint at particle colliders. Besides the

astrophysical observations the SM arguably suffers from aesthetic deficiencies which demand an
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explanation. This concerns e.g. the fermionic mass hierarchies or the true nature of neutrinos
which is yet to be discovered. The SM is not restricted to its current form and allows for various
simple extensions. In particular, there is no reason why the Higgs-sector should be composed
of just a single Higgs doublet. In fact, non-minimal extensions of the scalar sector can account
for astrophysical observations concerning matter antimatter asymmetry, or dark matter. For
instance, the THDM is (still) viable for a successful baryogenesis [44]. All in all there is enough
motivation to believe that the SM is not complete up to the Planck scale and new physics might

yet show up, even if there is a large gap between the EW scale and new physics.

With this in mind two strategies can be pursued in investigating new physics. On the one
hand, we can study concrete new models, and the relevant ones should behave SM like, at least
at low energy, otherwise we would have seen something at the LHC. On the other hand, we can
consider decoupling scenarios which are based on the assumption that new physics scale is much
higher compared to, e.g. the Higgs-boson mass. Decoupling scenarios are not excluded by any
means and a systematic approach without considering concrete models is possible via Effective
Field Theory (EFT). The quest is to search for small deviations in both approaches, and finding
evidence for BSM indirectly.

There are several ways to constrain the parameter space of theories with precision. For
instance, in the days of LEP the oblique parameters S, T and U were computed to study

universal corrections [45]. The closely related p parameter, defined as [43]

M2
pP=—3 j&vga (2.1)
ce M7
equals exactly one in the SM at tree level. The experimental value, currently given by [43]
p = 1.00040 % 0.00024, (2.2)

strongly favours theories which fulfil p = 1 at tree-level. In the THDM and HSESM discussed
in Section 2.3 this requirement is fulfilled without fine-tuning, yet, radiative corrections to (2.1)
differ from the SM and can be used as a testing ground for BSM benchmark points. In extended
Higgs sectors the oblique parameters can be studied in a systematic way, as done e.g. in Ref. [46]
for theories with additional SU(2),, doublets and singlets. Further, the tools HIGGSBOUNDS [47]
and HIGGSSIGNALS [48] incorporate these and other precision tests, including the comparison
to measured Higgs rates, automatically. In the THDM this has been automated via an interface
to the dedicated tool 2HDMC [49]. Finally, to ultimately test models one has to confront them
directly with experimental data, which requires accurate predictions for realistic final states.

This is where RECOLA2 comes into play.
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Figure 2.1: The particle content of the SM. The innermost region unifies strongly interacting
particles. The next to innermost region describes the QED interactions with the
photon. The outermost region represents the weak force mediated by the massive
gauge bosons, which includes interactions with neutrinos. The Higgs boson interacts
with all massive particles.!

2.2 Aspects of the Standard Model

2.2.1 Overview

The SM is a relativistic Quantum Field Theory (QFT) based on the postulation of matter fields
in specific representations of the Poincaré and gauge groups, compatible with nature. More

precisely, the SM gauge group is
SU(3)c x SU(2)y x U(1)y, (2.3)

composed of the QCD (SU(3).) and EW (SU(2)y, x U(1)y) components. Interactions between
fields are introduced by promoting the invariance under (2.3) to a local gauge invariance, i.e.
making this particular symmetry transformation space-time dependent. As a consequence, new
dynamic fields emerge, mediating gauge interactions. = The strong force is mediated by the
gluon, which solely interacts with colour-charged particles, namely the quarks in the SM. The
EW force is mediated by the photon and the massive gauge bosons Z, W, which interact with
quarks and leptons. Together with the Higgs boson, which couples to all massive particles in

the SM, the complete SM particle content is depicted in Fig. 2.1.

"Modified template source code from http://www.texample.net/tikz/examples/model-physics/
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Field | Representation | Dimension | Gauge coupling
G° 8 x1x1(0) 8 Js

Wi | 1x3x1(0) 3 g

B 1x1x1(0) 1 g

Table 2.1: Gauge-boson fields and associated gauge couplings in the SM. 8 stands for octet, 3
for triplet and 1 for singlet representations. The value in the parenthesis denotes the
hypercharge.

2.2.2 Kinetic terms for gauge bosons

Vector bosons are defined in the adjoint representation of the gauge group (2.3) as given in
Table 2.1. In this classification the fields are in the so-called gauge eigenbasis allowing for a
straightforward gauge-invarant definition of the Yang-Mills Lagrangian in terms of the field-

strength tensors G, Wﬁy, B, as follows

8 3
1 1 ; ; 1
Loy = _Zz :GZVGa,MV - E Wﬁyw%ﬂ” _ ZB;LVB'IW' (2.4)
a=1 i=1

The field-strength tensors are constructed from the commutator of covariant derivatives in the

adjoint representation with the following result

8
a __ a a abc ~b e
Gy, = 0,G5 — 0,G% + Y g/ GhGE,
b,c=1
3
T i 1 ijk itr7k
Wy, = 0, W, —0,W) + > g Wiwy,
J.k=1

B,, =0,B, - 0,B,, (2.5)

where f%¢ and €% are the structure constants of SU(3). and SU(2)y, respectively.

2.2.3 Kinetic terms for fermions

The fermions can be decomposed into left-and right-handed components which in the SM trans-
form under different representations. The left-handed ones form an SU(2),, doublet, whereas

the right-handed ones are defined as singlet fields,

QL = H , Ly = VL , UR, dr, IR, (2.6)
dr, IL,

with u, d, | and v generically denoting up-type quark, down-type quark, charged lepton and
neutrino, respectively. Notice that the minimal SM does not anticipate right-handed neutrinos.
Table 2.2 summarizes the fermion-field representations. The fermions come in three different

generations which can be thought of as two additional copies of (2.6). Denoting the generation
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Field | Representation | Dimension
6

S— . . S
— W W N

Table 2.2: Fermion-field representations of (2.3) in the SM. 3 stands for triplet, 2 for doublet and

1 for singlet representations. The value in the parenthesis denotes the hypercharge
Y.

index by %, the complete kinetic term reads

3
Loivae = Y (IQLDQL, +iLLDLY, + it Puy, + idy Py, + il Ply) (2.7)
i=1
with ) = YuDH denoting the covariant derivative contracted with the Dirac gamma matrices.

The covariant derivative is defined as

8 3

Dy =0, — Y igt"Gl — Y igt'Wi —ig'tB,, (2.8)
a=1 i=1

with t%, ¢!, ¢ being the generators in appropriate representation when acting on the fields. For

quarks one chooses the Gell-Mann matrices A* as t* = \%/2. For the left-handed isospin doublets

the generator ¢ = 0%/2 is given by the Pauli matrices o%, and weak hypercharge generator

t = =Y /2 is just the value for the weak hypercharge as given in Table 2.2.

2.2.4 Brout-Englert-Higgs mechanism

The SM is a chiral theory and the naive mass terms for fermions

—my (YL¥r + YRYL) (2.9)

are forbidden by the requirement of gauge invariance, since left- and right-handed fermions
transform differently under the gauge group (2.3). The Brout-Englert-Higgs (BEH) mechanism
circumvents this apparent problem by generating masses dynamically in a gauge-invariant way, at
the cost of introducing new dynamic fields and interactions. The precondition for the mechanism
is a suited scalar potential exhibiting Spontaneous Symmetry Breaking (SSB). In the SM one

chooses

IR

2
Veu = (<I>T<I>) — i2oto, (2.10)
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Field | Representation | Dimension
o 1x2x1(1) 2

Table 2.3: SM Higgs doublet field representations. 2 stands for doublet and 1 for singlet repre-
sentations. The value in the parenthesis denotes the hypercharge Y. Since the Higgs
doublet is chosen to be complex, it comes with 4 dof instead of 2.

with the parameters A and p chosen to be real and positive. The field ® is a complex SU(2)y

doublet defined in components as follows

¢+
q):<j5[vh+h+ix]>' (2.11)

The linear combination v, + h represents the neutral component of ®. Note that the vacuum
expectation value (vev) vy is not a parameter of the theory, but merely a convenient field

parametrization. The scalar potential is minimized by imposing the condition

ov =0, (2.12)
O |o—(0, v/v2)"
which yields the solutions for the vev vy,
4 2
02 = % (2.13)

The Higgs Lagrangian is composed of the potential (2.10) and the standard scalar kinetic term,

augmented by covariant derivatives as follows
Ly = (D,®)T(D'®) — Vau. (2.14)

The kinetic term couples the Higgs doublet field to gauge bosons, which gives rise to the gauge-

boson masses?

gUnh

\/ a2 /2
My = 28 Mz:w

5 5 . M, =0. (2.15)

For the fermions additional Yukawa interactions are postulated as follows

3
Lvawa == > (TQLOW, + THQL U], + TV L0k, +hec.) (2.16)
ij=1

where ® = io2® is the charge-conjugated Higgs doublet, and h.c. denotes the inclusion of the
hermitian conjugate terms in order to make (2.16) hermitian. With this we conclude the review
of the SM.

2The identification of M7z requires to diagonalize the neutral gauge-boson sector. See e.g. Ref. [50].

10
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2.3 Two-Higgs-Doublet Model and the Higgs-Singlet extension
of the Standard Model

In this section we give an introduction to the THDM and the HSESM which are simple extensions
of the SM Higgs sector. Parts were taken from Refs. [51, 52] and extended in order to be self-
contained. We start with the definition of the fields and the scalar potential in Section 2.3.1.
In the second part in Section 2.3.2 we translate the potential to the mass eigenbasis, identifying
suitable physical parameters. Finally, in Section 2.3.3 the Yukawa Lagrangian of the THDM is
discussed, which for the HSESM coincides with the one of the SM (2.16). All models are given
with the restriction of a CP-conserving Z; symmetric scalar potential, which in the case of the
THDM is allowed to be softly broken. For the THDM we stick to the conventions of Refs. [53, 54].
For the HSESM we follow Refs. [55, 56, 57, 58] which are based on the original literature [59,
60, 61]. The HSESM conventions are adapted to the ones used in the THDM. The models
were incorporated in RECOLA2 as model files allowing for an automated computation of any
process, with the only limitations being internal memory and CPU power. The renormalization
is performed as generically described in Chapter 4. The generation of the renormalized model

file is presented in Chapter 5.

2.3.1 Fields and potential in the symmetric basis

Both models are simple extensions of the SM, only affecting the form and fields entering the
scalar potential and for the THDM also the Yukawa interactions. In the case of the THDM we
have two Higgs doublets with hypercharge ¥ = 1, generically denoted as ®; with : = 1,2 and

defined component-wise by

oF
(I)i = ( 1 ’ . > ) (217)
/5 (vi + pi +1imi)

with v; denoting the vevs. Under the constraint of CP conservation plus the Zy symmetry

(P1 — — Py, Py — Pg), the most general renormalizable potential reads [53]
VrapMm = m%‘biq)l + m%@;@g — m%Q <‘1>J{(I)2 + <I>§<I>1)

LN <<I>§<I>l>2 - (@5@)2 + A3 (<I>1<I>l> (cb;%) + M (cb{@g) (@5@1)

2 2
T [(@I%)Q " (@5%)1 , (2.18)

with five real couplings A; ... A5, two real mass parameters m? and m3, and the soft Zo-breaking
parameter m?,.

The HSESM scalar potential involves one Higgs doublet ® with ¥ = 1 and a singlet field S
with Y = 0 defined as

¢+ Vs + P2
= S: . .
(\}i(v—l—p1+in)>’ V2 (2.19)

11
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Note that pi, po are intentionally identified with the same symbols appearing in the Higgs dou-
blets of the THDM (2.17) which allows for a treatment on equal footing in the mass diagonal-
ization and renormalization of mixing angles for both models. Under the same constraints, the

most general potential reads
_oat 962 , M (21 :\2 A2 For a2
Visgsm = mi®'® + m3S5° + 5 d'P) + ?S + A3®'DS=, (2.20)
with all parameters being real.

2.3.2 Parameters in the physical basis

Both potentials are subject to SSB which requires a rotation of fields to the mass eigenstates
in order to identify the physical degrees of freedom. For the THDM there are five physical
Higgs bosons Hj, Hy,, H,, H* and in the HSESM there are two physical Higgs bosons H; and
H,, intentionally identified with the same symbols as in the THDM. Besides the physical Higgs
bosons, there are the three would-be Goldstone bosons Gy and G* in the 't Hooft-Feynman
gauge. The mass eigenstates for the neutral Higgs-boson fields are obtained in both models by

the transformation

H o
( p1 ) = R() ( b ) . with R(a) = ( cosan T ) , (2.21)
02 H; sina@  cos«

with a being fixed such that the mass matrix

B o’V
OpiOp;

ij : (222)

p=0
is diagonalized via R(—a)MR(c), with the potential V' being either (2.18) or (2.20). The

solution to (2.22) for symmetric 2 x 2 matrices is generically given by (see Ref. [53])

oM
sin 2a = 2 _. (2.23)
V(M1 — Mao)? + 4MP,

In the THDM there are additional mixings between charged and pseudo-scalar bosons and

Goldstone bosons, which are diagonalized as follows

+ +
<zi>23(5)<§i>’ <Z;>=R(B)<flo>, (2.24)
2 a

R() = ( cosff —sing ) . (2.25)

sinf cospf

with

The angle 3 is related to the vevs according to t3 = tanf8 = wvy/v; in the THDM. For the
HSESM we define t3 = tan8 = v,/v. The Higgs sector is minimally coupled to the gauge

bosons. Collecting quadratic terms and identifying the masses one obtains the well-known tree-

12
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level relations

1 1
My = 9 My = 3 g%+ g% v, (2.26)

where g and ¢’ denote the weak isospin and hypercharge gauge couplings, and My and My the
W- and Z-boson masses, respectively. For the THDM we identify v = y/v{ + v3. Then, one

employs the minimum conditions for the scalar potential which, in both models, read

(pi) = 0, (2.27)

and obtains solutions for m? and m3. Finally, physical mass parameters are identified as the

quadratic terms in the Lagrangian after SSB and after diagonalization. The physical mass
parameters are identified with the Higgs-boson masses, My, (light Higgs boson), My, (heavy
Higgs boson), My, (pseudoscalar Higgs boson), M+ (charged Higgs boson), the two mixing
angles o and 3, the soft-Zs-breaking scale Mg, and the vacuum expectation value v. Whereas
for the HSESM we have M, (light Higgs boson), My, (heavy Higgs boson), and the two mixing
angles a and f.

The mass parameters are obtained in terms of the \; parameters which are given separately
for the THDM and HSESM in the following:

THDM: The solutions to (2.27) read

M2
m3 = Mg M2 sin? 8 — W [)\1 cos® B4 (A3 + Ag + \5) sin? [3} ,
2M3
= M3 cos® B — g2w [)\2 sin? B+ (A3 + Ag + As) cos? B} , (2.28)

where we have defined the soft-breaking scale Mg, as

2

m
M2 =—12 2.29
b cos Bsin 3 (2.29)

and the vev v has been substituted using Eq. (2.26). The \; parameters are expressed by
the physical Higgs-boson masses Mp,, Mp,, Mp,, My+ and the soft-breaking scale Mgy,

as follows
92 2 ar2 2 02 2 3M32
M = 372 cost (€05 @M, +sin® abM, —sin® GM3]
W
2
o= it S b, +co alg, — o M3
%
) .
g cosasina , o 9 2 2
A3 = 4M3; | cos Bsin 3 (MHh - MHl) +2Mps — Mg,
2
A = 4542 (M} —2M%. + M3),
g9 2
A5 = 4M2 (Msb MHa) : (2.30)

13



Chapter 2 Probing Beyond Standard Model theories with precision

Using the identities

1 t
cosf = ——, sinﬁziﬁ,
2 / 2
1+ tﬁ 1+ t,B
- t t
cosq = CoB — BaB8 ) o - SeB T Caplp (2.31)
/ 2 / 2
1+ ts 1+ ts
the angles can be converted to the basis [53]
a, B = cqpi=cos(a—f), tg :=tanp, (2.32)

which is a natural choice for studying (almost) aligned scenarios. The angle « is defined
in the window [—7/2,7/2], whereas the angle /3 is defined in the window [0,7/2]. This
implies cosa = /1 —sin® a, cos B = /1 — sin? B and tg > 0. The solutions are valid only
for My, > Mpq,.

HSESM: The stability conditions for the potential (2.27) yield

2M2
mf = ==Y [+ ]
2M2
mi = =W [Datd + As] . (2.33)

The solutions to the \; parameters expressed by the physical Higgs-boson masses My, and

Mp, read
g2
A1 = I, [(3032 aMIQ_]h + sin? aMIQ_Il] )
Ay = g [sin2 aM¥ + cos® aM?{] )
A Myt n !
2
9 : 2 2
Az = [cosasina (Mz, — Mz)] . (2.34)
4M\%Vtg h !
The mixing angle « is defined in the window [—7 /2, /2], which implies cos & = /1 — sin? a..

Further tg is taken positive tg > 0, and the solutions are valid only for My, > Mp,.

In Table 2.4 we summarize the independent parameters related to the Higgs potential in both
Models.

2.3.3 Yukawa Interactions

The fermionic sector in the HSESM is the same as in the SM, whereas the THDM allows for
a richer structure. In the general case of the THDM, fermions can couple to both ®; and ®s,
leading to flavour-changing neutral currents (FCNC) already at tree level. Since FCNC processes

are extremely rare in nature they highly constrain BSM models. In order to prevent tree-level

14
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Voupm LGauge
Before SSB ml,mg,mlg,)\l,/\g,)\g,)\4,)\5 g,g’
After SSB (choice) | My, Mg, , Mu,, Mg+, cap,tg, Mgy, Mw | €, Sy

VHSESM £Gauge
Before SSB my, ma, A1, A2, A3 9,4
After SSB (choice) | My, Mu,, Sa,tg, Mw e, Sw

Table 2.4: Independent parameters in the gauge and mass eigenbasis of the THDM and HSESM.
The EW gauge couplings need to be considered in order to properly identify the
independent parameters in the mass eigenbasis after SSB. Note that there are no
additional independent parameters, and we intentionally did not list vev or tadpole
parameters.

FCNC, one imposes the Z5 symmetry
Z2 : (I)l — —(1)1, (I)Q — (I)Q, (235)

as already introduced in the Higgs potential in Section 2.3.2. This Zy symmetry is motivated
by the Glashow—Weinberg—Paschos theorem in Refs. [62, 63], which states that for an arbitrary
number of Higgs doublets, if all right-handed fermions couple to exactly one of the Higgs dou-
blets, FCNCs are absent at tree level. This can be realized by imposing, in addition to (2.35), a
parity for right-handed fermions under Zs symmetry. One obtains four distinct THDM Yukawa

terms which are given by:

Type |: By requiring for all fermions an even parity under Zs, all have to couple to the second

Higgs doublet ®5. The corresponding Yukawa Lagrangian reads
Ly = —Fd@L(deR - FHGL&)QUR — Flqu)QlR + h.c., (2.36)

where @, is the charge-conjugated Higgs doublet of ®. Neglecting flavour mixing, the

coefficients are directly expressed by the fermion masses mq, m, and mj, and the mixing

angle 3,

gmdq gmy gm

_ 7 u= L IN=——"——. 2.37
V2 My sin 3 V2 My sin 8 LT V2 My sin 8 (2.37)

g
Again, the vev v has been substituted using Eq. (2.26).

Type ll: This is the MSSM-like scenario obtained by requiring odd parity for down-type quarks
and leptons: dp — —dgr, IR — —Ir and even parity for up-type quarks. It follows that
the down-type quarks and leptons couple to ®1, while up-type quarks couple to ®2. The

corresponding Yukawa Lagrangian reads
Ly = _Fd@Lq)ldR - FUQL&)Q’U,R - FIELq)llR + h.c.. (238)

Again, neglecting flavour mixing, the coefficients are expressed by the fermion masses myq,

15
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my and my, and the mixing angle (3,

gmq gmy gm

= — = — N=—"——-—. 2.39
V2 My cos 3 Y V2My sin 3 : V2 My cos 3 ( )

[q

Type Y: This type, also referred to as lepton-specific, is obtained by requiring odd parity only
for leptons: Ig — —IR.

Type X: This type, also referred to as flipped, is obtained by requiring odd parity only for
down-type quarks: dg — —dR.

In the numerical analysis in Chapter 7 we focus on Type II, which is the most popular and
most constrained type due to the connection to the MSSM scalar potential, which is also of
type II. There is, however, a difference to the THDM, namely the \;s are constrained by gauge
symmetry in the MSSM. Further, in Chapter 7 we consider all fermions as massless except for
the top quark which makes Type I equivalent to Type II. This restriction only applies to the
numerical analysis and not to the model file derivation and renormalization which we kept fully
general. In particular, we note that the THDM RECOLA2 model file can handle all Yukawa
types, and switching between different Yukawa types is done by a simple function call. To this
end, the Lagrangian has been defined as the sum of all possible combinations of Fermion doublets

coupling with ®; and ®-, and additional parameters enforcing a specific potential type.
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CHAPTER .

Matrix elements for generic theories with

RECOLA2

RECOLA2 is a tree and one-loop matrix-element provider for general models involving scalars,
fermions and vector particles. It is based on its predecessor RECOLA [19, 20], which uses Dyson-
Schwinger (DS) equations [64, 65, 66] to compute matrix elements in a fully numerical and
recursive approach. The implementation at tree-level follows the strategy developed in Ref. [67],
supplemented by a special treatment of the colour algebra. The one-loop extension, inspired
by Ref. [17], relies on the decomposition of one-loop amplitudes as linear combination of tensor
integrals and tensor coefficients. The former are evaluated by means of the library COLLIER
[21], while the latter can be computed by making use of similar recursion relations as for tree
amplitudes. The key task of RECOLA2 is the construction of the proper tensor structure of the
coefficients at each step of the recursive procedure, which has been implemented in RECOLA
relying on the fact that in the Standard Model in the 't Hooft-Feynman gauge the combination
(vertex) x (propagator) is at most linear in the momenta. RECOLA2 circumvents these and other
limitations of RECOLA and allows, in particular, to deal with different gauges, such as R¢ gauge
or BFM, and more generic structures as well as higher n-point vertices as encountered in SM
EFT.! RECOLA2 is written in pure FORTRAN95 and depends, besides the COLLIER library, on
RECOLA2 specific model files.

In the following Section 3.1 we give a short overview of the core algorithm, and derive some
aspects from first principles. The RECOLA2 algorithm operates in two stages which we discuss
separately. The first stage concerns the dynamic process generation where the so-called tree
skeletons are constructed, dictating the order in which the off-shell currents are computed in
the process-computation stage, i.e. the second stage. In Section 3.2 we discuss implementation
details of the skeleton construction, focusing on parts which have been extended in order to
support general QFT. In Section 3.3 we discuss the extension to the one-loop order. Several of
the building blocks used in RECOLA in the process-computation stage now need be provided by
the model file as they are no longer part of RECOLA2. This concerns, in particular, the rules
for computing outgoing off-shell currents in terms of incoming ones at the tree and one-loop
level. Since they are closely linked to the RECOLA2 algorithm we discuss their structure in this

chapter in Section 3.4, again with a focus on generalizations.

'For instance, RECOLA2 supports the operators encounterered in Higgs SM EFT of Refs. [68], [69].
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3.1 Berends-Giele recursion relation

The principle behind the Berends-Giele recursion (BGR) is the DS equation which is derived

from the generating functional and using vanishing boundary terms in the path integral, i.e.
o 4 ,
Do — 2 (i(SI+[ d'y 6w)iw) — o 21

with D¢ being the path-integral measure. Performing the differentiation on the exponential of
the generating functional yields a relation between the action S and its sources j as a quantum

mechanical expectation value as follows

(3.1) S [¢] () (SIS dty swiw) — /09 (] (o
0 foo (55 +9) o) = (G ). 63

In order to make the recursive structure explicit we exemplify the implications of (3.2) for a
generic scalar theory S with n-point interactions. Omitting any space—time dependence, we

have

A A A
_ -1 2 4,3 5 4
= ATt - St = et (3.3)

35 [9] 3
2!

00
where A™! = 00 + m? is the Klein-Gordon differential operator. Multiplying the DS Equation
(Eq). (3.2) with the Feynman propagator A, performing an integration over space—time and using
A;lA(ib, y) = 0% (x — y), permits to solve (3.2) for the single field ¢ in (3.3). By replacing each
¢ with functional derivatives with respect to (wrt) the corresponding sources j, the integrand

(3.2) can be pulled out and one obtains the chain rule for the functional derivative of this theory

iéjd(x) = /d4y A(z,y) [j(y) - % <15j5(y)>2 - % <i5j5(y)>3— % <15j5(y)>4+...

where we left out the (...), keeping in mind that the action of this operator is defined on

as

, (34)

expectation values. Eq. (3.4) allows to compute general Green’s functions by computing multiple

derivatives

0 o

5(e) " 5w’ (3:5)

without the need to resort to Feynman diagrams. The perturbative expansion is performed by
the recursion of (3.4) up to certain powers of ;. For instance, consider the computation of a

4-point function via

5j(x1) 6j(x2) 0j(ws) 0j(xa) <5j(;p1)5j(x2)5j($3)) 5j(za)’ (3.6)

where on the right-hand side (rhs) one of the derivatives is singled out, predestined for the

expansion. Next, we iteratively expand the derivative with Eq. (3.4) to the order of O (A%, )\}1)
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3.1 Berends-Giele recursion relation
and require products of three currents j x j x j. Then, (3.4) can be depicted as

i 2 el o 2 e +O (M3, (3.7)
- = — ~ - Py "'."'O ) 9 ‘
6j(xq) 202! ;3 < 3 S >

with the open line ending in the space—time point x4, the black dots being integrated space—
time points, and the white dots representing source terms j. Equal structures have been grouped
resulting in the given combinatorial factors. The remaining three derivatives (3.6) can be applied
to Eq. (3.7), realizing that no further expansion is necessary because the only non-zero and
connected contributions are the ones with all derivatives connecting to a source j in (3.7).
Finally, taking all sources to zero, performing a Fourier transformation to momentum space and
applying the Lehmann-Symanzik-Zimmermann (LSZ) formula yields the S-matrix element for

a 4-particle process

D1 D1 b1 p1
---exlT 2 P2 D3 ez2] A e .
Masi23= py ppiresil  + oilel 7[)2 Tom--et-el Tipy Fo---ei--p2
D p1+p3 s .
3 p3
p3 P3

(3.8)

The combinatorial factors drop out and the vertices are given by the usual Feynman rules.

Berends and Giele were the first to propose a procedure in the spirit of (3.4) for S-matrix
computations at tree-level not using Feynman diagrams at any stage in the computation. Their
algorithm was originally derived for n-gluon amplitudes [18] and is easily extended to the SM
or other QFT. They introduce the notion of an off-shell current which can be identified with
the left-hand side (lhs) of (3.4) in momentum space

wt = o--- : (3.9)

with the generic index i being related to the spin. For example, in the case of a vector field, ¢
is a Lorentz index or in the case of a fermionic field, ¢ is a spinor index. The BGR relation in

momentum space reads

/ A ’,
o--- = o---c?é ‘ + o---)\lé--‘ + 0---5,' (3.10)
D

with the vertices being given by the usual Feynman rules. Note that (3.10) constitutes a gen-
eralization of the recursion relation of RECOLA (see Eq. (2.2) of Ref. [19]) for general models,
where not only triple and quartic couplings are present. Each term on the right-hand side of

the BGR equation (3.10) combines currents, referred to as incoming currents, and contributes
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to the construction of the current on the left-hand side, referred to as outgoing current. The
contribution to the outgoing current generated in each term of equation (3.10), can be formally

seen as the result of the action of the BGR operator defined by:

@

BGR (win,1, -, win ) = === : = wou = Y _ BGR (wm1,...wnmN), (3.11)
.w (3.10)
In,N

with N being the number of incoming currents and the sum running over all contributions on
the rhs of (3.10). The explicit form of the BGR operator depends on the underlying theory and
is discussed in Section 3.4.

In the process-generation phase RECOLA2 derives the graphs of processes based on the recur-
sion (3.10), which we call the tree skeletons. This is done by iteratively inserting the right-hand
side of (3.10) into itself, resulting in all possible graphs differing from one another by different
independent momentum combinations, as indicated in (3.8). The recursion stops for a desired
final state which respects four-momentum conservation. The skeleton construction is imple-
mented in a model-independent way, treating all currents on equal footing, i.e. independent of
their particle nature.? Finally, S-matrix elements at tree-level are computed by taking the last

current in the recursion and putting it on-shell via

p
iMo= p211_>n;112 - (O==-0 ) " (3.12)

with m being the mass of the external field. With this we conclude the computation of the
BGR at tree level. In the next section we discuss the implementation details of the skeleton
construction which is the basis for the computation of BGR in general theories at tree level and

one-loop order.

3.2 Tree skeletons for general theories

The iterative recursion of (3.10) results in all possible graphs which respect momentum con-
servation, the so-called skeletons. A systematic approach to their generation is possible in the

binary representation of momenta [70] which is defined as follows. For a given process of n

external particles we assign each particle ¢ (i = 1,...,n) a momentum py,, with the momen-
tum integer k; := 2°!. The set of independent external momentum integers is denoted by
Poxt = {kili € [1,...,n — 1]}, and restricted to, in total, n — 1 independent momenta due to

momentum conservation. Defining the momentum flow for all momenta as incoming, except for

the last one, momentum conservation reads

> k= pr,. (3.13)

k€ Pext

2We use model file information to omit contributions which are zero due to conservation laws or because of
vanishing couplings.
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3.2 Tree skeletons for general theories

In order to define linear combinations in the binary representation, we consider a set A of distinct
momentum integers k with & € A. The sum of momenta in A is denoted as P4. The binary
representation of P4, denoted as Bp,, is defined as the sum of the corresponding momentum

integers as follows

Py:=)Y px = Bp,=) k (3.14)

keA keA

For example, the binary representation of the sum of the first and third particle momentum is

given by
Pk + Pksy :>k1+k3=1+4=5:Bpk1+pk3. (3.15)

The requirement for distinct momentum combinations in this basis is realized by requiring that
the sum of two momenta is forbidden if their binary representations have a non-zero bitwise
overlap. For instance, the sum of the numbers 21 and 12 is forbidden because 21 A 12 = 4 # 0,
with A being the bitwise AND operation. The number 4 stands for the momentum py,, which
is included in both 21 and 12. This can be seen by mapping back from binary representation to

momentum sums

21=144+16 < p21 = pr, + Prs + Pis»
12=4+38 & P12 = Phy 1 Dhy- (3.16)

Momentum conservation (3.13) implies that Bp,, needs to be identified with By,

n—1
By, ~Bp,, < 2"'~) 20l=ortloq (3.17)
i=1
The number Bp,, = 2""! — 1 is an integer number with all bits set to one up to the bit

position n — 1. This number plays the role of the recursion stop in the BGR, signalling that no
further independent momentum combinations exist. Finally, we can define the set of all distinct

momentum combinations in the binary representation
INV(n) ={k|1 <k < B,,}. (3.18)

The proof follows directly from the fact that each integer in INV(n) has a unique decomposition
in bits and since every number is distinct we have all possible combinations. The distinct
momenta can be classified by their number of bits in the binary representation. For instance,

the set of external momenta is a subset of INV(n) with exactly one bit set

Pt = {k|k € INV(n), bits(k) = 1}. (3.19)
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Current Momentum Binary
w(l):=1 Dk, 0001
w(2) =1 Dy 0010
w(4) =1 Dks 0100
w(3) = (w(2), w(1)) Phy + P 0011
w(5) = (w(4),w(1)) Py + Dis 0101
w(6) = (w(4), w(2)) Phy + Prs 0110

Table 3.1: Recursive computation of a 4-particle process using BGR ordered in increasing num-
ber of bits. The external currents are set to one, treating them as scalars. Note that
the computation order in RECOLA2 is slightly different.

External momenta can be identified in various ways, for instance, the following conditions are

equivalent
bits(k) =1 & Ji=k=2" & EkA(k—1)=0, (3.20)

with the last version being used in RECOLA2 to test whether a momentum is external.® In
general, counting the number of bits is more involved. For not too large numbers* the most
efficient method are lookup tables, which is used in RECOLAZ2.

The numbers in INV(n) represent all possible off-shell currents which need to be computed in
a process with n particles. In order to account for dependencies among off-shell currents their
computation needs to be performed in the ascending order defined by their momentum integers
starting from the smallest number one. In each step, the evaluation of the BGR consists in the
construction of all contributions on the rhs of (3.10). For an off-shell current with momentum
integer ¢ the contributions are identified as the ordered and distinct integer partitions of i with
no bitwise overlap among partition elements. In the following we exemplify the construction and
computation of the rhs of the (3.10) for the 4-particle process (3.8) (see overview Table 3.1),
making use of the BGR operator defined in (3.11) and abbreviated as

BGR(...)=(...). (3.21)

We have Bp, , = 7 and thus INV(n) = {1,2,3,4,5,6,7}. RECOLA2 proceeds as follows:

(1,2): The first two numbers 1 and 2 represent external fields due to (3.20). Their corresponding

currents w(1) and w(2) are identified with polarization vectors.

(3): The number 3 decomposes into 2 + 1. Thus, the corresponding current is given by
— w(3) = (w(2), w(1)).

(4): The current associated to 4 is identified with a polarization vector due to (3.20).

3Since for p € Peyxt only one bit is set in By, subtracting the number 1 from B, results in a binary number where
all bits are set to one up to the position of the original bit. Thus, B, and B, — 1 have no bitwise overlap.
4We typically consider processes with less than 12 external particles. The number 22 is not large in that respect.
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3.2 Tree skeletons for general theories

(5,6): These numbers decompose as 5 = 441 and 6 = 4+2. Therefore, the currents are computed

via

(7): The number 7 decomposes into multiple valid partitions, namely 6 + 1, 5+ 2, 4 + 3 and
4+ 2+ 1. Thus, we obtain

= w(7) = (w(6), w(1)) + (w(5),w(2)) + (w(3), w(4)) + (w(4), w(2), w(l)).
The steps 1, 2 and 4 are initial conditions and depend on the choice of external particles and
their polarization. The steps 3, 5 and 6 correspond to the computation of the subamplitudes.
In the final step 7 four different currents are computed. Performing the recursion and inserting
the expressions in one another results in a sum of contributions which can be identified with the
sum of Feynman diagrams in (3.8).
In this last part we discuss the generalization for generic theories. The key ingredient for the

skeleton construction is the (efficient) generation of integer partitions. More precisely, we are

interested in partitions of the integer ¢ with the following properties:
I True partition: ¢ = i1 + 0+ ...+ ip
IT Ordering: 4y > ix+1 VE

IIT No bitwise overlap : ix A4y =0 for Vk,I with k#I.

IV Max n-point: n < N

Certainly, the partitions can be computed iteratively by a simple brute force approach starting

from the hypercubus

(i1, i, - yin) € D= [1,.. . i—1] x -+- x [1,...,i— 1], (3.22)

and deriving the subset of vectors in D} which fulfil the conditions I-IV. However, the efficiency of
the partition generation has a significant impact on the speed of the dynamic process generation.
In particular for higher n point vertices naive brute force approaches or precomputed linked lists
of the partitions are slow, and an efficient algorithm is desirable. In Algorithm 1 we sketch our
recursive algorithm for arbitrary partition size n as used in RECOLA2.% Note that even though
the algorithm is general, in RECOLA2 only up to 8-point interactions are supported due to
internal optimizations. The procedure expects five arguments, but only ¢ and n are chosen
freely. The argument 7 is an integer which is subject to being decomposed into integer partitions
of size n. The arguments {i,}, k and u are auxiliary variables which are set automatically in
the recursion. The argument {i,} represents an integer array of size k — 1 filled recursively
and fulfilling condition II-IV in every intermediate step. The integer k represents the level of

recursion. Each level k deals with the construction of the k-th element 7. The argument wu is

5For better readability we left out details on the implementation of condition IV in Algorithm 1.
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Algorithm 1 Recursive Binary Partitioning

1: procedure PARTITION(Z,n, {ig}, u, k)

2 for i), = u,1,—1 do

3 if {ix Nig #0 Vq,q <k} then > Condition III
4 continue 2

5: end if

6 if n==Fk+ 1 then

7 Tht1 =1 — D gcki1ly > Condition I

8 if {ip11 > ix} or {ipp1 Nig#0 Vg,q <k+1} then > Condition II III
9: continue 2

10: end if

11: yield (i1,..., i) > Valid partition
12: else

13: PARTITION(i, n, {iq}, Min [zk —1,i— Zq<k ig — 1} Jk+ 1>

14: end if

15: end for

16: end procedure

the highest possible value for i, compatible with the conditions I-IV. The recursion is properly
initiated with {i,} = {}, k =1, w = i—1, and ¢, n chosen freely. In line 2 the algorithm performs
a loop over possibly allowed values for ig in descending order which is natural due to condition
II and the increase in k& with each additional level of recursion. A test for bitwise overlap is
performed in line 3 to make sure that the value is not in conflict with previous elements in {i,}.
In line 6 the algorithm verifies if a partition of size n can be finalized which requires precisely
n = k + 1 recursion steps. If this condition is not yet satisfied a recursion step k to k + 1 is
performed in line 13. In each recursion step an appropriate highest value u for the next element
in the partition is computed based on previous elements in the partition. Finally, in line 7 the
condition I is used to construct the last element %,, and in line 8 it is verified that the last
element respects the conditions II and III. Anything passing line 8 represents a valid partition
of 7 of size n. With this we conclude the generation of tree skeletons for processes with arbitrary
n-point interactions, which represent the basis for the dynamic generation of tree- and one-loop

amplitudes in RECOLAZ2.

3.3 Extension to one-loop level

The extension of the BGR to one-loop amplitudes in RECOLA2 follows the implementation in
REcCOLA in Refs. [19, 20] which has been inspired by the algorithm in Ref. [17], originally pro-
posed for one-loop QCD amplitudes. In contrast to the evaluation of tree-level S-matrix elements
(3.12), one-loop amplitudes cannot be computed directly by the same recursion techniques due
to the presence of tensor integrals. In general, a one-loop amplitude M; can be cast into the

form

M1 = s TR (3.23)
k
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3.3 Extension to one-loop level

with ¢, and T} being the k-th tensor coefficients and associated tensor integrals, respectively.
The focus in this work is on the efficient computation of ¢, whereas for the computation of T" the
COLLIER library [21] is used. The tensor coefficients ¢ are model and process dependent and can
become very complicated if evaluated analytically in standard diagrammatic approaches. Thus,
a numerical and recursive approach for the evaluation of tensor coefficients is desirable, which
can be realized by a modified BGR. To this end, the correspondence between loop and cut-loop
amplitudes is used to reconstruct tensor coefficients from tree amplitudes with two more legs.

The correspondence can be depicted as follows

[} [}
o ’k,- o XX Ik’_
= , (3.24)
A A N

with the dashed (dark) lines symbolising ordinary trees which can be computed by the usual
BGR (3.10). The plain (red) lines represent the loop line. The position of the cuts, marked with
crosses, are not unique and lead to ambiguities in the selection of contributing tree amplitudes.
These ambiguities can be resolved by applying selection rules on cut one-loop amplitudes which

can be formulated in a model-independent way in the binary representation as follows [19]:

e The first rule fixes the starting point of the loop by requiring that the tree which is
connected to the first loop binary, i.e. the one of the two crosses in (3.24) which is identified

with a lower momentum number, has a bitwise overlap with 1.

e The second rule fixes the loop flow direction by requiring a special order for three of the
trees attached to the loop. Those three trees are identified by having a bitwise overlap

with the smallest binary numbers in different trees.

For instance, the smallest binary numbers in 3, 8, 20, 32, ... are:
3=24+1, 8=8, 20=164+4, 32=32, .... (3.25)

Thus, the second rule together with the first one dictate the order for 3,...20,...8,..., and
32, ... being anywhere in between. The second rule is not applicable to one- and two-point
topologies. These cases are handled by ignoring the second rule and including a symmetry
factor of 1/2 [19]. In analogy to the definition of off-shell currents (3.9), tensor coefficients are

defined as off-shell currents

¢ = , (3.26)

carrying additional information on powers of the loop momentum. The computation of the

loop line is consistently implemented by imposing, in addition to the BGR (3.10), the following
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recursion rule

(2
7 J

= + + AS\: ... (3.27)
o e

The plain (red) line features a loop-momentum dependence. The hatched objects are off-shell
currents with a loop-momentum dependence (3.26), and the shaded objects are the usual off-
shell currents (3.9). Note that at the one-loop level it is enough to consider one loop line as
there is only one independent loop momentum. In view of the BFM discussed in Section 6.1,
the loop lines correspond to quantum fields, i.e. fields only appearing in the loops, whereas the

tree lines correspond to background fields.

3.4 Off-shell currents for general theories

Off-shell currents are the central objects in the computation of tree-level amplitudes (3.12) and
tensor coefficients (3.23). The process skeletons introduced in Section 3.2 lay the foundation for
a systematic computation of off-shell currents in terms of other off-shell currents. In this section
we address the actual computation of off-shell currents, which, besides the evaluation of tensor
integrals, is where RECOLA2 spends most of the time when computing S-matrix elements. Note
that the necessary analytic expressions for the computation of off-shell currents are derived by
REPTIL in a fully automated way in the model-file generation (see Section 5.1), and we shall
only discuss their structure here. To this end, we consider a simple example occurring in EFT at
one-loop order which demonstrates a few subtleties. More concretely, we discuss the Feynman

rule V11553 involving two (possibly) different vector bosons Vi, V5 and a scalar field Ss

12

¥ D2
Ml/\ﬁ_\’{r'p = L2 (py, po) = C1g"#2 4 Capy - pag"™™* + Cspi*ph? + Cap!?ph*, (3.28)
P15

with u; and p; being the Lorentz index and momentum of the vector boson ¢, and C; being
arbitrary couplings, not to be confused with the tensor coefficient ¢;. The momentum of the
scalar field is fixed by momentum conservation, in this case ps = p1 — po if p3 is considered
incoming. Typically, models imply —Cs = C3,Cy = 0, which shall not be assumed. The BGR
operator (3.11) corresponding to (3.28) needs to be derived for each distinct outgoing field. In

the following we assume Vj as the outgoing field. All other cases can be handled analogously.
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3.4 Off-shell currents for general theories

Using (3.10) and (3.28) the BGR operator is given by

X wh?
¥ D2 —igl!
wh (p1) = "\{_\’{r' =55 :;12 L4, (1, p2)wh® (p2)ws(p3)
DL N Pr 1
Xws

—i
= (wh" (p2) (C1 + Cap1 - p2) + I Capz - wa(p2) + ph' Capy - wa(p2)) w3(p3)m, (3.29)

1 1

where we assumed the ’t Hooft—Feynman gauge for simplicity. For an efficient evaluation on
modern CPUs it is essential to write expressions like (3.29) in vectorized form, which is done in
REPTIL by default whenever possible. In addition, REPT1L supports identifying similar struc-
tures and subsequent replacement by smaller expressions, which is known as Common Subex-
pression Elimination (CSE). This feature is essential in one-loop computations for preventing
unnecessary repetitive computation as will be demonstrated below.

The computation of the loop BGR (3.27) is more involved as different powers of loop momenta
need to be isolated. Note that the loop line is not fixed a priori, and, in general, we have to
consider all possible loop lines attached to the outgoing current. In this example we only consider

the loop line flow from V5 to V;. Then, the vertex structure corresponding to (3.28) is given by

LM (py 4+ q,p2 + q) =C1g"*2 + Co (p1 + q) - (p2 + q) g2
+ C3 (p1 + )" (p2 + 9" + Ca (p1 + " (P2 + ™ (3.30)

with ¢ being the loop momentum. Note that the shift in the momenta is consistent with

momentum conservation. The off-shell current is derived using (3.27), which yields

xcy*(q)
¥py +
i (prrg) = onpL 2T

N
p1+q \X’U}g

= —ig L4, (01 + ¢, p2 + Q) (p2, Qws(ps), (3.31)

where, again, we assumed the 't Hooft—Feynman gauge for simplicity. Note that the propagator
denominator is included in the tensor integrals, and thus left out in (3.31). First, we discuss the
case C # 0, and Cy = (3 = Cy4 = 0, which corresponds to a vertex in a renormalizable theory.
For renormalizable theories in the 't Hooft-Feynman gauge the rank® can be increased only by
one in the BGR (3.27). The outgoing tensor coefficient ¢; is proportional to the incoming one

co according to

At (g, ) = —ich* (g, p2)Crws(ps). (3.32)

To make this more explicit, we decompose tensor coefficients according to different ranks as

5The rank corresponds to the power of loop-momenta g. The precise definition for the rank of a tensor integral
is given in App. A.1
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follows

i (q,p) = ¢o(p) + @iy (p) + awapciy " () + - - .. (3.33)

The index p is intentionally separated from the other indices v, p,... as it is related to the
particle nature of V7, and not (necessarily) to the rank. Performing the rank classification (3.33)
on both sides of Eq. (3.32) we obtain

(3.34)

Therefore, the proportionality (3.32) holds on the level of components of tensor coefficients.
For Cy # 0 the outgoing tensor coefficient ¢; is no longer proportional to ¢y and needs to be

reordered according to the rank. The solution for ¢; changes in the following way
A olp1) = —i [C’S,O(Pz) (C1 + Cap1 - p2) | w3(ps),
Ay (pr) = —i [05,’f(p2) (C1+ Cap1 - p2) + ¢4 4(p2)Ca (p1 +p2)y] ws3(p3),

A

—i [Cg,’gp(m) (C1+ Capr - p2) + &5 (p2)Ca(p1 + p2)” + (15,0(]92)029"”] w3(ps),

(3.35)

Pl)

The computation of these rules and the classification according to the rank has been automated
in REPT1L. In fact, a large part of REPT1L is devoted to the computation of tree and one-
loop BGR relations and exporting the results to FORTRAN95. One could argue, that not too
many different operators are required, at least for renormalizable theories, which could have
been hard-coded, as it is done in RECOLA. However, in view of different conventions, different
gauges and non-renormalizable theories, we decided for a flexible system which is essential for
a full automation. Our implementation is kept fully general concerning the Feynman rules, i.e.
it is possible to derive the BGR in the form of (3.35) starting from any Feynman rule, with the
result (optionally) exported to FORTRAN95. For instance, for the one-loop BGR (3.31) REPTIL

calls”
write_loop_current(C; g"**? + Capy - paght#?), (3.36)

with the argument being the (tree-level) vertex structure (3.28) with two generic couplings C
and Cy. In this case the open index pu; is considered as the outgoing one, which also defines
the propagator type, whereas all other open indices are considered as incoming ones. The loop

momentum shift is performed automatically assuming the loop line going from V5 to V. The

"The argument form has been slighly altered. In REPTIL all structures have to be given in the UFO syntax as
strings.
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Algorithm 2 BGR of (3.31) for tensor coefficients as computed by REPT1L.

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:

procedure BGR_VVS(cy, ca, w3, Cy, Co, ri™a*, rMax)
I Metric(1,2)*C1
| Metric(1,2)*P(-1,1)*P(-1,2)*C2
for ri = ri™**,0,—1 do
.%'0(2) = —ngiUgCQ(Z,Ti)
c1(:,7r1) = p1 - paxo(c) — iCLwsea(:, 1)
if rma* <1 continue
for 1 =0,3 do
Tiout = Inc(p, ri)
c1(s, Tiout)+ = xo(:) (P1(p) + p2(p))
if rMa* < 2 continue
Tiouws = Inc (u, Inc(u, 7))
Cl(:a Tiout)+ = g“’”l’o(i)
end for
end for
end procedure

result of this call is the FORTRAN9S subroutine given in Algorithm 2. The generated code has

been translated to pseudo code and adapted to the conventions used here. The structure has

not been modified and is kept as generated by REPT1L. In order to make the transition from

(3.35) to the algorithm, a few ingredients need to be explained:

Tl

ri is a multi index grouping symmetrized Lorentz indices and the rank of tensors. For

instance, the first r¢ can be identified with the components of the usual tensor integrals as

follows

rank THYP-- ri
0 T 0
1 70, 7Y, 72,73 (1,2,3,4)
) TOO TOl T02 TOS Tll T12 T13 T22 T23 T33 (5 15)

Inc(u,7i) : The mapping Inc(u, i) combines a symmetrized index ri with the Lorentz index p

and creates a new combined symmetrized index. The mapping is used to increase the rank

of symmetrized tensors as follows

T = ¢*T",  with ri’ = Inc(u,ri).

(3.37)

c¢i(p, i) : Tensor coefficients carry an explicit dependence on the combined symmetrized index

r

max

ri. The index p refers to the field nature. In this example for both c;, co the associated

index p is a Lorentz index since the loop line connects Vi and V5 which are vector-bosons.

. ,.max
. r

is the highest rank increase for the BGR. The rank increase may occasionally

decrease when couplings are zero. In our example this is the case for C'y; = 0 and the rank

increase drops from r™&* = 2 to r™a* = ().
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ymax

r max

D ri is the highest value for the combined symmetrized index of the incoming tensor

coefficient cs.

zf} : REPTIL introduces auxiliary variables when applying the CSE. These variables can be
scalar-, vector- or even tensor-valued and may depend on the combined symmetrized index

ri.

The algorithm starts with a loop in line 4 running over all incoming symmetrized indices. First
consider the case Co = 0 with no rank increase. The only calculation occurs in line 6 (colour
code blue) and corresponds to (3.34) handling all cases at once. For Cy # 0 the algorithm is
allowed to continue on line 7, entering a Lorentz index loop. A new combined symmetrized
index rigyt is computed in line 9, and in line 10 the rank is increased by one corresponding to
the terms proportional to Cg’,o in the second and to (’gf in the third line in (3.35) (colour code
red). Finally, the rank increase by two, corresponding to the term proportional to cfz”’o in the
third line in in (3.35) (colour code green), is computed in the lines 12 and 13, but without an
additional Lorentz index sum. This is possible because the rank is increased by the symmetric
product ¢% = ¢"qu and can be handled within the same p loop. For C3 # 0, C4 # 0 this is no
longer the case and one has to extend the procedure by an additional loop over a free Lorentz
index, say v. In this situation REPT1L can optimize the loop by symmetrization of the current
which allows to restrict the additional loop to the domain v < pu.

With this we conclude the discussion of the generalization of the BGR to general theories. Fur-

ther aspects related to the model-file generation and renormalization are discussed in Chapter 5.
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CHAPTER

Calculational framework for

one-loop corrections

Canonically formulated QFT is known to suffer from divergences in loop amplitudes which are
cured by a reinterpretation via the renormalization procedure. In this formulation [71] every
theory is considered as an effective one, being valid up to a certain energy scale. In practice, this
picture is enforced by cutting theories at a given energy scale, and imposing renormalization
group equations (RGE) invariance, which guarantees that the theory’s prediction are unaffected
by the precise cut-off.! Among potential fundamental theories are the so-called renormalizable
theories, e.g. in this work the SM, HSESM or THDM, which differ from non-renormalizable
ones by the fact that the cut-off can be shifted to infinity, making them, in principle, valid
up to arbitrary high energies. Nowadays non-renormalizable theories are not less attractive.
On the contrary, a lot of effort has gone into the study of EFTs which allow for a systematic
parametrization of deviations wrt e.g. the SM,?2 and being well-defined at higher order® as
opposed to the usual x framework.

The cut off procedure, also known as the regularization, can be shown to have no physical
meaning, and a favoured scheme can be chosen. Over the years many elegant and mathemati-
cally rigorous regularization methods have emerged, but for computational purposes dimensional
regularization (DREG) [75] and variants thereof have the distinction of respecting most sym-
metries while allowing for straightforward analytic computations of loop integrals in QFT. The
basics of this regularization method are discussed in Section 4.1. There, we present the analytic
computation of rational terms of type Ry and Ry and the treatment of +5 in combination with
DREG.

Besides the regularization, theories need to be renormalized permitting to connect parameters
of the theory, with a priori no physical meaning, to actually measurable quantities like couplings
or masses. In the renormalization procedure one considers a set of relevant Green’s functions,
imposing conditions which fix their values in given subtraction schemes. For renormalizable
theories it is enough to consider a finite set of Green’s functions to render all others finite and
uniquely fix their values. This fact is exploited in the automated renormalization procedure
in Chapter 5 for renormalizable theories. In the following we discuss the renormalization of
a standard set of Green’s functions consisting of the tadpoles, i.e. the one-point functions, in

Section 4.2, and the two-point functions in Section 4.3. In the presence of unstable particles,

1A scale dependence remains when theories are truncated to finite order.

2For instance, see the EFT program for vector-boson pair production [72, 73] of Higgs related anomalous cou-
plings [74].

3See e.g. precision calculations in Higgs EFT at NLO [68, 69].
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Chapter 4 Calculational framework for one-loop corrections

the renormalization of two-point functions is extended and handled in the CMS as described in
Section 4.4. Concerning the renormalization of couplings we consider the standard renormal-
ization conditions for gauge and other couplings in Section 4.5. In the theories with extended
Higgs sector (see Chapter 2.3) independent mixing-angle parameters make their appearance.
Their renormalization requires special attention and will be discussed in the MS scheme in
Section 4.6. Alternative renormalization schemes concerning the mixing angles are presented in
Chapter 7.

4.1 Regularization and computation of rational terms

As mentioned in the introduction we use DREG [75] for the regularization of tensor integrals in
the conventions given in App. A.1. In order to preserve symmetries which manifest themselves
in form of Slavnov-Taylor Identities (STI) as a consequence of Becchi, Rouet, Stora and Tyutin
(BRST) invariance [76, 77, 78], the space-time algebra needs to be handled appropriately. As
long as non-supersymmetric theories are concerned, as it is the case in this work, DREG is
an appropriate choice. In order to preserve supersymmetry DREG can to be replaced by e.g.
dimensional reduction (DRED) [79].

In DREG all fields, momenta, momentum integrals, and y-matrices are analytically continued
to D dimensions. From a practical point of view this requires to replace the metric with its D

dimensional analogue, which fulfils

g,=4—4,=D. (4.1)

Similar identities result for v-matrices as e.g.
p L 1
7= 5 10"k = ghlaxa = Dlaxa, (4.2)

where we used the anticommutation relation for y-matrices and (4.1).* The analytic contin-
uation to D dimensions gives rise to so-called rational terms, which emerge from products of

D-dimensional objects and divergent terms for D — 4, e.g.

a+(D=4)8+0((D-4)] +B+O(D—4). (4.3)

D—4 D-4

The o term leads to a divergence when taking the limit D — 4 and requires renormalization,
whereas 3 remains finite and is not necessarily subtracted in the renormalization procedure,
e.g. in MS subtraction. The 3 term defines the notion of a rational term, namely a finite non-
zero remnant of products like (4.3). Rational terms are classified according to their origin, as

discussed in the following sections.

“In DRED (4.2) is purely 4-dimensional y*7, = 414x4 # D1sxa.
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4.1 Regularization and computation of rational terms

4.1.1 Computation of R;

The rational terms of type R; emerge in the tensor-integral reduction as a consequence of a
Lorentz-covariant decomposition and the identity (4.1). For instance, the Passarino-Veltman
Reduction (PVR) of the 1-point tensor integral of rank 2

A’“’(mg) = guVAoo(m()), (44)

can be contracted with a metric tensor which then relates Agp with the standard scalar integral
Ao (A.4). Using the integral representation (A.4) and (4.1) yields

A4, (mg) = mig Ag(mg) = D Ago. (4.5)

Solving for Ay and expanding to 4 dimensions gives

Ago(mo) = n;ng(mo) _ ™ (1 _Db=4 ((D - 4)2>) Ag(mo)

4 4
mg mg
= (Ao(mo) + 2) +0O(D—-4), (4.6)
where we used
lim (D — 4) Ag(mo) = —2mg. (4.7)

D—4

Thus, we see an additional term in the reduction which would not be present if we had not used
(4.1). We have derived further PVR expressions for 1- and 2-point functions up to rank 6 given
in App. A.2. The PVR can be employed in REPT1L when deriving counterterms, but is disabled
by default.

4.1.2 Computation of R,

The rational terms of type Rs originate as remnants of products of tensor coeflicients and tensor
integrals. Consider the one-loop part of a vertex function I's with definite external state s,

expressed in terms of tensor coefficients and tensor integrals as follows

Iy = Z Cul...ppTNc’“l“'“p, (4.8)
CECS

with N, and p denoting an N.-point integral with rank p. The set Cs of tensor coefficients defines
the vertex I'y and is constructed according to the Feynman rules of the underlying model. The

tensor coefficients can be expanded around D = 4 as follows

Cptopy = 021.”% +(D—4) c;lu...up + 0 ((D - 4)2) ) (4.9)
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Chapter 4 Calculational framework for one-loop corrections

Regarding the Rs terms only the pole parts of tensor integrals are relevant. Defining the pole
part as

im (D — 4) TN#-1p, (4.10)

PP [TNaﬂlm,UP} :1% )
_)

the rational term of type Ry associated to the vertex I's is given by

Np1...
= 3 e [2]. )
CGCS

Again, this kind of rational term arises from products like (4.3). In purely numerical approaches
with only ¢ (4.9) being computed, the additional terms (4.11) need to be included in the com-
putation. The actual computation of (4.11) requires two ingredients. The analytic computation
of tensor coeflicients in D dimensions is done with RECOLA2 for generic models and arbitrary
vertex functions which is described in Chapter 5. The computation of pole parts follows the
standard methods in Ref. [80]. Fortunately, the results need to be derived only once in analytic
form as they are model independent. To this end, one can start from a generic Lorentz-covariant

decomposition Ref. [80]

| P/2] N-1
N,pi..up H1---HP . )
THo#L-HP — E E {g ...gp.. .p}i%HA._iPTO...O ion+1...0p s * (4'12)
n=0 i2n+1,...,ip=1 2m 2n

The term |P/2] is the rounded integer number smaller or equal to P/2. The index i labels
different momentum indices. For N point functions there are N — 1 independent momentum
combinations. The curly bracket denotes the symmetrization wrt to Lorentz indices only. With
(4.12) the computation of pole parts is a matter of computing pole parts of scalar integrals.
Finally, one can make use of the Feynman parameter representation to extract the pole part. In
fact, a closed algebraic expression has been derived for the generic scalar integrals To...0is,,.;...ip
in Ref. [81].

4.1.3 Treatment of ~;

Chiral theories face the problem of a consistent treatment of v5 in D dimensions, which is non-
trivial since the standard Dirac algebra is incompatible with arbitrary dimensions. Yet, there are
solutions to describe anomalies in theories within DREG correctly, and we refer to a summary of
popular methods collected in Ref. [82]. As our focus is on anomaly-free theories, we use the naive
Dirac algebra in 4 dimensions with an anti-commuting 5 matrix. Note that potential anomalies
can only appear in the Ry terms, and REPT1L explicitly checks that the anomaly terms drop out.
This naive treatment has to be done with care and requires an additional ad-hoc prescription,
which dictates that each closed fermion loop has to start from the very same Lorentz index, e.g.
by selecting a specific vector boson as the starting point. Since this prescription is based on the
Feynman-diagram representation it cannot be used in RECOLA. Instead, the cyclic property of
the Dirac trace is used on the final result to bring all closed fermion loops in a specific order

compatible with the ad-hoc prescription, before applying any further algebraic identities. To
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see how the anomaly terms cancel, consider the vertex I'y,,z with two photons 71,72 and a Z

boson. REPTI1L obtains for the rational term Ry

Rs - ie?’(Nc — 3)

Hyq My 7
el = T ggrae s (P —Pp) e (4.13)

which is zero for N, = 3, i.e. for three quark families, thus, consistent with the SM being anomaly

free.

4.2 Tadpole counterterm schemes

This section deals with various aspects of tadpoles and tadpole renormalization schemes encoun-
tered in the literature. The arguments are all given in the perspective that we have developed
in Ref. [51]. This work is essential for a consistent renormalization in general weakly inter-
acting theories, in particular, when working with MS renormalization schemes, discussed in
Section 4.6. The FJ Tadpole Scheme clarifies common misunderstandings concerning the gauge
(in-)dependence of counterterm parameters and the S-matrix and helps to understand the origin
of large contributions in the presence of mixing angles as discussed in Section 7.4.

In Section 4.2.1 we give an introduction to the FJ Tadpole Scheme, a consistent tadpole
counterterm scheme for arbitrary theories. The scheme is applied to the SM in Section 4.2.2,
followed by a discussion on gauge dependence related to tadpoles. The corresponding results
for the HSESM and THDM are given in App. B. The importance of the FJ Tadpole Scheme in
combination with physical renormalization schemes is discussed in Section 4.2.3, where we point
out misunderstandings in the literature related to tadpoles and their renormalization. Several
arguments concerning the gauge dependence are reinforced by explicit calculations presented in
App. C.1 and App. C.2, and are referred to whenever suited. Finally, we discuss the automation

of the FJ Tadpole Scheme on the level of Feynman rules in Section 4.2.4.

4.2.1 The FJ Tadpole Scheme for a general Higgs sector

Among all tadpole counterterm schemes the F'J Tadpole Scheme is the most complicated one in
terms of numbers of contributions which may be the reason why it has been ignored so far in
BSM theories. The original idea in Ref. [83] has been presented for the SM. The generalization
to BSM theories is straightforward and is given in the following, focussing on the renormalization
of tadpoles in two-point functions. We stress that any of these results concerning the tadpoles
directly translate to n-point (vertex) functions.

We start with the bare Higgs Lagrangian given in terms of bare fields @; g and the theory-
defining bare parameters c; g, being defined in the unbroken phase and being by definition gauge

independent, as follows

Lup (P18, PIB;C1Bs -1 CLBS---) 5 (4.14)

with ¢ = 1,...,l and j = 1,..., k. After spontaneous symmetry breaking, the neutral scalar

components ¢; g of the Higgs multiplets obtain vevs v; 3 + Awv;, and the Lagrangian can be
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Chapter 4 Calculational framework for one-loop corrections

written as
Lup(p1B+v1B+Avi,..., B+ v B+ Av;...5¢1B, -, CkB---), (4.15)

where the shifts of the vevs Av; are introduced for later convenience. The v; g are chosen in

such a way that the vevs of the shifted fields ¢;
(pip) = 0+1t; (Avy, ..., Av) + higher-order corrections, (4.16)

vanish at tree level, where Av = 0. Here, Av = 0 is the short notation for Av; = 0,..., Ay =
0. Note that the Aw; are introduced as shifts to vevs for reasons of sticking to the original
formulation. It is, however, safer to think of Awv; as shifts of the bare fields ¢; B, because,
from a technical point of view, shifting the vevs has to be done prior to solving (4.16), but
a field redefinition can be done after any manipulation of the Lagrangian. Since the v; g are
thus defined to minimize the bare scalar potential, they are directly given in terms of the bare

(theory-defining) parameters of the Lagrangian [see (4.42) for the SM].

The tadpole counterterms are defined as the Av;-dependent terms in the Lagrangian, where
at L-loop order terms up to the power (Avi)L need to be kept. All tadpole counterterms in the
theory are contained in the Lagrangian AL in the FJ Tadpole Scheme, which is defined as

AL :=L— Llpy_p- (4.17)
The tadpole counterterm ¢; is obtained by taking the derivative of AL with respect to the field

;, and setting all fields to zero

OAL

ti (Avy, ..., Av) = AL; (Avy, ..., Ay;...)  with AL := 90

, (4.18)
©=0
where the field ¢; can be any scalar in the theory. The tadpole counterterms to two-point

functions are given by derivatives of (4.17) with respect to ¢; and ¢j, i.e.

O’AL

tij (Avl, ey A’UZ) = A,CU (Avl, . ,Avl; . ) with A,CU = W
1Y%

, (4.19)
©=0

where the fields ¢; and ¢; can be scalars, vector bosons or fermions. Analogously, the tadpole

counterterms to the interactions of three fields is obtained via

PBPAL

tijk (A’Ul, - ,A’Ul) = Aﬁz]k (A’Ul, o A ) with Aﬁz]k = 7890'8@ ‘8(,0k
i0P;j

, (4.20)

»=0

where the fields ¢;, ¢; and ¢ can only be scalars or vector bosons in renormalizable quantum
field theories. Tadpole counterterms to scalars arise from the Higgs potential, while the tadpole
counterterms involving vector bosons and fermions originate from the kinetic terms and the

Yukawa terms, respectively, of the Lagrangian of the theory.

Moving towards the tadpole renormalization, the one-particle irreducible (1PI) tadpole loop
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4.2 Tadpole counterterm schemes

corrections are generically denoted as T;, which should not be confused with the tadpole coun-

terterms ¢;. The 1PI tadpole loop corrections are graphically given by

Ti:0+?¢i+?¢i+...::%i, (4.21)
N N~

™ @

with the contributions at tree level (0), one loop (Ti(l)), two loops (Ti(m), and the hatched graph
denoting the sum of all 1PI tadpole graphs.® Choosing the shifts of the vevs as Av = 0 implies
that all tadpole counterterms t; vanish (AL = 0), and (¢; ) = 0 holds at tree level. At the
one-loop order, the bare fields receive a non-vanishing vev due to the tadpole loop corrections
in (4.21).

With this we move on to the renormalization of tadpoles in full self-energies. The self-energy
¥ii(q?) of a field i is defined as the higher-order (beyond tree-level) contributions to the inverse
connected two-point function, and the corresponding 1PI contributions are denoted by E}Z-P I
Renormalized objects are indicated by a hat. The renormalized self-energy at one-loop order

can be written in terms of 1PI graphs as follows

5 (0) = — @+ ———+ 2 2 SR LI

(1),1P1
i

o
— (D) —+Y LA (4.23)

where the subscript R indicates renormalized 1PI graphs. At two-loop order the two-loop con-

tributions are

5 () ~—@— + . .
()

®
+ 1 + (4.24)

) —

where the summation over tadpoles of different fields is suppressed for simplicity. In the FJ Tad-

pole Scheme the counterterm corresponding to the two-point irreducible part reads

—_—— =ty (Avl, e ,Avl) — 6ml2 + (p2 — m?) 0Z;, (4.25)

5Note that when tadpoles are renormalized order by order, the 1PI tadpole graphs Tl-(m contain (N — 1)-loop
counterterm contributions cancelling subdivergencies. See (D.135) in App. D for an explicit two-loop example.
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Chapter 4 Calculational framework for one-loop corrections

with the tadpole counterterm ¢;; being defined in (4.19), (5mz2 being the mass counterterm, and

0Z; being the field-renormalization counterterm.

Both, t; and t;; vanish for Av = 0, therefore, the non-renormalized sum of the tadpole diagrams
Tii, i.e. the third contribution in (4.22), has to be taken into account. To avoid calculating these
contributions, one can use the freedom of choosing Av # 0 in (4.15) and relate Av to the
loop tadpole corrections. More precisely,the shift Av is chosen such that the fields ¢ do not
develop a vev to any order in perturbation theory, which is equivalent to setting all renormalized
tadpole contributions 7} of the theory to zero. The shifts Av are thus determined by solving

the non-linear equations
=T; =t; (Avy, ..., Ay, (4.26)

with ¢; defined in (4.18). This equation is solved order by order in perturbation theory upon

using the perturbative expansion of Awv,
Av; = Ao + A0 4. (4.27)

and the perturbative expansion of the tadpole contributions (4.21).

As an important consequence of the consistent inclusion of tadpole contributions, as in (4.23)
and (4.24), connected Green’s functions do not depend on a particular choice of Av. To proof
this, consider the generating functional of Green’s functions Z[j] defined using the Lagrangian
(4.15) with Av = 0 and the generating functional Z’[j] based on (4.15) with an arbitrary Av # 0.
Restricting for simplicity to the case with only one Higgs field ¢, the two functionals can be
related by a field redefinition ¢ — ¢ — Av in Z'[j] using the invariance of the path integral
measure under a constant shift. The corresponding generating functionals of connected Green’s
functions W[j] = log Z[j] and W'[j] = log Z'[j] are related by

W'[j] = W[j] —iAv/d%j(:c). (4.28)

Consequently, it follows for the connected Green’s functions

"W’ oW

Ay - = = — , for n>1, 4.29
10j(z1) .. .10j(zn) =g 10j(z1)...165(2n) | ;-0 (4.29)
!
W | oW — Aw. (4.30)
10j(z1) j=0 107 (z1) j=0

Note that this does not imply that the vertex functions are the same. The connection between
the vertex functions in both formulations is given by
and ¢ =@ — Av. (4.31)

PG =TleG)] with 9@ = s

Eq. (4.29) states that the tadpole counterterm dependence originating from I'® cancels in con-

nected Green’s functions with more than one external leg.
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4.2 Tadpole counterterm schemes

According to (4.29) the tadpole renormalization condition T; = 0 does not modify connected
Green’s functions in the FJ Tadpole Scheme since Av can be freely chosen, in particular, such
that the tadpole equations (4.26) are fulfilled. This has interesting consequences for the interpre-
tation of the tadpole counterterms. For example, using that the expression (4.22) is independent

of Av, the one-loop two-point tadpole counterterm derived from (4.17) obeys

-> —Ti, (4.32)

independently of the nature of the external particle(s). This can also be seen directly at one-
loop order by computing the two-point tadpole contribution ¢;;. To this end, assume a typical
scalar potential V' in the Lagrangian (4.14) without derivative interactions. Expanding ¢;; to

first order in Av and using that Av acts as a field shift, one obtain

———%——=F.T Z Avy 075
tij T " aAvnégoi&goj

=F.T. ZAvn

+0 ((AU)2) )
©=0,Av=0

+ O ((Av)?), (4.33)
©=0,Av=0

590n5‘10z590]

where we used that I is given by the action S at tree-level® and F.T. denotes the Fourier trans-
form that translates Green’s functions from configuration space to momentum space. Defining

the mass squared matrix of the scalar fields as

0%V
0pi0p;

(M?);; = (4.34)

p=0,Av=0
the explicit tadpole counterterm to the two-point function reads

;—TinZ];(FT‘SSS

dpndpidp;

) (M?) My, (4.35)

©=0,Av=0

For the tadpole counterterm, one finds

2
. 0acL Lﬁ Av, + O ((Av)?)
i =0 ~ Op;0Avy, 0=0,Av=0
-y &’V Avn+ 0 ((A0)?) = =37 (M2), Avu+ O ((Av)?).  (4.36)
T 00i0en| N " - in

Inserting this into (4.35), yields

Z—T— > F.T.

n,k,l

—1
5%15%5% 0,Av=0 (Mz)nk [_ (MQ)kl Avl] +0 ((AU)Q)
»=0,Av=

5The contribution (4.33) is a higher-order contribution because Av is identified with a higher-order correction.
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Av, + O ((Av)?). (4.37)
p=0,Av=0

529
- Zn: 30n0spidep;

Combining this result with (4.33), Eq. (4.32) is explicitly verified at one-loop order.

Using the tadpole renormalization condition (4.26), the one-loop two-point tadpole countert-

erm can be expressed as

#;—&;i if t,=-T, Vn. (4.38)

Therefore, the tadpole counterterms mimic the contribution of tadpole diagrams T;, once T; is
identified with —t;.

We conclude that the FJ Tadpole Scheme is equivalent to not renormalize tadpoles at all,
which corresponds to setting Av to zero in (4.15) and computing all tadpole diagrams explicitly.
The consistent use of the F.J Tadpole Scheme defined in (4.15) and (4.18)—(4.20) guarantees the
independence of the chosen tadpole renormalization, meaning that the value for any physical
quantity is independent of the value of ¢; and thus T;. The Awv; can be used to solve the
tadpole equation (4.26) order by order in perturbation theory, and relating them to the tadpole
counterterms t;, which is consistent within the freedom of field reparametrization invariance of
QFT. After spontaneous symmetry breaking, the bare physical parameters like particle masses
can be expressed through the theory defining parameters, i.e. the coupling constants in the Higgs

potential before spontaneous symmetry breaking.

4.2.2 The FJ Tadpole Scheme in the SM
Derivation of the FJ Tadpole Scheme in the SM

In this section, we derive the FJ Tadpole Scheme in the SM at two-loop order and apply the
results to the renormalized self-energy at one-loop order. An explicit two-loop example for the
Higgs self-energy is given in App. D. The starting point is the bare Lagrangian for the Higgs
field ®p defined in (4.14), which is identified with the SM Higgs Lagrangian (2.14) and the Higgs
doublet ® being replaced by the bare Higgs doublet &5 parametrized as follows

r
b = . 4.39
B (\}i[vBﬁ-Av—l-hB—l-iXB] ( )

Collecting the terms linear, VBl, and quadratic, VB%, in the bare, neutral, scalar Higgs field hp,

yields

A 3 1
V(®p) D (v + Av) (f (vB + Av)* — ,u%) hs + <8B (vB + Av)? — 2,u]23> h3

= V! (Av,hg) + V2 (Av, hp) . (4.40)
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4.2 Tadpole counterterm schemes

The relation between Av and the tadpole counterterm ¢, is determined according to (4.18),
thhg = —V1. (4.41)

Using the tree-level condition, Av = 0 < ¢ = 0, gives the relations between the bare parameters

4/1'2 M}?,B QMW,B
)\B == 72]37 N]QB = 2 ) UB = ) (442)
B gB

where the last relation defines the bare W-boson mass. The exact form of the shift Av in terms
of the tadpole counterterm ¢, can be obtained from (4.18), which requires the knowledge of the
linear term of the Higgs potential (4.40) for Av # 0,

A
V1 (Av, hg) = (vB + Av) (B (vB + Av)* — ,u]23> hp

4
M}?BAU
= W (2MW,B + QBA’U) (4MW7B + gBAv) hg,
W,B
]
= —t,hp. (4.43)

Eq. (4.43) is used to relate Av to the tadpole counterterms ¢, at every order in perturbation
theory. With the ansatz Av = Av® +Av® 4+ and tglL) being the L-loop tadpole counterterm

corresponding to the SM Higgs boson, one obtains
ey

A = -1 (4.44)
Mg

at one-loop order and

2 2
_ tgz) . 398 (Av(l)) (4.45)

Av® —
v M2, AMw 5

at two loops. The tadpole counterterm to the two-point function of the SM Higgs boson is
derived from (4.19)

A h
V? (Av, hg) = (iB (vB + Av)” — ,BB) 3
My —t
L 7“2 "2 (4.46)

where Ag, 3, and vp are replaced according to (4.42) as before. This yields

39 M2, Av  3g M2, (Av)?
thth _ g h,B 9 h,B ( ) h2 : (447)
B 2Mw B SM2 B

which is valid to all orders. At one-loop order the bare parameters in (4.47) can be replaced by

renormalized ones. Omitting anything beyond one loop, the two-point tadpole counterterm is
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given by

NN 391,
M= M

(4.48)

Using the on-shell condition ¢ = M}? r» Where My, g denotes the renormalized Higgs-boson mass,
and the tadpole renormalization condition T, = 0, the renormalized on-shell two-point function

of the Higgs boson reads

397"
2 My

S (M2 g) = S (M2 R) — (om3)". (4.49)
This expression can be used to determine the counterterm of the Higgs-boson mass 5M§, as
discussed in Section 4.3.2. The on-shell renormalization is a gauge-independent renormaliza-
tion condition, and since the bare parameters are defined in a gauge-independent way in the
FJ Tadpole Scheme, the mass counterterm is necessarily gauge independent. We stress that the
renormalized self-energy (4.49) is independent of the choice of Av. Beyond one-loop order there
is a mixing of the usual counterterms and the tadpole counterterm (4.44) contributing to the
same loop order, which can be seen from (4.47) and expanding the bare parameters and Av up
to e.g. two-loop order.

We showed how to derive the FJ Tadpole Scheme in the SM at the example of the SM Higgs-
boson self-energy. Yet, the work is not complete and many additional tadpole counterterms need
to be derived for two- and three-point functions involving scalars, vector bosons and fermions.
Tadpole counterterms for two- and three-point functions involving vector bosons originate from
the kinetic terms of the SM Higgs sector, while tadpole counterterms to fermion self-energies

result from the Yukawa terms of the SM Lagrangian.

Gauge independence of physical parameters in the SM

In this section, we use the SM to demonstrate potential problems with gauge dependence in
tadpole counterterm schemes commonly used in the literature. However, it is pointed out that
no problems emerge for S-matrix elements computed in the SM as typically on-shell renormal-
ization conditions are employed for all parameters emerging through SSB. In this case, gauge
dependencies introduced by careless treatments of tadpoles cancel in all renormalized physical
quantities. Nevertheless, a conceptual problem is present in the SM, which would, in case MS
renormalization schemes were employed, lead to a gauge-dependent S-matrix unless the F.J Tad-
pole Scheme is used. In order to illustrate the effect of different tadpole renormalization schemes
on the gauge dependence of the counterterms of physical parameters, we compare the gauge de-
pendence of the Higgs-boson mass counterterm 5M§ in the scheme described in Ref. [84] and
the [, scheme from Ref. [85] to the F'J Tadpole Scheme.

The scheme described in Ref. [84] requires the vev of the bare Higgs-boson field to vanish at

one-loop order

(hg) =0, (4.50)
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such that tp, is fixed via (4.26). At the same time, the bare Higgs-boson mass M is defined as
the coefficient of the quadratic term in the Higgs field. As a consequence, no tadpole counterterm
tpn appears in the two-point function. However, the so-defined bare Higgs-boson mass, e.g. at

one loop

3gBth
2Mw s’

Mg =20 — thy = 20 — (4.51)
depends on the tadpole counterterm t; and thus becomes gauge dependent as well. If the
tadpoles are not renormalized, then t;, = ¢, = 0 and the scheme is equivalent to the FJ Tadpole
Scheme. In the original reference of this scheme in Ref. [84] the tadpoles are included in the

definition of bare parameters (4.51). This mismatch can be resolved by comparing to e.g. (4.46).

The mass counterterm of the Higgs boson, defined as the difference between the bare mass

squared MﬁB and the renormalized Higgs-boson mass squared M}?’R,
Mg = Mg + M, (4.52)

is determined by requiring that the renormalized self-energy (4.22) vanishes on-shell, i.e. for
q* = M} ». Since the renormalized tadpole contribution T, ,51) vanishes [according to Eq. (4.50)],

the Higgs-boson mass counterterm is given by the 1PI contribution

. !

Sint (Mgg) = Sh (M R) — M} =0. (4.53)
The gauge dependence of E}EI(M}%R), which results in a gauge-dependent mass counterterm
SME, can be shown by means of an explicit calculation as in Ref. [86]. In the scheme of Ref. [84]
the gauge-dependence of bare masses is not restricted to the Higgs-boson mass, but applies to
all massive fields acquiring their mass through SSB, since they are defined using the shifted vev

(v + Av). For instance, the bare W-boson mass is given by

1 1 t
Mwpg = igB(vB + Av) = —gp (UB R ) (4.54)

at one-loop order.

The gauge dependence of the Higgs-boson mass counterterm can also be understood from
its definition (4.52). As the renormalized mass parameter is identified with the physical mass
in the on-shell scheme, which has to be gauge independent, the gauge dependence of a bare
parameter must be compensated by the gauge dependence of the counterterm. Using the short-
hand notation 0¢ for 0/0¢, (4.52) leads to

O M g = 0 M g + OeS My, (4.55)

with € denoting the gauge parametrization of a generic gauge choice. As 8§M§’R = 0, the
gauge dependence of M}? g is directly related to the gauge dependence of 5M§. From the gauge
independence of the mass counterterm in the FJ Tadpole Scheme and Eq. (4.49) it follows using
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(4.53)

(1) (1)
9 (4.53) 1PT (g2 (449) 30T, __Bgagth
OeOMp; =" 93y, (Mig) = 5 = : (4.56)

which is consistent with the bare mass definition (4.51).

A similar discussion applies to the 3, scheme in Ref. [85] which also requires the vev (hg) to

vanish at higher orders and defines the bare masses using the shifted vev, e.g.

1 1 th 1 gBth
M? Y Av)? = 2\ —2—2 | = Z)\gvi — 4.57
B = 5AB(UB + Av)” = SApup (vB Mﬁ,B) 2MBYB T iy (4.57)

1

1 t
Mwyg = igB(UB + Av) = 298 <UB - M’; ) , (4.58)
B

at one-loop order. In this scheme, the parameter ug is eliminated from the bare Lagrangian in
favour of ¢;, and Mg}B, while Ap is expressed in terms of MiB, M\%V’B and gg. As a consequence,
all tadpoles to 3-point functions are absorbed into the definition of the bare physical parameters.
This has the advantage that tadpole counterterms appear exclusively in one- and two-point
functions for the Higgs and would-be Goldstone bosons. However, the bare masses become
gauge dependent via the dependence on the tadpole t;. The Higgs-boson mass counterterm

reads

QBT;EI)
2Mw B’

SMg =S (MEg) — (4.59)
This definition differs from the one resulting from (4.49) upon imposing the on-shell mass renor-
malization condition f]hh(MﬁR) = 0 by gauge-dependent tadpole terms. In Ref. [85], the (;
scheme has been introduced to cure this problem. There, the bare particle masses are defined
in terms of the bare vev and are therefore gauge independent. When tadpoles are renormalized

requiring T, = 0, the FJ Tadpole Scheme in the SM is equivalent to the ; scheme.

For convenience we have derived simple prescriptions to generate tadpole counterterms in
different tadpole counterterm schemes from the original bare Lagrangian (4.15) or (2.14) aug-
mented by gauge, fermion and Yukawa terms. The results for the SM, THDM and HSESM are
given in App. C.

We conclude that the FJ Tadpole Scheme is a natural scheme for dealing with the tadpoles,
as it prevents tadpoles from being absorbed into the definition of bare parameters. Moreover,
the tadpole renormalization condition T=0is very useful, since no explicit tadpole loop contri-
butions have to be computed. We stress that the presented tadpole renormalization procedure
is general and not restricted to the SM, THDM or HSESM, and can be automated as described
in Section 4.2.4.
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4.2 Tadpole counterterm schemes

4.2.3 Interplay of tadpoles with MS subtraction

In this section, we come back to the original motivation for the FJ Tadpole Scheme, namely a
consistent MS subtraction in the presence of SSB. For every new BSM model the question of
renormalization conditions arise for new physical parameters. As there is no guiding principle
for yet unmeasured parameters, one usually relies on the MS scheme which is simple, universal,
and allows for estimations of higher-order corrections via scale variations. Thus, the MS scheme

should always be favoured, unless serious problems with perturbativity are encountered.”

Even though the MS scheme is straightforward to apply, there are subtleties in the EW theory
in the presence of SSB. The difficulties are mainly caused by a confusing and inconsistent
treatment of tadpoles and tadpole counterterms in the literature, which, we think, is caused by
two common misbeliefs. The first one is related to the definition of vertex functions as being

1PI. The vertex functional yields 1PI graphs for fields ¢ fulfilling the stationary condition

SWj]
57 |

5T
—F0)=0 < ¥ — j(0) =0 (4.60)
0% |ompr0)=0

to all orders. This is exactly the situation in the F.J Tadpole Scheme if the tadpoles are renor-
malized via the tadpole condition (4.26), i.e. with a suited choice for the shift Av the field ¢’
fulfils (4.60). However, by cancelling all explicit tadpoles, new n-point counterterms make their
appearance through (4.17) in vertex-functions. We have shown that these counterterms behave
precisely like explicit tadpole graphs [see (4.38)], which is a necessity of the independence of
Green’s functions of the Aw shifts. This is perfectly compatible with the connection between
vertex and connected Green’s functions via Legendre transformation. For instance, from the

definition of the two-point function one obtains

*Wlj)
107 (2)idj(z") |-

__(ﬁrm>”
el =

with I(®) being 1P1. However, if one chooses not to renormalize the tadpoles (Av = 0) Eq. (4.61)

_5¢0)

iG(z,2') = o

(.2') =~ (I2(0)) " (2.2 (4.61)

raises the question whether vertex functions remain 1PI, since explicit tadpole graphs show up on
the lhs in the two-point Green’s function. The difference between the vertex functional with the
tadpoles renormalized, denoted as I/, and the vertex functional without tadpole renormalization,
denoted as I', can be derived using the FJ Tadpole Scheme. The solution for the two-point

function at one-loop order® reads

re (0) = '@ (0) — Loy, (4.62)

"This is the case for the renormalization of mixing angles. See Section 4.6.

8The argument can be extended to all orders. However, for beyond one-loop order the difference between the
two vertex functionals involves mixing terms including tadpole counterterms, normal counterterms and bare
loop parts. One can work out the difference based on the discussion in App. D.

45



Chapter 4 Calculational framework for one-loop corrections

i.e. T()(0) is 1PI and free of tadpoles or tadpole counterterms. But since I'?)(0) is 1PI it cannot
fulfil (4.61). This is because in (4.61) @'(0) = 0 is assumed as the stationary point, and the
apparent contradiction can be resolved by again making use of the FJ Tadpole Scheme which

interpolates between IV and T'. Eq. (4.31) implies

T (p(0)) = T (Av) "2V T (0) = ™) (7 (0)), (4.63)

with (n) denoting the n-fold differentiation wrt ¢, and Av determined from (4.26). For the case
n = 1 the condition (4.60) together with (4.63) imply

'Oy =0 = TW(A) =0, (4.64)

which determines the stationary point for I. Therefore, Eq. (4.63) states that independent of the
tadpole renormalization all vertex functions are precisely the same if evaluated at the stationary
points which is essential when comparing to Green’s functions as they are defined for j = 0. We
conclude that T'®(Av) contains tadpole contributions which make their way through the field
expansion via [compare with (4.37) and (4.62)]

'@ (Av) = TP (0) + AT (0) + O (Av?), (4.65)

and there is no contradiction with (4.61) when tadpoles are not renormalized.

The other confusion concerns alternative tadpole counterterm schemes in combination with
the tadpole condition THi = 0, which is very useful because it allows to omit graphs with
explicit tadpoles everywhere. However, in the literature the tadpole condition is realized by
tadpole counterterms which are not based on the freedom of field reparametrization, which,
unfortunately, is never mentioned. Since there is no other freedom for an independent tadpole
parameter this inevitably leads to inconsistencies which manifest themselves in tadpoles being
absorbed into the definition of bare parameters, as exemplified in the previous Section 4.2.2.°
The problem with the dof can be seen already at the example of the SM (see Section 2.2). The

parameters of the Higgs potential A and p can be traded for physical parameters in the following

way
‘ VSM ‘ £Gauge
Before SSB s A 9.9
After SSB (choice) | My, My | e, sy

with the vev not being an independent parameter, but determined after SSB by minimizing the
scalar potential. Therefore, in the Higgs sector there are only two dof which can be used to
define, e.g. the renormalized Higgs-boson mass M, and the renormalized W-boson mass Myy.°
There is no freedom for an independent tadpole counterterm parameter based on the freedom of

parameter choice.

9This is also evident from the effective prescriptions given in App. C
10The counterterm to Mz can be traded for the counterterm of the gauge coupling ¢’ and is thus independent of
My .
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4.2 Tadpole counterterm schemes

We come back to MS subtraction and to the question when a rigorous renormalization of
tadpoles is required. In tadpole counterterm schemes other than the FJ Tadpole Scheme, the
bare parameters absorb tadpole contributions, which can ultimately lead to a gauge-dependent
S-matrix due to the gauge dependence of the tadpoles. Yet, as a matter of fact, tadpoles
always cancel for on-shell schemes or momentum-subtraction schemes. The reason is that within
those subtraction schemes any renormalized vertex can be written as a difference of the bare
vertex and the subtraction part corresponding to the vertex evaluated at a specifc kinematic
point. Since tadpoles have no momentum dependence they drop out in this difference. This
implies that in the SM the standard renormalization schemes used in Ref. [84] and Ref. [85]
yield physical amplitudes independent of the tadpole renormalization, since all renormalization
conditions are based on complete subtraction of the relevant vertex functions. Once MS schemes
are used this no longer has to be true. However, if one chooses to renormalize the bare theory-
defining parameters, e.g. the \;, then BRST invariance guarantees the gauge independence of S-
matrix elements [87]. The only situation where the gauge independence of the S-matrix is spoiled
in an MS scheme is when MS subtraction is applied to gauge-dependent bare parameters, e.g.
parameters in the physical basis in combination with alternative tadpole counterterm schemes.
This is precisely the case in the THDM, HSESM or MSSM with the definition of mixing angles
in an MS scheme.!' In the THDM, we prove the gauge dependence of the S-matrix at one-loop
order resulting from a careless tadpole treatment in the R¢ gauge for the renormalization of the
mixing angle « in the MS scheme in App. C.1. A similar proof can be given for 3 at one-loop
order in MS schemes which is more involved and requires mixing propagators propagating the
gauge dependence. In App. C.2, we prove the gauge dependence for the pole part of 3 in the
THDM which can be used to prove the gauge dependence of the S-matrix.

Finally, we conclude that dealing with tadpoles is always a delicate issue, since a careless
treatment can easily lead to a gauge-dependent S-matrix. The situation is aggravated by the
fact that the treatment of tadpoles for practical calculations in the literature is confusing, and,
as a consequence, no preferred scheme has emerged. From the point of view of applicability,
automation and gauge independence, the F'J Tadpole Scheme is the only reliable scheme, which
can be employed for arbitrary theories [51] and is easily automated as presented in the next

section.

4.2.4 Automation of the FJ Tadpole Scheme

The FJ Tadpole Scheme presented in the previous sections is based on the freedom of field
reparametrization. Under the general assumption that the theory under consideration is ex-
pressed in the physical basis without tree-level mixings and restricting to the one-loop case, the
solutions to the tadpole equations (4.18) can be translated to a field redefinition as follows

Sth,

2
mHi

"Note the same applies to a definition of masses in the MS scheme, but in EW theory they are usually defined
in the on-shell scheme.
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Chapter 4 Calculational framework for one-loop corrections

which is performed for every physical field H; developing a vev, and dtg, being the associated

tadpole counterterm. By fixing ¢y, to the tadpole graphs Tq, via
ta, = —Tw,, (4.67)

explicit tadpoles are cancelled and only tadpole counterterms to 1PI graphs remain. In REPT1L
the tadpole counterterms in the F.J Tadpole Scheme can be derived automatically, which is
done on the level of the Feynman rules as REPT1L does not have access to the Lagrangian
nor can it derive Feynman rules. Here, one has to be careful with combinatorial factors. For
instance, consider a vertex with two equal flavour Higgs bosons H; and several other particles
not developing a vev. We denote the vertex as Vg, g, and the associated coupling as c__m, H;-
Then, at the one-loop level V. g, g, gives rise to a tadpole counterterm vertex V. p, with a
coupling proportional to Av;. The Feynman rule is derived by applying the shift (4.66) on the
term in the Lagrangian corresponding to V. g, m,, and mapping back to the Feynman rule with

one less leg as follows

v _v 52 H? (4.66) 5 2Av;H;

i — = Av; . 4.
S SHOSH, 20 Vv SH, 2 vV H, (4.68)

with the functional derivatives symbolising the derivation of the Feynman rules from the La-
grangian. Thus, the tadpole counterterm coupling is ¢ g, g, Av;.

This rule is generalized in the presence of various Higgs flavours by taking one representative
for each Higgs flavour in a Feynman rule and performing the shift (4.66) for every different Higgs
flavour once, i.e. without including any combinatorial factors. For instance, the Feynman rule
for V. m,m, H;H), gives rise to the three different tadpole counterterms

(4.66)

Vo b, HHH,  — AVoE e A0V HE AoV H (4.69)

Finally, we note that different vertices can contribute to the same tadpole counterterm vertex.
In this case the couplings originating from different vertices are merged to one counterterm

coupling.

4.3 Renormalization conditions for physical particles

In this section we apply the standard on-shell renormalization conditions imposed on two-point
functions associated to physical fields and translate them to conditions for mixing and self-
energies following Ref. [84]. The restriction to physical fields is not mandatory and REPT1L can
renormalize two-point functions involving unphysical fields, which, however, is not necessary
for a finite S-matrix. We start by introducing mass and field renormalization counterterms
associated to physical fields in Section 4.3.1. The same conventions are used by REPTIL in
the default counterterm expansion. We proceed with generic on-shell conditions for mixing
and self-energies in Section 4.3.2, and we conclude with subtleties concerning rational terms in

self-energies in Section 4.3.3.

48



4.3 Renormalization conditions for physical particles

4.3.1 Mass and field renormalization counterterms

We split the bare masses in the Lagrangian into renormalized masses and mass counterterms.
Our convention for the splitting depends on the spin of the associated field and differs for scalars

(S), vector bosons (V) and fermions (f) in the following way
M{p =My +6My,  Mgp=Mi+0ME,  myp=mys+dmy. (4.70)
Bosonic fields ¢; are renormalized uniformly according to

1
vin =Y ZZoj, (4.71)
J

where j runs over all of fields having the same quantum numbers as the field ¢. The field

renormalization constant Z;; is expanded around the unit matrix as follows

g :{ + v=J (4.72)

072 itj

For instance, for the SM gauge-fields we obtain

1 Z 1+ 162 157 A
Wi = (1 + 5ZWW> W, B) o tte0%zz 3072 . (A
2 Agp §5ZAZ 1+ §5ZAA A

Any other possible mixing in the scalar sector is defined in the same way. Note that, in general,
we include off-diagonal field renormalization constants for the mixings between physical Higgs
and Goldstone bosons, e.g. in the THDM for the mixings Ha, Go and H*, G*. For fermionic
fields 1) the left-handed (L) and right-handed (R) components are renormalized independently,

i.e. with different field renormalization constants, via
1 1
Vip = <1 + 2<SZf,L> Vi, Yip = (1 + 25Zf7R) WF, (4.74)

for each fermion flavour f. We do not consider a possible mixing between different fermions
which, in general, requires the renormalization of the Cabibbo Kobayashi Maskawa (CKM)
matrix. Note there is no obstacle and REPTIL can deal with the CKM renormalization and

mixing in the fermion sector.

4.3.2 Renormalization conditions for mixing and self-energies

The mass and field renormalization counterterms are fixed by imposing conditions on full two-
point functions, generically denoted as G’Z”B 7, with the hat indicating renormalized functions.
The indices ¢ and j specify the external flavour, and the associated indices «o; and ; are the

indices related to the spin of the corresponding particle flavour. The generic on-shell renormal-
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Chapter 4 Calculational framework for one-loop corrections

ization conditions read

/\717 'L j > y
()G @), =00 Vi (4.75)
éjlyazﬂi(q%
li (q)—t—-5—+=1 Vi 4.76
A, o ()=~ 7 , i (4.76)

with €., being a physical polarization vector associated to flavour 7, and the masses being, in
general, complex-valued.!? For i = j (4.75) corresponds to the usual on-shell renormalization
condition with the mass M; being identified as the physical mass. Further, for i # j the condition
(4.75) prevents a mixing from the flavour j to on-shell 4, with j not necessarily being a physical
field. The off-diagonal condition (4.75) for i # j and the residue condition (4.76) can be left
out, however, for a properly normalized S-matrix according to the LSZ theorem they should
be included whenever possible. Otherwise it is necessary to include additional LSZ factors in

S-matrix computations.

The renormalization conditions can be translated to conditions for mixing and self-energies
which can be solved subsequently in terms of coefficients of Lorentz covariants. The decompo-
sition into covariants depends on the spin representations and conventions for the projections
which are defined in the following. We assume the tadpole renormalization condition T,=0 [see
Eq. (4.26)] which makes the mixing and self-energies strictly 1PI. Nevertheless, certain tadpole

counterterms may still be present which depend on the actual counterterm scheme.

Spin 0: The connection between the renormalized diagonal scalar two-point function G and the

renormalized scalar self-energy Y is given by
G (%) = ¢* — ME+3 (7). (4.77)

With the expansion rules for masses (4.70) and fields (4.71), we obtain the renormalized

self-energy components as

Ss5 (¢°) = 255 (%) + (¢* — M3§) 6Zss — 6ME + tss. (4.78)

E}g%l denotes the pure scalar 1PI bare-loop contribution and §Zgg,dMg,tss denote the

scalar diagonal field renormalization constant, mass and tadpole counterterm, respectively.
The tadpole counterterm tgg is defined implicitly and stands for all tadpole counterterms
to the self-energy. The scalar mixing energy is defined in analogy to (4.77), (4.78), and is
given by

N 1 1
Sse (¢°) = S5 (d?) + 5(612 — M3)6Zss + 5(972 — M3)6Zgrs + tssr. (4.79)

Spin 1: Within the ’t Hooft-Feynman gauge the connection between the diagonal two-point

12Details on the treatment of complex momenta in the CMS are given in Section 4.4.
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function and the self-energy for vector bosons is given by
cA—1uv VUV
Gy () = =g (¢ = MP) = (a) (4.80)

The decomposition for the renormalized vector-boson self-energy is defined as

v ; v_ TN ¢ ¢"q"”
S (g) = STy (6) (g# - >+25V (q2)< = ) (4.81)

with the transverse component given by
ST () =S () + (2 — M) 8Zvy — GME — tyy. (4.82)

Notice the different sign convention for the tadpole counterterm tyy compared to the

scalar case. Similar to the diagonal case the mixing vector energies read
- 1 1
Sty (@) = S0 (6%) + §(q2 — M)8 Zyyr + §(q2 — M{)0Zyyr — tyyr. (4.83)

Note for the SM gauge group the only possible mixing is between the photon and the Z

boson. Further, for all tadpole counterterm schemes under considerations we have ¢,z = 0.

Spin 1/2: The fermionic self-energy is related to the diagonal two-point function via

iG7f (@) =¢—mr+2s (), (4.84)
with ¢ = g,7". The decomposition for the renormalized fermionic self-energy is defined as

- 1— 75 1+ 75 ¢ -
Yrrla) =4 275 S (¢°) + %T%E?f (¢®) + 3% (6, (4.85)

with the coefficients given by
L 2 1PLL ¢ 2
Xip(67) =25 (60) + 07,
SR 2) _ ywIPLR (2
Xi (@) =5 () + 025k
- PLS 1
531 (¢%) = 8577 (¢) = gmy(0Zpn + 6Zpr) — Omy + tyy. (4.86)
With this the renormalization conditions (4.75), (4.76) can be expressed in terms of renormalized

mixing and self-energy form factors. For the diagonal bosonic parts one can derive the following

conditions for the transverse renormalized self-energies

R aiT q2
Sy (M) =0, %VQ( ) =0,
q q2:M2
\%
A 0355 (g2
Sss(M2) =0, LQ((’) —0. (4.87)
dq o2
q —MS
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Chapter 4 Calculational framework for one-loop corrections

The off-diagonal renormalization conditions impose the following conditions on the scalar and

vector mixing energies

zA3xT/V/ (M\2//) =0, zAj\T/V/(]V—"\Q/)
Ssg (ME) =0, Sssr (M2)

)

0
0. (4.88)

As for the fermionic self-energies the renormalization conditions read
S 2 &S 2\ _ SR 2 &S 2\ _
myf (my) + X3 (my) = myX5y (my) + X34 (my) =0,

=0. (4.89)

2_0pn2
q=my

. . o . R R
Sy () + By () + 2505 | m (58 (@) + S () + 20,55 ()

Inserting the expressions (4.78), (4.79), (4.82), (4.83), (4.86) into the renormalization conditions
(4.87)—(4.89), we obtain the mass and field renormalization constants in terms of the 1PI mixing
and self-energies and tadpole counterterm contributions. We note that REPT1L follows precisely
this procedure, but none of the scalar form factors (4.78), (4.79), (4.82), (4.83), (4.86) are hard-
coded. Instead the projections are computed explicitly which guarantees the independence of

the precise counterterm expansion.

4.3.3 IR rational terms in self-energies

As any vertex function, self-energies give rise to rational terms which need to be included as
explained in Section 4.1.2 for the rational terms of type Rs. In the on-shell renormalization there
is a subtlety concerning the reduction to four dimensions. Since the self-energies are evaluated
at exceptional kinematic points they can give rise to Ro terms originating from IR divergences.

To see this, consider the By function which gives rise to the following UV rational term

lim (D —4) By (0,m,m) = —2, (4.90)
D—4
with m denoting a non-zero mass. If we decide to regularize the mass in dimensional regular-

ization, the expression (4.90) turns dimensionless and the result has to vanish

11)1514 (D —4) By (0,0,0) =0, (4.91)
which, as already mentioned, is due to a IR rational term cancelling the UV one. This situation
is encountered in theories with massless gauge bosons and fermions whose masses are treated
in dimensional regularization. As RECOLA2 supports dimensional and mass regularization for
fermions, model files need to provide counterterms in the corresponding regularization schemes.
To this end, a particle can be assigned a light particle attribute in the UFO format which tells
REPTIL to regularize this particle in dimensional and mass regularization as well as keeping
the full mass dependence. In Ref. [88] it has been shown that IR rational terms cancel in
all truncated unrenormalized amplitudes, and may enter in renormalized amplitudes only via

external self-energy corrections. This allows to compute the IR rational terms only for field
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renormalization constants which is what is done in REPT1L.

4.4 Treatment of unstable particles

The majority of the known fundamental particles are unstable and their study at particle colliders
is of utmost interest. As the short lifetime of the heavier particles does not allow for a direct
detection, a discovery of unstable particles requires the study of so-called signal- and background-
processes. From a field-theoretic point of view signal processes can be defined as a (gauge-
invariant) collection of initial and final states and the occurrence of one or more specific resonant
(unstable) particles. Typically, signal processes are approximated with the assumption that the
intermediate resonance can be considered as stable, i.e. as an asymptotic state in QFT.'3 For
instance, the Higgs-boson fulfils this requirements as it has a tiny width over mass ratio, and
the so-called narrow-width approximations can be applied. However, in many other cases this
LO approximation breaks down. An alternative approximation is given by the pole scheme
[90, 91, 92] which is well-defined, allowing for the inclusion of higher orders. RECOLA2 supports
the pole approximation which is automated for the so-called factorisable corrections. Yet, the
pole approximation does not capture all the physics (see e.g. the distributions in Ref. [30]) and
exact results are highly desirable. RECOLA2 has the ability to compute many particle final states
at NLO exactly, i.e. including all of the production and decay, but one-loop computations with
intermediate resonances require a proper treatment of finite-width effects in a gauge-independent
way which is problematic [93, 94, 95]. A possible solution to this problem is given by the CMS
[96, 97, 98] which is the natural choice due to its gauge-independence, validity in all phase-space
and applicability to higher-orders [99, 100]. In Section 4.4.1 we give a short introduction to the

CMS at the one-loop order. Then, in Section 4.4.2, we discuss implementation details.

4.4.1 Complex-Mass Scheme at one-loop order

The CMS prescription is straightforward to apply and the underlying idea is just an analytic
continuation of real-valued masses to complex-valued ones. At tree-level this merely implies the

use of complex valued masses p defined in the following way
2 _ a2
u = M*—iI'M, (4.92)

with M and I' being the real mass and width of the unstable particle, respectively. In the case of
the EW theory implicit dependencies on the masses have to be resolved. For instance, the cosine
of the weak mixing angle ¢, which is defined via the mass ratio of W and Z bosons, necessarily
becomes complex. In general, for a proper application of the CMS all the parameters of the
theory need to be expressed in terms of an independent set of parameters which has to include
the masses of the unstable particles. In cases where this is not possible new solutions must first

be developed.

13 From a conceptual point of view, unstable particles need to be excluded from asymptotic states to make the
S-matrix unitary [89].
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The generalization to one-loop order in combination with on-shell renormalization conditions
requires an analytic continuation of 2-point scalar integrals to complex momenta. For instance,

in the CMS the W-boson on-shell renormalization conditions read

= 0. (4.93)

The mass counterterm is defined as 5:“%v = M\%VB — u%v, with Mw g and puw being the bare and
renormalized (complex) W-boson mass, respectively. The first condition in (4.93) determines
the mass counterterm as follows

Sy = Sy (0°) (4.94)

pP=pd,
Therefore, the self-energy needs to be evaluated at the complex pole of the two-point function
which can be shown to be gauge independent. Since the bare masses of the theory are real-valued
the width has to fulfil the consistency equation

Tty =~ i [if] =t o] =t [07 62|, ], (4.95)

p2u%v}

which can be shown to be consistent with the unitarity of the S-matrix [101]. In practice,
the evaluation of scalar integrals of the form (4.94), (4.95) is done via an expansion around
the real mass since the analytic continuation of the two-point function to complex momentum
arguments is not available for all necessary cases. The proper expansion can be motivated using

the one-loop corrected self-energy denoted as f(k?) (see Ref. [97])
¥ (k%) — op3
By="~1L TP 57 4.96
f( ) k‘2 _ M%D + P, ( )

with dup and 6Zp being the mass and field renormalization counterterm for a particle P. As

approximated solutions to the CMS on-shell renormalization conditions we choose

opp =% (Mp) —iMpl'pY (M3) + O (a?),
§Zp = =% (Mp) + O (a?). (4.97)
Note that the field renormalization constant is kept at one-loop order, but the mass counterterm

includes specific higher order terms of the order o2, i.e. formally of two-loop order. Using (4.96)

yields

B (k) ~ % (M3) ~ (F— M3) ¥ (M3) + 0 (o)

f(%*) = e (4.98)

which represents a strict one-loop expansion O («) of the numerator of two-point functions,

justifying the ansatz (4.97).
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4.4.2 Aspects of automation for general theories

In REPTI1L the approximated on-shell renormalization conditions within the CMS are imple-
mented as conditions without performing the expansion (4.97) explicitly as required by (4.98).
In fact, the expansion is circumvented since it is equivalent to require that the one-loop corrected
CMS two-point function (4.96) vanishes exactly on the real mass squared value f(M32) < 0.

The truncation (4.97) comes at the cost of several problems. One is that gauge-dependent
terms make their way in the mass counterterm. The gauge-dependence can be seen directly
by comparing to the BFM which is discussed in Section 6.1.5. Another complication is that
the expansion is not always applicable due to terms not being Taylor expandable. From a
physical point of view the reason is the exchange of massless particles which lead to resonant
contributions known as non-factorisable corrections.!* To correct for the false expansion a term
can be added to self-energies as given for the individual cases [84]. In REPTIL a general solution
is implemented which can be applied independent of the precise model or physics. To this
end, we have related the origin of the non-analytic terms to the scalar function By which, in
combination with the PVR, can be used to handle all cases. The relevant cases are the ones
with the following on-shell configurations

2
By (up, pup,0) = Ayy +2 — log “27P

Hov
M2 _ MQ M2 _ M2
By (M3, up,0) = Bo(up, pup,0) — —F5—F log =F——F
Hp H
1 112 u2 — M2
Bl (M2, up,0) = —— — L 1og B8 L. (4.99)
o (MprsO) =5 hag

Computing the expansion of By (u%, wp,0) around the real mass and subtracting the exact result

yields

r I} r
By (Ml%auPao) + (/’L%J - MIQJ) Bé(M]%7MP7O) — By (u%;uPao) = lip +0 <P lOg P) )

Mp MI% Mp
(4.100)
with the expansion parameter being defined as
T MQ 2
Po._ P Hp (4.101)

Mp iM3

Note that the order O (I'p/Mp log(I'p/Mp)) cancels, but the term of order O (I'p/Mp) remains.
The leading term on the rhs of (4.100) can be incorporated, after solving the approximated
on-shell conditions in the CMS, by shifting specific derivatives of scalar integrals in the mass
counterterm. The shifts have been determined for all scalar functions up to rank two and the

only non-vanishing cases read

1
36 (M%7,U/P7O) — B6 (MJ%aMon) + W:
P

4 The technical reason is that in the expansion a branch cut is crossed.
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Chapter 4 Calculational framework for one-loop corrections

B(,) (MI%’OJLP) - B(/) (M]%’()?NP) + Wa
P

Bi (MI%aMPaO) — Bi (M]%?MP7O) - W’
P

il (MI%aNPaO) - Bil (MIQDa/‘LPaO) + (4102)

ME
These rules depend on the conventions of the tensor reduction which are listed in App. A.1.
In addition to the shift, REPT1L makes sure that no higher-order terms are introduced via
couplings. For instance, if a coupling ¢(u) (with a width dependence) is multiplied with

Bj(M2, up,0), then the correction term will be included as

c(Mp)
Mz’

C(:U’P) Bé (M}%HNP:O) - C(HP) B(/) (Ml%aupao) =+ (4103)

and note the different arguments of the coupling on the rhs.

4.5 Renormalization of couplings in the SM and extended Higgs

sector

In this section we discuss standard renormalization conditions concerning the SM gauge cou-
plings and the parameter Mg, in the THDM. The renormalization of couplings can only be
automatized to some extent since in new theories new physical situations are encountered which
require alternative renormalization conditions. Nevertheless, our approach can be considered
as automatized since we provide a simple framework for implementing custom renormalization
conditions. Further, we provide standard renormalization conditions for SM gauge couplings
which have been implemented in a model-independent way, being valid for each of the models in
Chapter 2. Yet, for each new model it is necessary to verify whether the schemes are applicable.

In any case, the MS schemes can always be employed which is fully automated.

In Section 4.5.1 we discuss the renormalization of «, which is related to the electric charge e.
The renormalization of «g is covered in Section 4.5.2, representing the QCD sector of the SM.
Finally, we deal with the renormalization of Mg, in the THDM in Section 4.5.3.

4.5.1 Renormalization of «
Thomson limit
The Thomson-Limit (TL) defines a non-relativistic kinematic configuration which can be used

to identify the renormalized electric charge e with the electric charge measured in low-energy

experiments. More precisely, the renormalized electric charge e in the TL is defined via a
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4.5 Renormalization of couplings in the SM and extended Higgs sector

fermion—fermion—photon vertex I‘Zf T at vanishing photon momentum as follows

f,pu
7, ke = —iQre a(p') ¢ (k)yuu(p), (4.104)

fa p,u kzo,p2:p/2:m?

with €, u and u being the polarization vectors/spinors of the photon, anti-fermion and fermion,
respectively. @)y represents a multiplicity of the electric charge associated to the fermion flavour
f which can be a rational number if f is a quark.!®> The renormalization of the charge is universal
and simultaneously fulfilled for all fermions. The universality is guaranteed by the STI, which,
in the case of QED, takes the simple form of a Ward identity (WI) relating the vertex to the

fermionic self-energies as follows (see e.g. [102])
KT (kp, ) = —eQ [T () = 17 ()] (4.105)
Requiring (4.105) for the renormalized vertex yields the well-known one-loop relation
1
62 = 562, (4.106)

which is consistent with the TL if the photon is renormalized on shell. Yet, this relation is not
valid in the EW SM sector and needs to be extended as follows [102]

1 W
57 — N 5 Zya, (4.107)

807, = —=
€ 2 2w

which is compatible with the conventions for field renormalization constants (4.73) and on-shell

renormalization conditions (4.87).

The Fermi scheme

For LHC phenomenology the TL does not provide an appropriate renormalization due to the
difference of the scale in the underlying processes. One possibility is to run the coupling to a
more suited scale, e.g. the Z-mass scale. Another possibility is to use a different renormalization
condition. A popular choice is the Gg scheme [84, 103, 104] which can be defined via the muon
decay. To this end, the renormalized electric charge is related to the experimentally measured
value for the Fermi constant Gy in an EFT approach. The scale of the process is taken to be
smaller than the W-mass My which implies that the process is effectively mediated by the 4-
point interaction involving a muon, a muon-neutrino, an electron and an electron-anti-neutrino.

The full computation in the SM, excluding pure QED corrections, can be expanded in the limit

s t U
T ML M,
electric charge and higher order corrections are shifted in 0Z.. This defines Ar

< 1, resulting in simple functions. The final result is solved for the renormalized

Ar

0ZET =02, — =

(4.108)

Y5For electrons the sign of the charge is Qf = —1.
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Chapter 4 Calculational framework for one-loop corrections

with Ar given by [105, 106, 107]

$IPLT () _ 52 IPLT 9 $IPLT 95
Ar — ww (0) WW(W)Jr Az()+79

M\%V CwSw M% g
2 2
g log(cw) 7 2
Z_9 6 4.109
+ 1672 [ s2, p 2w ) T ( )

and X'F! being the bare-loop 1PI self-energy. Equation (4.109) is valid for the conventional
formulation in the 't Hooft-Feynman gauge. All terms except for the W self-energy originate
from vertex and box corrections, in particular, the term f]ZPZI’T has been identified to match the

divergence structure and to make the expression independent of the scalar integral conventions.

4.5.2 Renormalization of o,

The renormalization of the QCD charge g is performed in a combined MS and momentum

subtraction (MOM) scheme. The renormalization condition can be written as

q

g TR @ 20, (4.110)

4 157,/ MoM

and will be explained in the following. Here, g is the gluon and ¢ is a quark. P.P. denotes the
modified pole part subtraction used in the MS renormalization which subtracts, besides the pole
terms, universal finite parts encoded in A as given in (A.7). The MOM subtraction is applied
on individual contributions in loop amplitudes whenever a heavy quark line is encountered. To

be more precise, consider the counterterm vertex

q,1
7 : a 5Z9
4]

with #{; being the SU(3) generator (see Chapter 2.2), 6Z,, being the counterterm to gs, and §Zg,
0Z, being the field-renormalization constants of the gluon and quark, respectively. According
to (4.110) and (4.111) the renormalization decomposes into the renormalization of the loop part
of the gqq vertex and the determination of field renormalization constants. By choosing a light
quark!S for g the loop part of the gqg vertex and the quark self-energy have no massive internal
line, at least in the theories under consideration (see Chapter 2), which implies the use of the
MS subtraction. However, in the gluon self-energy all quarks, i.e. massive and massless ones,
appear in the loop and a mixed MS-MOM subtraction is applied. With the transverse self-energy
defined in (4.81), the MS-MOM subtracted gluon self-energy is given by

STAS/MOM (12) — STME (42) 4 5T ay (02) = ZF ey (0)

1The quarks u, d, or s are usually considered as massless in perturbative calculations.
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4.5 Renormalization of couplings in the SM and extended Higgs sector

_ XA:T,W (q2) + $T,MOM (q2) ’ (4.112)

where heavy and light refer to contribution with and without massive quark lines, respectively.
The number of light quarks defines the Ny-flavour scheme. For instance, in the Ny = 5 scheme
five quarks are considered as light, i.e. all quarks except for the top quark. Solving (4.112) yields

a solution for gluon field renormalization constant 5Z£1,\4 S/MOM 17 Finally, (4.110) reduces to

0° 7MS/MOM N\
g,a, L ¥ @ +igs TV <5ng + "f + 5Z§AS> =0, (4.113)

4,7 |__

P.P.

which can be solved for 6Z,,. For SM-like quark content, the solution is given by

as | (11 Ny 1 1y
Zyp=—2 = - )aw -2 (a Jog FUV
02y, An <2 9 )TUV T3 uv +og m?

> : (4.114)
!

with the sum running over all heavy quarks f. Ayy is given by (A.7) and pyv is the correspond-
ing UV renormalization scale. The implementation in REPT1L assumes no heavy quark lines in
the vertex. Otherwise the scheme is implemented in fully generic way starting from (4.110).
The dual subtraction prescription combining MS and MOM subtraction is motivated by de-
coupling properties [108] which are not fulfilled in a pure MS subtraction (see e.g. [109]). The
renormalization scheme is viable beyond one loop, but requires a concise prescription of the
MOM subtraction for vertex functions since heavy lines make their appearance in the two-loop
part of the vertex function. This can be bypassed by the use of the BFM (see Section 6.1)
where the renormalization of g, is a matter of renormalizing the gluon two-point function, thus,

zero-momentum subtraction can be employed as done in (4.112).'%

4.5.3 Renormalization of My, in the THDM

The origin of the My}, parameter is the soft Zs breaking term mio in the THDM scalar potential
(2.18), defined in (2.29). The motivation to consider Mg, as an external parameter is mainly
due to the fact that it appears in couplings in the same way as the other Higgs-boson masses,
ie. My, My,, Mpy,, and My+. From a phenomenological perspective, all relevant scenarios are
restricted to cases where My, is between 0 and, roughly speaking, the highest mass scale which
is typically of the order of O(Mp,, Mp,, My+), thus, the input value has a natural size. As a
default, we renormalize My, using the MS subtraction of the process Hy, — HiHj,

’
,/ H e J/

H, ---@ . --- - Lo. (4.115)

\
“Hi |55 N NAPP

"Note this gluon field renormalization constant is not used in the final calculation. Instead we use the on-shell
renormalized to avoid LSZ factors.
8For a recent three-loop calculation of the 8-function in the BFM see Ref. [110]
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Chapter 4 Calculational framework for one-loop corrections

The dependence of this vertex on d Mg, reads

’
/
/
(&

4
- - =
\ Mwss

\
.

3 1
|:( . ) + <—2CO¢,3 + 363{/)’ + 5804,30346 <tﬁ — t5>> 5M82b:| + tHhHlHU

where (...) stands for other counterterms and ¢y, g, 1, is the tadpole counterterm. As an alter-
native, we can trade Mgy, for other parameters and renormalize those in the MS scheme instead.
For instance, in Ref. [111] my2 is renormalized, and in Ref. [112] the renormalization of A5 is
proposed. It is possible to employ alternative MS renormalization schemes while keeping Mg,
as an external parameter. To this end, the counterterm for Mg, can be shifted by finite parts.

In the case of mis being renormalized MS we obtain

S i 5m%2MS 5 sin? B — cos? 665
sb " cosf3sin 3 b cos Bsin B
MS .
_ 5m%2 2 sin” § — cos? 8 (5ﬁM7$+ (me)
cos Bsin 3 $b™ cos Bsin B
N <240 ) ‘
M2 NS | g2 SN0 o8 B s ppin (4.116)

cos 3 sin 8

From the second to the third line in (4.116) we combined the pole parts allowing to identify
(5M52bMS. After this step finite parts, denoted as “fin”, remain which depend on the precise

renormalization of the mixing angle 5.

4.6 Renormalization of mixing angles

Mixing phenomena emerge for particles which carry the same conserved quantum numbers. In
the SM, mixings are encountered between the photon and the Z boson which is parametrized by
the weak mixing angle and between fermions when allowing for non-diagonal entries in the CKM
matrix. For every independent mixing angle the question of a proper renormalization condition
arises. In the SM the mixing of the neutral gauge bosons is governed by gauge symmetry
which relates the weak mixing angle to the gauge-boson masses. Thus, the renormalization does
not pose any problems since the Z and W boson can be renormalized in the on-shell scheme
which fixes the renormalized weak mixing angle in a physical way. In the MSSM a similar
gauge mechanism is observed for neutral Higgs-boson mixings, but for e.g. squark mixings the
renormalization needs to be addressed. As for the SM the renormalization of the CKM has
been approached many times. The first proposal was a a simple on-shell renormalization via
mixing field renormalization constants [113], which has also been applied to inter-family mixing
of Dirac and Majorana fermions [114]. Later it has been observed that these on-shell schemes
are gauge-dependent [115], which has led to a new series of alternative proposals [116, 117,
118, 119, 120, 121]. Yet, all of them are not satisfying due to arising complications or lack of
generality. Simpler prescriptions were proposed [122, 123, 124] which successfully extract the

gauge-dependence in the class of R¢ gauges at one-loop order, but cannot be applied to other
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4.6 Renormalization of mixing angles

mixing scenarios, in particular not to mixings in extended scalar sectors as e.g. in the HSESM,
THDM or MSSM. Hence, in Ref. [125] a process-independent renormalization of the mixing
angles has been proposed based on the original on-shell scheme which addresses the problem of

gauge dependence with the pinch technique [126, 127].

In the following we introduce the MS renormalization schemes for the mixing angles o and 3
in the HSESM and THDM in the F.J Tadpole Scheme (see Section 4.2.1). Even though the MS
scheme is manifestly gauge independent, it suffers from conceptual problems in the sense that
important finite terms, to be made more precise, are not subtracted. In the numerical analysis
in Section 7.3 alternative on-shell schemes are discussed which can avoid these kind of problems,
but at the cost of having to choose a specific gauge for the renormalization of o and 3 to render

the S-matrix gauge independent.

4.6.1 Mixing angle «

At LO the angle « describes the mixing between the interaction and mass basis via the rotation
(2.21). At NLO we define the renormalized mixing angle in the MS scheme, and determine the

counterterm Ja using a suited vertex, e.g. H| — 777, as follows

< 0. (4.117)

P.P.

where P.P. denotes the projection onto the pole part including the generic finite parts A (see
(A.7)) that are subtracted within the MS scheme. In the THDM the corresponding counterterm

is given by

iem, om, n de n 2 — 82 OM3; i(SM%

= T t - t50
2 My Sy {(Saﬁ—i_caﬁ 8) ( my e 252 M3 2s2 MZ Tt ﬁ)

Z
+ (Cap — Saptp) <5a - 5;’“)] , (4.118)

whereas in the HSESM it is given by

_____ _ demy . bm; | de c%v—sgvaMiv _iél\/[?% oo (50— 0Zmm \ |
2Myw Sy msr e 252 Mg,  2s2, M; 2

(4.119)

Notice that there is no tadpole counterterm in the FJ Tadpole Scheme which would imply

the existence of non-renormalizable vertices of dimension 5 or higher. As an alternative to
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Chapter 4 Calculational framework for one-loop corrections

performing the MS renormalization at a vertex (4.117), one can use the following identity

MS MS
5ZHhHl — 6ZH1H1‘
4 )

5aMS = (4.120)

which has been remarked before (e.g. Refs. [128, 129]). Note that (4.120) depends on the con-
ventions for the field renormalization constants (4.71) and the definition of the mixing angle «
(2.21). The identity (4.120) holds to all orders and is a simple consequence of the renormaliz-
ability within a minimal (diagonal) renormalization in the interaction basis p; g = 6 Z;p;, with p;
being one of the Higgs doublets or Higgs singlet fields in the THDM (2.17) and HSESM (2.19).19
The MS scheme is gauge-independent only in the F.J Tadpole Scheme, which is explicitly shown

for different tadpole counterterm schemes in general R¢ gauge in App. C.1.

4.6.2 Mixing angle

In the THDM /3 enters the Lagrangian as an additional mixing angle (see Eq. (2.24)) and can
be renormalized in the MS scheme following the same steps as for .. For instance, the process

H, — 7~ 77 is suited for the renormalization:

- | --- &R =0 (4.121)
P.P. P.P.
The corresponding counterterm in the THDM reads
_ emity [Omy  de o — s MG & OM7 1+ t 55— L%,
- 2Mwsw [ ms e 282, M2, 2s% M2 ts tg 2 ]
(4.122)

Again, there is no tadpole counterterms for this vertex in the FJ Tadpole Scheme, and 3
is gauge independent only in the FJ Tadpole Scheme, but gauge dependent in popular tadpole
counterterm schemes already at one-loop order as shown in App. C.2. The proof is more involved
as no gauge-dependence can be seen in the class of R¢ gauges at the one-loop level as argued in
App. C.2. The renormalizability of the model with a symmetric field renormalization allows to
derive the following UV identities for 3

NS NS
VZeims Vit (4.123)

4 Y

MS MS

MS _
0BT = 1 5

opMS =

which can be used instead of performing renormalization at the vertex. In the HSESM £ is not
a mixing angle and appears only in the Higgs potential. In this case the MS renormalization can
be performed e.g. on the vertex Hy H Hj. In the HSESM as well as THDM g can be expressed in

9See e.g. [112] for the derivation of (4.120) and other UV identities.
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terms of the ratio of vevs (see Section 2.3.2), which allows to deduce further pole part identities?

sin 8 cos 8 9 . - -

o= 2(sin? o — cos? ) (‘5ZHhHh 5ZH1H1) 2 My (SID/BAUI — cos fAvy ) (4.124)
Sinfcosf WA -

o6 = 4sin o cos <5ZHhH‘ + 5ZH1Hh> + 2Mw (sm pavy cos fAv, ) ’ (4.125)

with the solutions for Avy, Avg given in (B.31). In the case of the THDM the following additional

relations are obtained

(5,8 = < H, GO + 5ZG0H~L) + S <Sin ﬁAU%/[iS — COS ﬁAUgAfS) s (4126)

2Mw

( Sor +6Z iH;) + (sm BAU — cos BAU%TS) . (4.127)

o8 = 2Mw

.-lk\*—‘»lkﬁ—‘

4.6.3 Conceptual problems in the MS scheme

Moving towards S-matrix elements it becomes apparent that MS schemes for the mixing angles
suffer from conceptual problems. The most striking one is that the S-matrix does not have a
continuous limit in the degenerate mass scenario i.e. My, — My, . This behaviour can be traced
back to the off-diagonal LSZ factors which in our framework are included in the solutions to the

mixing field renormalization constants. For instance, 6Zp, g, is given by

1PL,BFM 9
EHth (MHI) + tHth

02,1, = (4.128)
2 (M3, - M3)
which is divergent in the degenerate limit
u limM 10 Zp, 1, = o0, (4.129)

Hy—MH,

because the self-energy is non-zero in that limit. The S-matrix is also divergent since the LSZ
theorem requires to include those finite terms of 6Zg, g,. When it comes to the counterterm
of the mixing angle «, one observes that it always appears in vertices as a combination of the
following terms

5ZHhH1

VA

o (ME, — ME,) da (4.130)
The first two terms, where da is accompanied by the mixing field renormalization constants,
originate from the counterterm expansion of the field rotation (2.21) and a subsequent mixing
field renormalization. The third term emerges from the counterterm expansion of the Higgs
potential parameters );. For instance, the da dependence of the expansion of A1, Ag, A3 in the
HSESM derived from (2.34) is given by

oA = (MHl M%Ih) SaCad+ ...,

4]\/[2

29The pole parts of the vevs renormalize in the same way as the corresponding fields.
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2
9 2 2
(5A2 = W (MHh - MHI) SaCaéa + ceey
2
g .
Sz = m (51112 o — cos? ) (MIQJh - MJ%II) da+ ..., (4.131)

The same follows for the THDM directly from the definition of \; in (2.30). From (4.130) the
solution to cure the singularity introduced by the LSZ factors is perfectly clear, namely the
divergences can be avoided by absorbing UV-finite terms in da which cancel the problematic
terms in 0Zp, 11, 0Zm,p, - This is not in conflict with the third term (4.130) and the singularity
is not shifted elsewhere. The divergent terms in the degenerate limit are necessarily gauge
independent as the S-matrix is gauge independent in the MS scheme. The difficulty lies in the
extraction of gauge-independent parts of mixing energies in the non-degenerate mass case which
to this date remains an unsolved problem. In the context of the CKM-matrix renormalization
the momentum-independent terms in the fermionic mixing energies are expected to be gauge
independent, which can be shown in the class of R¢ gauges via e.g. extended BRST symmetry
[115]. This has been used in Ref. [122] to construct the gauge-independent parts at the one-loop
order. Unfortunately this prescription is not applicable in our case and can not be used at higher
orders.

One might think that the whole problem is due to the bad choice of o for the MS renormal-
ization. For instance, we can trade « for another parameter e.g. one of the A; and perform an
MS renormalization for this parameter. This is equivalent to perform an MS renormalization of
« and include finite terms which relate both parameters at NLO, in the same way as done for
Mg, and my2 in Section 4.5.3 [see Eq. (4.116)]. In the HSESM this succeeds in cancelling the

degenerate mass divergence in the case that « is traded for

[vsv)\g]is = [(MIQJ}, - M?Il) casa]is, (4.132)

leading to a universal and gauge-independent finite term of the form

MS aCa 1 n
So = 6aMS 4 _Jof (5MF, —sME)™. (4.133)

2 2 2 2
cg — sa My, — My,

The underlying mechanism cancelling the degenerate mass singularity is the following relation

between the on-shell mixing and self-energies?!
li ) M3 NP2 s (M2 ) — S (M2) = 4.134
[V iy Hth( Hh)_ 2 Q(Hh( Hh)_ Hl( Hl))_o’ (4.134)
m—Mm, Ii= 1

with suited mixing angles f; chosen as follows
HSESM: f1 = Cq, f2 = —Sa,
THDM: f1 = Cop3 fg = —SapB-

From (4.134) one can easily see that (4.133) cures the problem in the degenerate limit, i.e.

21This relation can be checked via explicit calculation in the considered models.
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renders (4.130) finite in this limit, but merely trades it for another singularity in the limit
fi = fo, which is again unsatisfying. Finally trading all critical parameters, i.e. o, in the
HSESM and «, 8, Mg}, in the THDM, does not solve the problem and divergences associated to
degenerate scenarios remain in pure MS schemes.

In principle, one could ignore all of this discussion since one is typically interested in non-
degenerate scenarios where additional Higgs bosons are heavier than the SM-like one. However,
it turns out that the momentum-independent contributions that remain in the degenerate mass
limit and that are not subtracted by the MS scheme, give rise to unnaturally large corrections
which render the MS scheme in the F.J Tadpole Scheme useless. Surprisingly by including the
finite correction (4.133) partially succeeds in subtracting the large contributions, but benchmark
scenarios can be found where it fails nevertheless. The on-shell schemes discussed later in
Chapter 7 avoid the conceptual problems and yield corrections in the expected ballpark for all
benchmark scenarios, but at the cost of having to fix the gauge, and without the possibility for a
proper estimation of higher orders. We conclude that, at the moment, the community is unable
to define an MS or on-shell scheme for the mixing angles which is well-defined in QFT, gauge

independent, and free of singularities related to the LSZ factors (4.129).
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CHAPTER

Automated generation of renormalized model

files in REPT1L

In this chapter we address the generation of renormalized model files for RECOLA2 which is
based on Ref. [52]. For this purpose the new tool REPT1L (Recola’s rEnormalization Procedure
Tool at 1 Loop) has been developed which is a multi-purpose tool for analytic computations
at the one-loop order. The necessity for an additional tool for the generation of model files is
due to the inner workings of RECOLA2 which requires the Feynman rules in a very particular
format as described in Section 3.4. As RECOLA has proved to be an extremely efficient tool,
RECOLA2 has been designed closely to RECOLA in order to benefit from all the experience
acquired in its development. The support for general models requires a flexible tool that meets
RECOLA2’s requirements. REPT1L has been written in PYTHON 2.7 allowing for a flexible meta,
programming approach which can generate source code in languages such as FORTRAN9S and
Forwm [130]. REPT1L depends on other tools, most notably RECOLA2 for the process generation
(see Section 3.2), which is used in combination with FORM to construct analytic vertex functions,
and SYMPY [131], which is a computer algebra system (CAS) for Python. REPT1L requires the
Feynman rules in the UFO format [40] which can be derived via FEYNRULES [37] or SARAH
[38]. There has been progress for an automated renormalization in the FEYNRULES framework
[39], but we do not make use of these results. In our approach the counterterms and rational
terms are automatically derived from the tree-level Feynman rules in a self-contained fashion as

explained in the following.

The generation of renormalized model files is a two-pass process. In the first pass a model
file is generated as described in Section 5.1. This step involves several manipulations of the
Feynman rules, most notably the computation of colour flows and the transformation of these
colour-ordered structures to a BGR operator basis. The model file thus obtained is linked to
REcoLA2 and used by REPT1L to set up and solve renormalization conditions analytically and
to compute rational terms as discussed in Section 5.2. In the second pass the renormalized

model file is generated, including explicit counterterm parameters and rational terms.

!There is ongoing work for PYTHON 3.X compatibility.
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RECOLA2 model file

Particles
Parameters
CT Parameters
model file (Modules)

Vertices Couplings
(hash table) CT Couplings
R2 Couplings

BGR (Modules)

____________________________

Figure 5.1: The RECOLA2 model file generation. UFO vertices are taken as input and each
vertex is permuted and mapped to a suited BGR operator. Given a counterterm
expansion (5.9), REPT1L can generate all counterterm vertices and include them in
the BGR. Once the renormalization is done and the Rs-terms are computed, the
model file is derived once again, including solutions to counterterm parameters and
R terms.

5.1 Model-file generation with REPTIL

5.1.1 Model-file generation flow

The RECOLA2 model-file generation consists of two phases. In the first phase REPT1L loops
over all vertices in the UFO model file, disassembling each one into the vertex particles, Lorentz
and colour structures, and couplings. The colour structure is transformed to the colour-flow
basis possibly rearranging Lorentz structures and couplings. This is discussed in more detail
in Section 5.1.2. The resulting Lorentz structures are used to derive the BGR operators in a
model-independent way. For every Feynman rule REPT1L tries to map the encountered Lorentz
structure onto one of those operators. If a new structure cannot be mapped onto an existing
operator a new operator is added. In an optional second pass, the existing base of operators is
minimized as discussed in Section 5.1.3.

In the second phase of the model-file generation the information is exported as FORTRAN9S
code in form of a model-file library, visualized in Fig. 5.1. Particle configurations are linked to
the individual contributions on the right-hand side of (3.10), which differ in the underlying BGR
(3.11), colour flow, colour factors, couplings, coupling orders or other information, via a FOR-
TRAN95 hash table, allowing for a flexible and efficient access. The actual BGR are computed
and exported as FORTRAN95S subroutines in different forms. For the numerical evaluation tree
and loop BGR are used to construct tree-level and one-loop amplitudes. The tree BGR are a
special case of the loop BGR, with no loop-momentum dependence. An example for a tree and
loop BGR as used by RECOLA2 in the numerical evaluation is given in Section 3.4. As a new
feature in RECOLA2, an analytic version of the BGR allows to generate amplitudes as FORM
code,? using precisely the same code segment in RECOLA2 for the process generation. This con-

struction guarantees that the numerical and analytic amplitudes are not independent. Finally,

2REPTIL is exporting FORTRANOS subroutines which are able to write the analytic expression for the BGR in
Forwm.
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RECOLA2 requires particle information such as the mass, spin, and colour of particles. This
information is directly obtained from UFO particle instances and is translated to FORTRAN95

code.

These steps conclude the tree-level model file generation. In Section 5.1.2 we elaborate in
more detail on the translation to the colour-flow basis, and in the Section 5.1.3 we exemplify

the derivation of the off-shell current basis.

5.1.2 Colour-flow computation

In RECOLA2 the colour flow is constructed recursively. For a given off-shell current the out-
going colour configuration is determined from the incoming ones and the possible colour flows
associated to the interaction vertex. As the UFO format does not incorporate the colour flow,
we need to translate between the two representations. We implemented a dynamical system for
computing the colour flow from the generators and structure constants, rather than substituting
for known results. In the conventions of Ref. [20] the colour flow associated to a given colour
structure

C,, o (5.1)

17---7j1,...

is obtained by multiplying (5.1) with the normalized generator (A%)"I’jp for each index a,
corresponding to an open index in the adjoint representation. The indices i, and j, refer to
the colour and anti-colour indices, respectively. The generators A, and structure constants fgpc
define the SU(3) Lie algebra®

Aa
\@a

with A\, being the Gell-Mann matrices. The computation then consists of eliminating the struc-

[Aaa Ab] = i\/ﬁfabcAw Tr {AaAb} = 5ab> Aa = (5'2)

ture constants and the generators by solving (5.2) for the structure constants and using the

(Fierz) completeness relation for the generators as follows

1
abe = ——=1Tr {A, A;Ac )
Jare = =75 {Aa [Ap, AL}
i i i1 siz L gir g
D (B)" 5 (Ba)?), = G307 — 203072 (5.3)

Performing all contractions yields a sum of Kronecker deltas which represent the individual

colour flows. For instance, the quartic gluon vertex of the SM reads

2 q q q
s Z (fk(zlaz fka3a4Llflu2udu4 + fkalagfka2a4Lgluzudu4 + fka1a4fka2a3Lglu2udu4) ) (54)
k

- \/i(Ta)l ;

3The A, generators are related to the conventional ones T, as used e.g. in FEYNRULES via (Aa)ij ;

with Tr{7T,Ty} = d4/2 and [Ta, Ty] = ifaveTe. Note that the structure constants fabc in Ref. [20] are related
to the ones in this paper via fape = V2 fabe.
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with Ly, Lo, Lg being Lorentz structures which, for the following discussion, are left unspecified.

Focusing on the colour structure 5;; 6;; 5;35;‘;, we obtain for the two relevant contributions

3 (B (Ba)® () (D) e o = 5 (0505058 +...)

k,a1,a2,a3,a4

S () (Ben) () (B o s = 5 (+5R055080 ). (655)

k,a1,a2,a3,a4

Combining this result with (5.4), results in the contribution

g2
5;;6;@625;? s (L3 —L). (5.6)
Thus, diagonalizing the vertex in the colour-flow basis requires, in general, to redefine Lorentz

structures and couplings.

5.1.3 Off-shell current basis

For a given Lorentz structure and a definite colour-flow state the BGR is derived from the
Feynman rules by selecting one of the particles as the outgoing one, multiplying with the cor-
responding propagator and the incoming currents of the other particles. Since the structure of
currents depends on the outgoing particle, one needs to derive the BGR for all distinct outgo-
ing particles. Consider for instance the QED vertex eTe™ . REPTIL constructs three different

recursion relations

’U}a—IGZD 6XU}“XU)5,
B0,
_ . + _
wp = 1e Z Dgp (") 50 X wy X Ws,
a,0, 1
wy, = ie Z Dy () ap X Wa X wpg, (5.7)
a?ﬁ?”

with w;, w;, w,, being either incoming or outgoing off-shell currents, depending on whether they
are on the right- or left-hand side of (5.7). For many Feynman rules, the underlying BGR are
formally the same if the couplings or masses of the particles are not further specified. Assuming
that the colour flow has been factorized as explained in App. 5.1.2, all fermion—fermion—vector
rules, e.g. Ze — e, ve — e, gu — u, Zu — u, can be mapped onto the same structures realizing

that yw™ and y#w™ form a suitable basis,

Wo = Z D(J;B (cl'y“w+ + czfy“w_)& X Wy, X ws,

B,
wg = Z Diﬁ (017“w+ + czfy“w_)(sa X Wy, X Ws,
a,0,
wy, = ZDW ay’wt + ey'w”) op X Wa X Wg, (5.8)
75”
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Chapter 5 Automated generation of renormalized model files in REPT1L

with D(]; 5 D£ 8 Dl‘fy denoting generic propagators for fermions, anti-fermions and vector bosons,
respectively. REPT1L has the ability to derive a minimal basis, dynamically, i.e. depending on
the operators of the theory, without relying on the Lorentz basis in the UFO format. This is
done in two steps. In the first step, all distinct BGR in the underlying theory are registered.
In the next step the BGR are merged recursively until a minimal basis is obtained. The size of
the BGR can be controlled by a parameter for the maximal number of allowed distinct generic
couplings. If a merge yields a BGR size larger than allowed, the merging is not accepted. Finally,

all vertices are mapped to the minimal basis.

5.2 Counterterm expansion, renormalization and computation

of Ry terms

REPTI1L supports an automated renormalization of model files following the standard procedure
(see e.g. Ref. [84]). Here we give a quick summary of all the steps, followed by details on the
counterterm expansion, the renormalization conditions, and the computation of rational terms
of type Rs.

The starting point is a tree-level UFO model file. In the first step an independent set of pa-
rameters is identified, followed by a counterterm expansion. The RECOLA2 model file is derived
once, enabling the formal counterterm expansion in REPT1L and leaving the values for coun-
terterm parameters unspecified. Renormalization conditions are used to solve for counterterm
parameters. The rational terms of type Ro are derived from vertex functions of the underlying
theory. The model file is derived once again, including the counterterm expansion and explicit
results for counterterm parameters and Ro terms. This yields the desired renormalized model

file, ready for computation of processes supported by the underlying theory.

5.2.1 Counterterm expansion

In the default setup, REPT1L defines the counterterm expansion rules of the masses My, Mg,
my, associated to scalars (5), vector bosons (V') and fermions (f), of the not necessarily physical
bosonic (¢) and fermionic fields (1), and of a set of external couplings g, according to (see also
Section 4.3.1)

ME — Mg + 5§ME, M3E — M3+ M3, my — my+dmy,
1 1 : 1 :
b=y (5jz + 25ij> b, U — <1 + 25ZL,1> R (1 + 25ZR,1> Pt
I
9k = gk + 09k (5.9)

with 0Z;; being, in general, a non-diagonal matrix and L, R denoting the left-and right-handed
components of fermionic fields, which, by default, are assumed to be diagonal. REPT1L auto-
matically deals with counterterm dependencies if the parameters, being assigned a counterterm
expansion, are declared as external parameters in the UFO format. Here, an external param-

eter is an independent parameter, whereas internal parameters depend on external ones and
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5.2 Counterterm expansion, renormalization and computation of Ry terms

their counterterm expansion can be determined by the chain rule. Once all parameters have a
counterterm expansion, the most efficient way to generate counterterm vertices of the theory is
through an expansion of the bare vertices via (5.9). It is possible to add counterterm vertices
by hand, or, as a third alternative, to induce counterterm vertices from bare ones, which are not
included in the model, via counterterm expansion rules. The latter is used to handle 2-point
counterterms and counterterms originating from the gauge-fixing function since both of these

types have no corresponding tree-level Feynman rules.

5.2.2 Renormalization conditions

The standard set of renormalization conditions given in Chapter 4 are implemented in REPT1L as
conditions, rather than solutions to conditions, which are solved upon request. As an advantage
of solving equations, the form of vertex functions or conventions can change without breaking
the system. We assume standard renormalization of the physical fields and masses from the
complex poles of Dyson-resummed propagators and their residues (see Section 4.3.2), while we
allow for several choices of renormalization conditions for the gauge-fixing function and for
unphysical fields. If the normalization condition is not fulfilled because e.g. the theory does not
allow to employ the on-shell conditions, the LSZ factors need to be included by hand.* For
the renormalization of couplings we support all the general schemes introduced in Section 4.5
and special schemes concerning the mixing angles in the THDM and HSESM, later given in
Section 7.3. Note that REPT1L is not restricted to these renormalization conditions and custom
ones can be implemented in PYTHON. Setting up renormalization conditions requires a RECOLA2
model file including counterterms.

The model-file derivation is done as discussed in the previous section with enabled vertex-
counterterm expansion (see Fig. 5.1) and leaving the counterterm parameter unspecified. The
renormalization conditions are derived analytically. To this end, REPT1L uses RECOLA2 to
generate all the process skeletons required by the renormalization conditions. The results are
written to a FORM file and evaluated, yielding vertex functions, which are parsed to Python and
processed with SYMPY. The procedure is visualized in Fig. 5.2. REPT1L supports the renormal-
ization of the same parameters in different schemes. All schemes are exported to the RECOLA2
model file and for a given parameter a specific scheme can be selected before the process gener-
ation phase. For instance, this system can be used to allow the user to choose between different
QCD and EW renormalization schemes within the same model file. The same system is used for
dealing with light fermions. In general, particles can be tagged as light particles, which, when
a particle is subject to on-shell renormalization, makes REPT1L to renormalize the associated
diagonal two-point function in three different setups, namely dimensional regularization, mass
regularization and keeping the full mass dependence. In a RECOLA2 session a suited renormal-
ization scheme for light particles is set automatically, depending on the choice of the mass value,
unless a particle is explicitly required in a specific scheme. In the case of unstable particles,
i.e. massive particles with finite widths, REPT1L applies, by default, the CMS as discussed in
Section 4.4.

4The LSZ factors can be computed with REPTIL.
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Model file generation

] ]
: ( ' TrAN9S) i
E \; ------------- : --------- XR -----
.[Numerlcdl Amphtudeb] [Oﬁ-shell currents] § [Renormahzatlon] @

[FORM Amphtudeq FORM Sélxs

Figure 5.2: The REPT1L-RECOLA2 tool chain. REPT1L can generate tree-level model files which
can then be used in combination with the RECOLAZ2 library to generate building
blocks required in the renormalization process. The process generation is done via
the same off-shell currents also used in numerical computations. The currents are
evaluated analytically with FORM and further processed with SYMPY. The results
are then available to REPT1L and are used in the renormalized model-file derivation.
The red box indicates the analytic computations which uses the tool chain combining
REcoLA2, FORM and SYMPY. After the renormalized model-file derivation, this tool
chain and REPT1L are no longer needed. The blue box, i.e. RECOLA2 and model files,
can be used as stand-alone versions (pure FORTRAN95) for numerical computations.

5.2.3 Computation of R, terms

In Section 4.1.2 we exemplified the computation of R which is inspired by the methods de-
veloped in Refs. [132, 133, 134]. REPTIL follows the same computation flow as for solving
renormalization conditions as depicted in Fig. 5.2. For renormalizable theories it is possible to
compute all Ry terms. To this end, REPT1L can generate the skeletons for all vertex functions
of the theory that are potentially UV divergent according to power counting. FORM is used to
construct each vertex function, replace tensor integrals by their pole parts and take the limit
D — 4. The finite parts are identified as Feynman rules associated to the original vertices,
which are precisely the Ry terms. These steps are done in Python with the help of SYmMPY.

The computation of tensor coefficients is performed in conventional dimensional regularization.
Different regularizations will be supported in the future by exchanging the responsible FORM-
procedure files.

In view of EFTs, the power counting can be disabled, and specific vertex functions can be
selected. Further, the Ry extraction rules [132, 133, 134] have been extended to higher n-
point functions and higher rank.® Finally, we remark that the computation of Ry can be run

parallelized, which is done by default.

53-and 4-point functions up to rank 6, 5- point functions up to rank 7 and 6-point functions up to rank 8.
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CHAPTER

Validation methods

The validation of S-matrix elements is one of the most difficult and time-consuming issues
in the calculation of processes in QFT. RECOLA2 did benefit from the parallel development
with RECOLA which allowed to validate intermediate steps, finally guaranteeing the consistency
with results tested at that time against independent approaches. At last, the automation and
generality of RECOLA2 allowed to systematically validate all hard-coded elements in RECOLA,
i.e. all the SM Feynman rules and BGR subroutines.

For BSM theories there are no other automated tools for EW corrections to compare with,
if at all only individual calculations. For this reason, we decided to improve the reliability
of RECOLA2 by supporting the BFM, which we introduce in Section 6.1 (partly taken from
Ref. [52]). Alternatively, but less useful in practical calculations, we support the R¢ gauge
which is discussed in Section 6.2. The R¢ gauge was used in App. C.1 to prove the gauge (in-
)dependence (in that class of gauges) of specific S-matrix elements. Beyond that, the R¢ gauge
validated many aspects of RECOLA2 and REPT1L concerning high rank computations. Finally,

in Section 6.3 further validation efforts are discussed.

6.1 Background-Field Method

The quantum realization of gauge theories requires to replace the concept of gauge invariance by
the quantum analogue known as BRST invariance [76, 77, 78]. One of the reasons is the gauge-
fixing procedure, being a necessity for a well-defined gauge-field propagator in perturbation
theory, which breaks gauge, but not BRST invariance. Besides all the important consequences
of BRST invariance, it implies non-linear symmetry transformations involving ghost fields in
intermediate steps. Owing to the non-linearity, the resulting STI are less useful in practical
calculations compared to the linear WI encountered in abelian theories. A quantum realization
of gauge invariance is nevertheless possible within the BFM. The BFM is a powerful formulation
for gauge theories which renders analytic calculations easier owing to a simple structure of the
Feynman rules and additional symmetry relations. The method was originally derived by DeWitt
in Refs. [135, 136] and has since then been used in many applications. The additional symmetry
relation emerge for gauge theories in combination with a suited gauge-fixing term and imply
the invariance of the theory under so-called Background-Field (BF) gauge invariance. This
property is particularly useful for the calculations of 8 functions [137] in higher orders and is
also of interest in beyond flat space-time quantum field theory. The BFM has been incorporated

in REPT1L and RECOLA2 as an alternative way to calculate S-matrix elements,! and provides

! The construction of the S-matrix in the BFM requires special attention as has been shown in Ref. [138].

73



Chapter 6 Validation methods

a powerful check of the consistency of the REPT1L/RECOLA tool-chain upon comparing to the
conventional formulation. This feature is particularly useful for the validation of Ry terms where
mistakes are difficult to spot. Besides the computational aspects, we use the BFM to formulate
gauge-independent renormalization conditions in BSM models, presented in Section 7.3.2 We
stress that the BFM can be used as a complementary method in RECOLA2 and does not replace
the usual formulation. Even though the use of the BFM in practical calculations is steered in
precisely the same way as for model files in the conventional formulation, the internal machinery
is different. In particular, the derivation of the Feynman rules and renormalization procedure
requires special attention which is discussed in the following.

In Section 6.1.1 we give an introduction to the construction of the BFM action, following
Ref. [140]. The application to THDM and HSESM is discussed in the Sections 6.1.2 and 6.1.3,
starting with the definition of the fields, and followed by the construction of gauge-fixing func-
tions and ghost terms. We make use of many ingredients of the SM BFM formulation [50] which
are also valid in the THDM and HSESM. Finally, we conclude with subtleties concerning the

renormalization in the BFM in Section 6.1.5.

6.1.1 The background-field effective action

The BF effective action I'ppm [(Z)], as a functional of background fields ¢, is constructed from
an action S as follows. In the first step an auxiliary generating functional Z is defined in the

presence of background fields ¢ via
Zb@y:/mwm{ﬁp%ﬂﬂ/&wmwm) (6.1)

where j generically denotes the source of a quantum field ¢. The usual generating functional
is recovered as Z[j] = Z[j;0]. Following the standard computations for the effective action
via Legendre transformation, denoting ' and T' as the effective actions corresponding to the

generating functionals Z and Z, respectively, the original effective action I is related to T as
I[6.0| =1 |d+4], (6.2)

with the field ¢ being defined as

(6.3)

Therefore, the original effective action I' can be computed using f[O, qg] instead, performing
functional derivatives wrt background fields. The quantum fields exclusively appear in loops,
whereas the background fields appear as external lines. Thus, the splitting of fields in (6.1)

separates the classical solutions of the field equations, represented by background fields, from

ZNote that the formulation of renormalization conditions in a definite gauge is controversial. Nevertheless, if
done in the BFM, one benefits from gauge invariance and the fact that the BFM is viable beyond one-loop
order (see e.g. Ref. [139]).
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the excitation modes, represented by quantum fields. Finally, we define the BF effective action

via I', requiring in addition gauge invariance under BF gauge transformations

Tprm M =T {qg, éﬂ

=T M . oTprM M —0. (6.4)

The requirement of BF gauge invariance severely restricts the structure of the gauge-fixing
function as discussed in Section 6.1.3. Once a suited gauge-fixing function is found, the standard

procedure for constructing a ghost term is performed as done in Section 6.1.4.

6.1.2 Background and quantum fields in extended Higgs sectors

The BFM splits fields into background and quantum fields and combines the new action with
a special choice for the gauge-fixing function resulting in a manifest BF gauge invariance for
the effective action on the quantum level. The Feynman rules are derived as usual, treating
background and quantum fields on equal footing.® In principle, the splitting can be done for
every field in the theory, however, as one is only interested in a BF gauge-invariant action, it is

sufficient to shift fields which enter the gauge-fixing function. Thus, we perform

WEH y ok = P oH 4 Wa,u’ B* — Bt .= BM + Bﬁu,
Dy — D, = D; + Dy, S S: =8+, (6.5)

where W (W) and B (B) are the SM quantum (background) gauge fields in the gauge eigenba-
sis with @ = 1,2, 3. The index ¢ runs over all Higgs doublets ®; in the theory under consideration
and S is a singlet field, absent in the THDM or SM. The singlet field S does not appear ex-
plicitly in the gauge-fixing function [see (6.11)], but the inclusion of S in the splitting (6.5) is
necessary due to the mixing with the neutral component of a Higgs doublet. The components

for the background and quantum field doublets are defined as
+ i+
o, = 1 ¢Z . ) (i)z = 1 ¢ZA N . (66)
75 (pi +1n;) 5 (Vi + pi + 1))

6.1.3 Background-field gauge-invariant gauge-fixing function

Before dealing with the gauge-fixing term we demonstrate how BF gauge invariance is realized
which is somewhat less obvious than the usual proofs of gauge invariance. The details discussed
in the following are relevant if the reader is interested in understanding the BRST quantization in
the BFM, in particular, the precise form of the gauge-fixing functions and ghost terms, otherwise
skip to Eq. (6.11). We follow the arguments of Ref. [140] and extend them to the case with SSB

focusing only on the EW sector.

The background fields are defined to transform in the same way as the fields in the conventional

3The UFO model files in the BFM were derived with FEYNRULES.
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formulation, i.e. under representations of the SM gauge group in the following way

3 . 3
T a abeyisb ¢ » z 1 a, a =S
oW, = 0" — gbglé W,af, OB, = 0,03, 0b; = 3 (g g_la o — g’006> o, (6.7)

with ¢®(a®) being the generators (gauge parameters) of SU(2),, with structure constants ¢,
and 0°(B3) being the generator (gauge parameter) of the hypercharge, represented by a 2 x 2
unit matrix. By performing a BF gauge transformation (6.7) on (6.1), gauge invariance is only

manifest upon using additional gauge rotations as follows
oW = —ge“bcabWﬁ, 0jy = —ge“bcabjﬁ,
. 3 . 3
1 . 1 .
5b; = 3 (gZo“a“ - g'00ﬂ> O, bji = B (gZaaaa — g’006> Jis (6.8)
a=1 a=1

where jj;(ji) represents the source to the Wi (®;) field. The field transformations of quantum
fields are based on the freedom of choosing coordinates in the path integral, but the transforma-
tions for the sources djf, dj; need to be included in the BF transformations in (6.7). It follows

that source terms remain invariant
0 (nga,u) =0, ¢ <<I>;r]z> =0, ¢ (]J(I)z) =0. (6.9)

One observes that the BF gauge transformations (6.7) and the subsequent gauge rotations (6.8)

act as uniform gauge transformation on shifted fields, e.g.
2\ (6.7),(6.8) 1 3 N
) (@i + <I>i> N 3 (QZU“Q“ — g'aoﬂ> <<I>i + <I>i> . (6.10)
a=1

From this we conclude the BF gauge invariance of the shifted action S[¢ + ¢] because it was
gauge-invariant prior to the field-shift by definition.

The gauge-fixing function is constructed in such a way to prevent mixings between the quan-
tum gauge and quantum Goldstone bosons. This requirement can be realized in a family of
gauge-fixing functions parametrized by one gauge parameter, similar to the R¢ gauges in the
conventional formulation. Since the R¢ gauge in the BFM is not supported in RECOLA,* we
restrict ourselves to the 't Hooft—Feynman gauge. The quantum gauge-fixing term has the

traditional form. In the gauge eigenbasis it reads

1 3

1
Lor = —3 > (Fy)? - §F123- (6.11)

a=1

The standard ansatz for the gauge-fixing functions F' ~ 9" A,, —igvG with A being a quantum
gauge field, v the vev and G a Goldstone boson is not BF gauge invariant, but can be made

so at the cost of non-linear gauge-fixing functions. To this end, the derivatives in the usual

4This is due to the necessity of having an R¢ gauge photon propagator which is not supported. See Section 6.2
for more details.

76



6.1 Background-Field Method

gauge-fixing functions are augmented to covariant derivatives and the Higgs doublets are used
to construct triplet and singlet states under SU(2), xU(1)y. The resulting gauge-fixing functions

are simple generalizations of the ones given in Ref. [50]
Fyy = Drwe — ig 3 [cﬁja%i _ @jaa@] ,
i

/
g ; -
Fip = "B, +ig. ) ol — ol (6.12)
7

with i running over the number of Higgs-doublets in the theory.” The gauge-fixing term (6.11)
with gauge-fixing functions (6.12) is invariant under BF gauge transformations (6.7), (6.8).

Notice that the covariant derivatives in (6.11) are defined with a pure BF gauge connection.

6.1.4 Construction of the ghost function

For the construction of the ghost term we follow the standard BRST quantization procedure,
see e.g. Ref. [102]. In a first step the BRST transformation for physical fields and Goldstone
boson fields are derived from the gauge transformations (6.7) by replacing the gauge parameters
with

a—uw, [ —ug, (6.13)

where (4f},) ufy, and () up are (anti-) ghost fields of the gauge eigenstates W* and B. From
the requirement of BRST invariance together with the precise structure of gauge-fixing term

(6.11) the ghost Lagrangian can be constructed as

3
Eghost = Z ﬂ?/[/(sBFI?V - EB(SBFB‘ (614)

a=1

After SSB the gauge fields are rotated into mass and charge eigenstates in the following way

W+ W W — Wt
w, = —+ 7% EowE= % W3 = cwZy — swhu, Bu=swZy+ cwAy,
1 uyy + gy 2 Uy — Uy 3
Uy = T, ujy = T, Uy = Cwlz — SwlUA, UB = Swluz + cwua. (6.15)

The BRST transformations are defined on quantum-fields, and are obtained by applying (6.13)
to the corresponding gauge transformations (6.7) for quantum fields, with shifted gauge-field

connections (6.5). Expressing the result in the gauge eigenbasis yields
1 1
5BWN = QMUW =

St +uie) = 3 ) (4, 22,) + (wa = 20) - wi)] . 610)

SW w

sgW2 =D, ujy =

5; =1, 2 for the THDM and i = 1 for the SM and HSESM model.
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50y = ) = 5 Ly ) (4= 22,) = (wa - Sz ) (g 1) 07

Sw Sw

ie , _ _
5BW3 = QMU%V = 0y (cwlz — Swua) — . (up WH —ufy, W), (6.18)
w
6By, = D, up = 0y (cwua + swuz) . (6.19)
Note that in contrast to the conventional formalism, the covariant derivatives entering the

BRST transformations use the shifted gauge fields (6.5). For the Higgs doublets the BRST

transformation rules can be defined at the level of components as follows

SnodT
op®i= B , (6.20)
vz (oBpi + 10BM;)

with
. : 2 2
+_ € . Noyt le(cw_sw) + oyt
6B¢i = E(lﬂl +£z + ’Ul)UW + W?Z Uy — 16?1. ua, (621)
e ie bo— -y
o . B S
O = 2cy 5w (Bi + UZ> uz + 28y (ﬂ uw & uW) ' (6.23)

The transformations for dgp; and dgn; are fixed by taking the real and imaginary parts of the
BRST transformation of the lower doublet component, respectively. In this way, if the ghost
term is formulated directly in the physical basis, as it is done in Ref. [50], the Lagrangian is

guaranteed to be hermitian.

6.1.5 Renormalization and implementation details

The renormalization in the BFM follows the same procedure as described in Section 4.3, except
that only background fields need to be renormalized. Moreover, the fully automated renormal-
ization procedure as implemented in REPT1L (see Chapter 5) can be used within the BFM.
This is made possible since REPT1L can distinguish between both types of fields by checking the
field-type attribute. A field can be assigned to be a background and/or quantum field. In the
conventional formalism, all fields play both roles and can thus appear in tree and loop ampli-
tudes. In the presence of pure quantum fields, as it is the case in the BFM, the only contributing
Feynman rules to tree and one-loop amplitudes are the ones with exactly none or two quantum
fields.

Since we aim at the computation of S-matrix elements, an on-shell renormalization of physical
fields is suited, and the conditions of Section 4.3.2 are employed for background fields. However,
fixing the field renormalization constants of background fields via on-shell conditions breaks BF
invariance and, as a consequence, some BF WI are not fulfilled. The reason is that BF gauge
invariance requires e.g. a uniform renormalization of all covariant derivatives in the theory
which is only possible if the field renormalization constants are not independent parameters

but chosen accordingly [50]. The breaking of the BF WI does not pose a problem since this
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6.1 Background-Field Method

additional symmetry is not mandatory for the renormalizability of the theory. Yet, one does
not break the QED BF WI (4.105), which is valid also for EW theory in the BFM in contrast
to the conventional formalism. Thus, requiring (4.105) yields the well-known one-loop relation
in the BFM [50]

)

0Ze = 9 7

(6.24)

corresponding to the TL (Section 4.5.1).

Concerning the Fermi scheme introduced in Section 4.5.1 one cannot make use of the expres-
sion for Ar given in (4.109) which is valid for the conventional formulation in the 't Hooft—
Feynman gauge, but not in the BFM since mixing and self-energies, or, in general, vertex func-
tions differ by gauge-dependent terms in both formulations. Since the parameter Ar connects
physical quantities it is necessarily gauge-independent, which implies that both formulations dif-
fer merely by a reshuffling of gauge-dependent terms between the self-energy and vertex parts.
We have determined the difference in the vertex corrections between the BFM and conventional
formulation in the 't Hooft—Feynman gauge, and, as expected, it cancels against the difference in
the W self-energy. For a model-independent evaluation in the BFM, the result can be expressed

in the same form as (4.109), but with a modified vertex correction®

1PLBFM,T IPLBFM,T / o 1PLBFM,T
Ap = ZWW (0) = Xy (iv) L2 Yz (0) 4 209

M%V CwSw ,u% g

g [log(cgv) (—1+282> +2
2 w

1672 s2,

, (6.25)

which is valid only in the 't Hooft—Feynman gauge in the BFM.

Another subtlety concerns the renormalization within the CMS. REPT1L automatically renor-
malizes unstable particles in the CMS following the steps given in Section 4.4. The corresponding
on-shell renormalization conditions require scalar integrals to be analytically continued to com-
plex squared momenta. As we explained, this can be avoided by using an expansion around
real momentum arguments,” which, however, gives rise to gauge-dependent terms of higher
perturbative orders. Thus, comparing the BFM to the conventional formalism leads to some-
what different results for finite widths. The effect can be traced back to the difference of full

self-energies in both formulations, e.g. the difference in the W self-energy is given by

2

S () — S (0) = % (v — p%) 9" [c2Bo (% iz, pw) + 52 Bo (0%, 0, uw)] . (6.26)

with the conventions for scalar integrals given in App. A.1. The gauge dependence drops out in
the mass renormalization constant, i.e. 5,u%vBFM = 5,u%v in the CMS, because the self-energy is

evaluated on the complex pole, i.e. for p? = M%V. However, performing an expansion of the self-

®Note that 27 PFMT(0) is zero in the BEM due to a Ward identity.

"The expansion breaks down for IR-singular contributions resulting from virtual gluons or photons. This can be
corrected by including additional terms (see Ref. [97]), which is automatically handled in REPT1L as described
in Section 4.4.2.
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energy around the real mass M\%v results in differences of the order of O (a3). For a comparison
of both formulations it is useful to modify the expanded (exp) mass counterterm to match the

conventional formalism in the following way

2 BFM 2 o
5:“W,exp - 6lu’W,eXp -

2
= 6#%\734332;\/[ - 4977r2 (M\%V - :U’%V)2 [C\QVB(/) (M\%\HMZa ,UW) + sng(l) (M\%V: OaluW)] ’ (627)

with B{ being defined as the derivative of By with respect to p?. Note that the difference is

phenomenologically irrelevant.

6.2 R¢ gauge for massive vector bosons

The original motivation for the implementation of the R¢ gauge in RECOLA2 was an alternative
check of the gauge-parameter (in)dependence of S-matrix elements in combination with an MS
renormalization of the mixing angles as discussed in Section 4.2.3 (see also App. C.1). Beyond
validation the R¢ gauge is not very useful due to its additional computational cost at the one-
loop level. Nevertheless, the implementation is valuable since the R¢ gauge has validated, until
then, untested aspects of REPT1L, most notably the capability of computations involving higher
tensor ranks, both, in analytic as well as numerical calculations, thus proving the viability of
REPTIL and REcoLA2 for more complicated theories.

In the following we describe the basic framework for the R¢ gauge starting with the gauge-
fixing function in Section 6.2.1. In Section 6.2.2 further details of the implementation are given,

focusing on the numerator structure of the R¢ gauge vector-boson propagators in one-loop BGR
(3.27).

6.2.1 Gauge-fixing function

RECOLAZ2 supports R¢ gauge propagators only for massive vector bosons. The restriction to the
massive case comes from the fact that the photon R¢ gauge propagator cannot be decomposed
into single poles, but RECOLAZ2 only supports propagators with single poles and polynomial loop-
momentum numerator structure. The use of the R¢ gauge in RECOLA2 requires the Feynman
rules to be derived in the R¢ gauge with suited gauge-fixing functions. Starting from the generic

gauge-fixing term defined as

1 1 2 1 2
Lop= ——CTC™ — — (C%)" — — (CY)7, 6.28
“r §w 287 () 284 () (6.28)
a valid R¢ gauge is given by the following gauge-fixing functions
CA = 0rA,, 0% = 97, — £7M7 Gy, Ct ='W Fibw MwG*. (6.29)

Here, £4 = 1 is assumed and only listed in (6.28) for completeness. The R¢ propagator for
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massive vector bosons can be written as

BV g =Y /MG php”
NNNe = —i -1 ) (6.30)
p*— Mg My (p* = MZ)

with V = W,Z and Mé = SVM‘Q, being identified with the Goldstone-boson or ghost mass.
Note that the decomposition only makes sense for My # 0. The Goldstone-boson and ghost

propagators are given by
(6.31)

which justifies the identification with M. In the literature typically two conventions are found

for the gauge-fixing functions which differ by powers in the gauge-parameter, namely & < £2.

6.2.2 Implementation details of the R, gauge

The reason for the mass identification Mg is two-fold. Unless the structure of the FORTRAN9S
BGR subroutines are changed, RECOLA2 currently only allows for couplings, momenta, masses
and the propagator denominator to be passed to the BGR computation. However, even with
the possibility for passing gauge parameters separately, the way gauge parameters enter the
propagator depends on the precise conventions used in the gauge-fixing functions (6.29) which
are not accessible by REPT1L. Absorbing the gauge-parameter dependence of the quadratic part
in the Lagrangian into Goldstone-boson and ghost masses allows for a convention-independent
treatment which naturally fits into the framework of RECOLA2 without the need for significant
extension or rewriting. Therefore, the implementation in the UFO format needs the Goldstone-
boson and ghost masses to be defined in terms of the gauge-boson masses and gauge parameters.
Other occurrences of gauge parameters are constrained to vertices which simply implies modified
gauge-parameter dependent UFO couplings.

In order to handle the R¢ propagator (6.30) REPT1L makes use of branches for the individual
pole parts of the R¢ gauge propagators in the following way

(D), = ==, (55
+ @, (-55). ©32

with nominator structures being pulled out of the propagator which requires a suited connection

to the rest of the BGR. Here, a branch refers to individual contributions which are added up to
the final outgoing current. For every rule with outgoing vector-bosons REPT1L generates two
different branches. Note that this technique is also used for handling different colour flows and

orders in fundamental couplings. The total number of branches for a BGR is given by®

#branches = #colour flows x #coupling orders x #propagators. (6.33)

8 Note that in the *t Hooft-Feynman gauge the number of different propagators is always one.
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The one-loop BGR requires to introduce a loop momentum ¢ in propagator numerators as

(@), -+, (2225

The numerator structure needs to be combined with the vertex structure and ordered according

follows

to proper rank structure as explained in Section 3.4.

The automated renormalization and computation of rational terms presented in Chapter 5
can be used in the R¢ gauge. Typically, we do not renormalize the gauge-fixing Lagrangian, i.e.
we write it directly in terms of renormalized fields, which is sufficient to assure that all S-matrix
elements are finite [75, 141]. REPT1L allows for alternative renormalization of the gauge-fixing
term. Concerning the renormalization procedure, the only constraint is when employing the
Fermi scheme where Ar (4.109) needs to be fixed to {w = £z = 1 since we have not determined

the R¢ gauge parameter dependence of the vertex and box corrections to the muon decay.

6.3 Automated testing suite

Since the release of RECOLA many further comparisons against independent approaches have
been performed.? In order to prevent regression in the development of RECOLA2 an automated
testing suite has been developed and integrated into REPTIL.'® The starting point for each
test is the tree-level UFO model file. For each test a minimal renormalization is performed and
necessary rational terms are computed. The tests are defined for fixed phase-space points and
compared to expected numerical results. All test are carried out in a fully automated way. In

the current version, the following test cases are implemented:

Pole approximation: Various channels ff — V — ff with a resonant vector boson V are

compared to validated results in RECOLA.

Loop induced processes: The loop-induced processes gg — v, hZ, WW, hh are validated
against MADGRAPH5_AMCQNLO.

Off-shell tt production in the SM: We provide several tests for the off-shell production of tt in
the SM for the channels tu — e*ueb/fﬂul_) and gg — e*uebu*V#B. The QCD corrections
are compared against MADGRAPH5_AMC@NLO and REcoLA. The EW corrections are
compared against RECOLA. Optionally, the tests for the full renormalized amplitudes can
be run using the BFM in RECOLA2. These tests were performed together with M. Pellen.

RG running of ag: We test the running of oy to three different scales for tt off-shell production
in the channels uu — e+1/ebu_ﬂul_) and gg — e+ueb,u_l/#l_). The tests were performed
together with M. Pellen.

9See Appendix B in Ref. [20] for a list of checks in RECOLA.
10 Almost every aspect of REPTIL is tested thoroughly. More than 150 internal consistency tests, so-called unit
tests, are implemented.
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Scalar 2-point functions in THDM: All renormalized scalar two-point function of the extended
Higgs-sector in the THDM are tested off-shell against an independent approach in QGRAF
[142] and QGS, which an extension of GraphShot [143]. The tests were performed together

with L. Jenniches.

Hy — 4f in the THDM: This test compares results for Higgs decays into four fermions, which is
closely related to the considered processes in Chapter 7, to an independent calculation [112]
based on FEYNARTS/FORMCALC [15, 16] for various channels. The tests were performed
together with L. Altenkamp.

Anomalous TGC: This test checks the anomalous CP-even and CP-odd triple gauge couplings
(TGC) for the processes du — veety, ui — WYW~—, ut — ZZ, vZ, velle — 727, vZ.
The tests are performed at NLO QCD, except for the neutrino-induced ones, which are

performed at LO. The tests were compiled by M. Chiesa.

Besides the direct tests against independent calculations, REPT1L and RECOLA2 support
several other consistency checks. For instance, during the renormalization procedure REPTIL
explicitly checks that for massless particles the self-energy is proportional to the momentum
squared p?. For light particles, e.g. fermions in mass regularization, this has to hold in the
massless limit such that indeed no mass counterterm is required. For the Fermi scheme (see
Section 4.5.1) REPTIL verifies that Ar [Eq. (4.109)] is UV finite. In general, the UV finiteness
of the theory can be verified numerically in RECOLA2 on a process by process approach at the
phase-space level by varying the pyy scale. This check also works in combination with MS
subtraction schemes, even though in this case amplitudes have an intrinsic scale dependence. To
this end, we separate the scale dependence originating from the MS subtraction, denoted as ps,

from the UV one. The variation of the scale uyg can be used to estimate missing higher-orders.
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CHAPTER 7 .

Phenomenology in the
HSESM and THDM

This chapter is based on Ref. [52]. We investigate two BSM Higgs-production processes at the
LHC, namely Higgs production in association with a vector boson, usually referred to as Higgs
strahlung, and Higgs production in association with two jets, known as Vector-Boson Fusion
(VBF), in the THDM and HSESM. Those processes are particularly interesting for an extended
Higgs sector, as they represent the next-to most dominant Higgs-production mechanisms at the
LHC.

There has been enormous progress in higher-order calculations to Higgs strahlung and VBF in
the SM and BSM. For Higgs strahlung the QCD corrections are known up to NNLO for inclusive
[144, 145, 146] and differential [147, 148] cross sections. On-shell EW corrections were computed
in Ref. [149] and followed by the off-shell calculation in Refs. [150, 151]. Higgs strahlung has also
been investigated in the THDM with QCD [152] and EW [51] corrections. For VBF, the first one-
loop QCD corrections were obtained in a structure-function approach [153] followed by the first
two-loop prediction [154, 155] in the same framework. As for differential results, the first one-loop
QCD and EW corrections were calculated in Ref. [156] and Refs. [157, 158], respectively. Since
recently also the differential two-loop [159] and three-loop [160] QCD corrections are available.
VBEF has been interfaced to parton showers [161] and has been subject to studies for a 100 TeV
collider [162]. In view of BSM, VBF has been studied in the MSSM [163]. Higgs strahlung and
VBF are nowadays available in public codes, such as V2HV [164], MCFM [165], HAWK 2.0
[166] and VH@QNNLO [167].

In Section 7.1 we give a brief description of the interface of RECOLA2 to HAWK 2.0, which
has been used as Monte Carlo integrator. In Section 7.2 we fix the calculational setup and
define the benchmark points, which were mainly taken from the Higgs Cross Section Working
Group (HXSWG). For the numerical analysis we use different renormalization conditions for the
mixing angles, which we introduce in Section 7.3. In Section 7.4 we present numerical results,
discussing total cross sections in view of different renormalization schemes for light and heavy

Higgs-boson production.

7.1 Interface to HAWK 2.0

In this section we describe the interface between HAWK 2.0 and RECOLA2 which allows for an
automated computation of NLO EW and QCD corrections to observables in associated Higgs

production with a vector boson and two jets. We start with the LO partonic channels and virtual
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corrections and conclude with the computation of the real corrections. The implementation has
been realized in a model-independent way, allowing in the future, apart from the two presented

BSM models, for predictions in alternative models.

7.1.1 Process generation with RECOLA2

In the case of associated Higgs production with a vector boson, also known as Higgs strahlung,

we consider processes with an intermediate vector boson decaying leptonically as
pp — HV — HITI~ /HI*v/Hov. (7.1)

Depending on the initial-state partons, the intermediate vector boson can be a Z or a W boson.
For example for the signature pp — HZ — HITI™, neglecting the bottom contributions in the

Parton Distribution Function (PDF), there are four different initial-state parton combinations:
uu, dd, cc, ss. (7.2)

Whenever possible, we optimize computations involving different quark generations. For in-
stance, in (7.2) the processes involving the second generation are not computed explicitly, but
the results for the first generation are employed instead. For the first generation of quarks the

RECOLA2 library is used to generate the processes at tree and one-loop level.

The second process class under consideration is Higgs production in association with two hard

jets
pp — Hjj, (7.3)

also known as VBF. There are plenty of partonic channels and, again, we exploit optimizations
with respect to the different quark generations. For the LO, virtual NLO EW, virtual NLO
QCD, real emission EW, and real emission QCD contributions RECOLA2 generates 32 partonic
channels each, with the real kinematic channels corresponding to the Born kinematic ones, with
an additional gluon or photon. For the gluon- and photon-induced channels RECOLA2 generates

20 channels each.

At the stage of the process definition the Higgs boson entering in (7.1) or (7.3) can be chosen
freely! as long as it is supported by the RECOLA2 model file currently in use. For instance, in
the case of the THDM the Higgs flavour can be set to Hj, Hy or H, (see Section 2.3), which is
done in the HAWK 2.0 input file. In HAWK 2.0 the relevant parameters for process generation
and computation are set by input files. This information is forwarded to RECOLA2, allowing
to choose specific contributions. The selection works for individual corrections such as QCD
or EW either virtual or real. For the results presented in this work we selected the pure EW

corrections, including photon-induced corrections.

!Charged Higgs bosons are not supported by the HAwk 2.0 Monte Carlo. Pseudo-scalar Higgs-boson production
is possible, but suppressed in the considered CP-conserving THDM.
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7.1.2 Infrared divergences

The processes under consideration are not infrared safe and an IR subtraction scheme needs
to be employed. We adhere to the Catani-Seymour dipole subtraction [168] which is used
in HAWK 2.0 and employ mass regularization for soft and collinear divergences, i.e. a small
photon mass and small fermion masses are used wherever needed. From the point of view of
the interface, dealing with EW dipoles is a matter of replacing certain Born amplitudes with
the ones computed by RECOLA2. As for the QCD dipoles one needs in general colour-correlated
matrix elements. For processes with only two partons, as it is the case for Higgs strahlung,
the colour correlation is diagonal due to colour conservation (see Eq. Al [168]) and again no
colour-correlated matrix elements are required. For VBF the internal construction of HAWK
2.0’s colour-correlated matrix elements has been replaced because intermediate building blocks,
as used by HAWK 2.0, cannot be produced with RECOLA2. Instead, the colour-correlated matrix
elements are computed directly with RECOLA2 and we use colour conservation to minimize the
number of required computations. The dipoles are taken as implemented in HAWK 2.0. For the
QCD dipoles consider Refs. [168, 169] and for EW dipoles see Refs. [170, 171].

7.2 Setup and benchmark points

7.2.1 Input parameters

For the numerical analysis in the two Higgs-boson production processes we use the following

values for the SM input parameters [43]:

Gp = 1.16638 - 107° GeV ™2, my =173.21GeV, M, = 125.09CGeV,
My = 80.385GeV, TI'w =2.0850GeV, My =91.1876GeV, Iz =24952GeV. (7.4)

For the THDM we present updated and new results for the benchmark points in Tables 7.1 and
7.2 as proposed by the HXSWG [172]. For the HSESM we compiled a list of benchmark points
featuring different hierarchies and being compatible with the limits given in Refs. [56, 57].2 The
results include the SM-like and heavy Higgs-boson production for both models. The computation
was carried out in the 't Hooft—Feynman gauge both in the conventional formalism and in the
BFM.

7.2.2 Cut setup

For the analysis of Higgs strahlung we consider the case of two charged muons in the final state,
pp — Hutp~ + X. The muons are not recombined with collinear photons, and are assumed to
be perfectly isolated, treated as bare muons as described in Ref. [150]. We use the cuts given in

Ref. [173], i.e. we demand the muons to

e have transverse momentum pp; > 20GeV for [ = p*, pu,

e be central with rapidity |y;| < 2.4 for [ = p*, ™,

2Qur conventions differ from those of Ref. [56]. We identify cq,tg in Ref. [56] with —sa, 1/t in our conventions.
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Mp, My, Mp= mio ts Mg,
BP21A | 200 GeV | 500 GeV | 200GeV | 135GeV | 1.5 || 198.7 GeV
BP21B | 200 GeV | 500 GeV | 500GeV | 135GeV | 1.5 || 198.7 GeV
BP21C | 400 GeV | 225 GeV | 225 GeV 0GeV 1.5 0GeV
BP21D | 400 GeV | 100 GeV | 400 GeV 0GeV 1.5 0GeV
BP3A1 | 180 GeV | 420GeV | 420GeV | 70.71GeV | 3 129.1 GeV

Table 7.1: THDM benchmark points in the alignment limit, i.e. so3 — —1, cog — 0, taken from
Ref. [176]. The parameter My, depends on the other parameters and is given for

convenience.
MHh My, My« mio tg Caf My,
a-1 700 GeV 700 GeV 670 GeV | 424.3GeV | 1.5 | —0.0910 || 624.5 GeV
b-1 200 GeV 383 GeV 383 GeV 100 GeV 2.52 | —0.0346 || 204.2 GeV
BP22A | 500 GeV 500 GeV 500 GeV | 187.08 GeV 7 0.28 500 GeV
BP3B1 | 200 GeV 420 GeV 420 GeV 77.78 GeV 3 0.3 142.0 GeV
BP3B2 | 200 GeV 420 GeV 420 GeV 77.78 GeV 3 0.5 142.0 GeV
BP43 | 263.7GeV | 6.3GeV | 308.3GeV | 52.32GeV | 1.9 | 0.14107 || 81.5GeV
BP44 | 227.1GeV | 24.7GeV | 226.8GeV | 58.37GeV | 1.8 | 0.14107 || 89.6 GeV
BP45 | 210.2GeV | 63.06 GeV | 333.5GeV | 69.2 GeV 2.4 | 0.71414 || 116.2 GeV
Table 7.2: THDM benchmark points outside the alignment limit taken from Ref. [177] (a-1, b-1)

and Ref. [176]. The parameter Mg, depends on the other parameters and is given for
convenience.

e have a pair invariant mass my,, of 75 GeV < m,, < 105GeV.
Further, we select boosted events with a
e transverse momentum pr ,, > 160 GeV.

For VBF we employ the cuts as suggested by the HXSWG in Ref. [172], i.e. we require two hard

jets j;, i = 1,2, emerging from partons ¢ with
e pseudo-rapidity |n;| < 5.

The recombination is done in the anti-kr algorithm [174] with jet size D = 0.4. Further, events

pass the cuts if the two hard jets have
e a transverse momentum pr;, > 19 GeV each,
e a rapidity |y;,| < 5 each,
e a rapidity difference |y;, — vj,| > 3,
e an invariant mass Mj,;, > 130 GeV.

We present the results for hadronic cross sections at the centre-of-mass energy of 13 TeV using
the NLO PDF set NNPDF2.3 with QED corrections [175].
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MHh/ GeV g Sa
BP1 500 2.2 | —0.979796
BP2 400 1.7 | —0.96286
BP3 300 1.3 | —0.950737
BP4 200 0.85 | —0.932952

Mp,/GeV | tg Sa
BP5 100 0.35 —0.35
BP6 50 0.2 —0.06

Table 7.3: HSESM benchmark points compiled from Ref. [178]. In the upper table typical sce-
narios are depicted with a heavy additional scalar Higgs boson. In the lower table

inverted scenarios are listed with Hy identified as the SM Higgs boson and mass
Mpy, =125.09 GeV.

7.3 Renormalization conditions for mixing angles

The prime vertices of interest in the processes studied in Section 7.4 are the H)VV and H,VV
vertices. Thus, the relevant one-loop corrections require to renormalize o and S8 in the THDM
and «, but not 3, in the HSESM. We present the counterterms for the mixing angles in an MS

scheme and two different on-shell schemes in the following:

MS: The mixing angles «, 8 are renormalized using MS subtraction [51] for the vertices H; —
trr~, H, — 7777, respectively, with 8 only being renormalized in the THDM. This is
equivalent to using the identities

—_= —= 1PI,MS 2 1PI,MS 2 MS

4
2 (M3, - M3,)
MS MS 1PI,MS 1PI,MS MS
55 — 0Zoy, — 02 a0, Sy (0)+ Sy (M) + 2t 5
p= 4 T 2M?2 (75)
H,

with the relation for da being valid in the THDM and the HSESM and the one for 3 only
in the THDM. The origin of these relations can be traced back to the renormalizability of
models in a minimal (symmetric) renormalization scheme. See Ref. [112] for the derivation
of these and other UV-pole-part identities. The tadpole counterterms in (7.5) are treated
in the FJ Tadpole Scheme Ref. [51] and using the renormalization condition (4.67) for
tadpoles. Estimating the size of higher-order contributions via the usual scale variations
has been improved via a partial resummation including the RG running of parameters.?

For the THDM this requires to solve a coupled system of differential equations,

mjgugcy(u) = falo(p), B(i), Man (1)),
ab@glﬂm = fa(a(p). B(n), May (1),

3In Ref. [112] the running of the mixing angles is investigated within various MS and tadpole counterterm
schemes in the THDM.
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| BP | t5(10/2) | cap(p0/2) | Ma(p10/2)/ GeV || t5(200) | cap(2p0) | Map(2p20)/ GeV |

BP21A 1.41 —0.1166 192.3 1.54 0.0504 197.7
BP21B 1.16 —0.4163 199.7 1.51 0.0293 191.2
BP21C 1.40 —0.0029 0.0 1.64 0.0067 0.0
BP21D 1.37 —0.0017 0.0 1.68 —0.0119 0.0
BP3A1 2.34 —0.0681 121.6 3.53 0.1701 133.8

al 0.86 —0.3801 614.1 1.78 —0.0202 638.5

bl 2.36 —0.1542 203.6 2.59 0.0116 203.3
BP22A — — — 1.52 0.6538 274.5
BP3Bl1 3.15 0.1292 149.3 2.24 0.5972 123.8
BP3B2 4.17 0.2992 167.9 1.99 0.7809 119.3
BP43 1.76 0.0997 80.7 2.08 0.1906 82.8
BP44 1.66 0.1313 88.1 1.97 0.1511 91.5
BP45 2.29 0.6504 115.1 2.53 0.7666 117.5

Table 7.4: Running values for tg, cog and Mgy, in the THDM at the scales ji9/2 and 2p9. The

benchmark points are defined at the central scale g in Tables 7.1 and 7.2. The
results for the alignment-limit scenarios are in the upper part of the table whereas
the non-alignment scenarios are in the lower part. For BP22A the running 3 reaches
7/2 for a scale greater than p/2, thus, tg becomes singular.

0

Tlog 2 e (1) = far, (@), 5(1), May (). (7.6)

The functions fq, fg and fu

., can be directly read off the pole parts of the corresponding

counterterms. The counterterm 6 M, was fixed from the vertex Hy, — HTH~ in the MS
scheme. Note that d Mg, does not enter the considered processes at fixed one-loop order.
For the HSESM we keep [ fixed, assuming no scale dependence, resulting in a simple

differential equation for «,

0

WQ(M) = fala(p)). (7.7)

The (coupled) system has been solved to run the parameters from the reference scale
po to = po/2 and p = 2ug. The results are presented in Tables 7.4 and 7.5 for the
benchmark points of Tables 7.1, 7.2, and 7.3 being defined at the typical scale of the
process, pio = 2Mp, if not stated otherwise.? The cross sections are evaluated at the scales
1o/2, o, 2410, using the running parameters of c.g, tg, Mg, (Sqo) at the corresponding
scale as input parameters in the THDM (HSESM).

0-1%}_4]\/0 normalized to the leading-order cross section opo(po) at the central scale pp and

The three different predictions for

scale-dependent relative EW corrections are defined as

SEw (,UJa MO) — UI%iNO (,u) — O0LO (MU)’ (7.8)
oro(ko)

4Note that the running of parameters is independent of the scale at which they are defined.
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’ BP ‘ Sa(H0/2) H Sa(21t0) ‘
BP1 | —-0.9802 | —0.9794
BP2 | —0.9646 | —0.9612
BP3 | —0.9557 || —0.9455
BP4 | —0.9367 | —0.9293
BP5 | —0.2780 || —0.4463
BP6 | —0.04647 || —0.08194

Table 7.5: Running values for s, in the HSESM at the scales po/2 and 2pp. The benchmark
points are defined at the central scale pg in Table 7.3.

such that

oxto () = (1+ dew (1. ) ) 710 (1o) - (7.9)

Note that the tree-level matrix elements only depend on the scale through the running of
parameters, whereas the one-loop matrix elements have an explicit scale dependence. As

a shorthand notation for the relative corrections in the MS scheme we use

O = Smw (10, 110) %,
u = 0rw (2u0, fo) — 0w (10, 1),

d = dgw (%,Mo) — 6ew (f10, Ho) (7.10)

with u and d being the upper and lower edges of the scale variation (see e.g. Table 7.6).

p*: The renormalized mixing angles « and § are defined to diagonalize radiatively corrected
mass matrices which implies a scale and momentum dependence for the mixing angles.
The scale dependence can be eliminated by a special choice for the momentum p? = (p”‘)2
at which the mixing two-point functions, and thus the running mixing angles, are evaluated.
The original idea goes back to Ref. [179] (see also Ref. [180]) and has been applied to the
HSESM in Ref. [178] and the THDM in Ref. [129]. In our conventions, the counterterms

are defined as

M3, +M3 M?2
1PL,BFM [ Mg, + M7, 1PL,BFM [ M3
Y ( ) +lmm, X1.Go 5= | TtH.Go

3 6ﬁ = -
M — M

oo =

M2 ] (7.11)
Note that for §3 alternatively the mixing energy with the charged Higgs and Goldstone
boson can be used. As the mixing energies are gauge-dependent an additional intrinsic
prescription is required to fix the gauge-independent parts. We choose the BFM with
quantum gauge parameter {g = 1, which corresponds to the gauge-fixing functions (6.11),
(6.12). We remark that this is equivalent [181, 182] to the self-energy in the pinch technique
[126, 127].

BFM: As an on-shell alternative to the p* scheme, the authors of Ref. [129] propose to use the
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on-shell scalar mixing energies defined within the pinch technique which has also been

investigated in Ref. [183]. In our framework, this corresponds to

1PL,BFM 1PL,BFM
5ZBFM - (5ZBFM ZHhHl (M%I},> + ZHth (M12ﬂ> + 2tIJII{h

Sa — Hy H) HHy, _
4 2 (M2 o M2 ) ’
H, Hy
1PLBFM 1PLBFM
58 = 6225}\{/[;1 B 6Z§Sg{) _ ZHaGO (O) + 2HaGo (M?{a) + 2tHaGO 712
B - 4 - 2M2 ) ( : )
H,

with the mixing energies evaluated in the BFM with quantum gauge parameter g = 1.

We note that the use of MS schemes for the mixing angles in combination with alternative
tadpole counterterm schemes can be made gauge-independent by including finite tadpole terms®
which is equivalent to the use of the FJ Tadpole Scheme. As for the on-shell schemes in the 't
Hooft-Feynman gauge any tadpole scheme can be used as tadpoles drop out [51], but for other
gauges in the on-shell schemes one has to be careful due to a mismatch of the gauge prescription
and the actual gauge-parameter choice (see Ref. [52]).

The results for total cross sections in the BFM renormalization scheme in Section 7.4 were
not computed directly, but were obtained from the results in the p* scheme using the following
formulas, depending on the model (THDM or HSESM) and on the produced Higgs flavour (H)

or Hy) as follows
THDM H;: 685M =68 — 2;‘%‘; (6aP” — 687 — §oBFM 4 55BFM),

THDM Hy: 6BEM = 62 + szig (6aP” — 687 — §aBFM 4 53BFM),

HSESM Hi: 0PEM = 0%y, — 2 (daP” — 5aPFM),
HSESM Hy: 05N = 0%y + 25 (da” — 6aBFM),

Note that the formulas can be applied uniquely to the observables under consideration as these

rely on the mixing-angle dependencies of the respective leading-order couplings.

7.4 Numerical results for total cross sections

In Table 7.6 we present results for the production of a SM-like Higgs boson in Higgs strahlung in
the THDM in alignment scenarios. Non-alignment scenarios are given in Table 7.7. In Table 7.8
we provide the corresponding results for heavy Higgs-boson production in non-alignment scenar-
ios. For the HSESM all considered scenarios are non-aligned. The results for light Higgs-boson
production are given in Table 7.9, and the ones for heavy Higgs-boson production in Table 7.10.
Note that for the benchmark points BP5 and BP6 with inverted hierarchy the heavy Higgs boson
is SM-like with Mp, = 125.09 GeV. For the benchmark points in the THDM the light Higgs
boson is always identified as the SM Higgs boson. Finally, in Table 7.11 results for SM-like and
heavy Higgs-boson production in VBF are presented for the THDM. The HSESM predictions
for VBF are given in Table 7.12.

5See Eq. (4.43) and the following ones in Ref. [112], Eq. (43) in Ref. [184], and Eq. (5.24) in Ref. [51].
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BP | off/pb oS 5y
BP21A | 165 | —11.8157% | —11.8%
BP2IB | 165 | -13.0"12% | —13.0%
BP21C | 1.65 | -13.2;01% | —13.2%
BP21D | 1.65 | —13.6;07% | —13.6%
BP3A1 | 1.65 | —13.3754% | —13.3%

Table 7.6: Relative NLO corrections dgw to SM-like Higgs-boson production in Higgs strahlung
pp — Hip~ 't in alignment scenarios in the THDM. The results in the MS scheme are
given at the central scale g = 2My = 250.18 GeV with scale uncertainties estimated
including the RG-running of parameters (7.10). Both on-shell schemes agree within
the integration error, and only results in the p* scheme are given. The SM EW

correction is dgw = —12.4%.

BP | ofb/pb| Obw | OB

a-1 1.63 | —10.47;50,% | —12.6% | —12.6%

b-1 1.64 | —12.9193% | —12.6% | —12.6%
BP22A | 1.52 —40.5-% | —15.9% | —15.9%
BP3B1 | 150 | —35.17302% | —13.4% | —13.4%
BP3B2 | 1.23 —66.6-% | —13.6% | —13.6%
BP43 | 1.61 | —15.0.95% | —12.6% | —12.6%
BP44 | 161 | —11.27,,% | —12.6% | —12.6%
BP45 | 0.806 | —31.37¢3% | —13.0% | —13.0%

Table 7.7: Relative NLO corrections dgw to SM-like Higgs-boson production in Higgs strahlung
pp — Hyp~pt in non-alignment scenarios in the THDM. The results in the MS
scheme are given at the central scale pg = 2My, = 250.18 GeV with scale uncertainties
estimated including the RG-running of parameters (7.10). The scale uncertainties are
large, and for some points (BP22A, BP3B2, BP44) the running is unstable and yields
corrections beyond 100%, which is indicated as “—7.

BP | ops/f | Ohw | OBV
BP22A | 643 [ —12.5% | —12.9%
BP3B1 | 794 | —17.5% | —17.4%
BP3B2 | 2204 | —162% | —16.1%

BP43 | 101 | —2.61% | —2.74%
BP44 | 13.9 | —835% | —8.39%
BP45 | 411.6 | —13.8% | —13.8%

Table 7.8: Relative NLO corrections dgw to heavy Higgs-boson Hy, production in Higgs strahlung
pp — Hup~p® in the THDM. No results for the MS scheme are presented due to
large scale uncertainties exceeding 100%.
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BP |ogo/fb | Obw | R

BP1 | 1580 ~11.1% | —12.3% | —12.4%
BP2 | 1526 ~10.5% | —12.2% | —12.3%
BP3 | 1486 ~-10.2% | —12.3% | —12.3%
BP4 | 1432 | —9.2701% | —12.4% | —12.4%
BP5 | 242.0 — ~11.7% | —11.7%
BP6 | 94 | +1.65_551% | —8.86% | —10.4%

Table 7.9: Relative NLO corrections dgw to light Higgs-boson H) production in Higgs strahlung
pp — Hip~pt in the HSESM. The scale uncertainties in the MS scheme are estimated
including the RG-running of parameters (7.10). The central scale for BP1-4 is py =
2M;, = 250.18 GeV. For BP6 we set the scale to pug = 130 GeV. For BP5 the MS

scheme is unstable. The scale uncertainties for BP1-3 are smaller than the given

accuracy.

BP | op/fh | oMy Opw | Okw

BP1 | 328 | —53.7.9{% | —20.3% | —20.5%
BP2 | 123 | —47.4712% | —20.0% | —20.3%
BP3 | 36.0 | —40.8703% | —16.8% | —16.9%
BP4 | 114.0 | —36.8713% | —16.0% | —15.1%
BP5 | 1444 | —12.615{% | —12.5% | —12.5%
BP6 | 1640 | —12.3701% | —12.5% | —12.6%

Table 7.10: Relative NLO corrections

dgpw to heavy Higgs-boson Hy production in Higgs
strahlung pp — Hyp~ pT in the HSESM. The scale uncertainties in the MS scheme
are estimated including the RG-running of parameters (7.10). For the BP1-4 the
central scales are 580 GeV,480 GeV, 380 GeV, and 280 GeV, respectively. For BP5
and BP6 the central scale is ug = 2My = 250.18 GeV.
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BP | opd/pb | dhw | oEW
BP21A 2.20 —5.3% | —5.3%

al 2.18 —5.9% | —5.9%

bl 2.19 —6.0% | —6.0%
BP22A 2.02 —9.6% | —9.6%
BP3B1 2.00 —7.3% | —7.3%
BP3B2 1.65 —7.8% | —7.8%
BP43 2.15 —6.1% | —6.1%
BP44 2.15 —6.0% | —6.0%
BP45 1.08 —6.4% | —6.4%

BP | o1/ | Shw | SBW
BP22A | 263 | +1.5% | +1.1%
BP3BI | 1262 | —6.1% | —6.0%
BP3B2 | 3505 | —5.6% | —5.5%
BP43 | 197 | —8.4% | —8.5%

BP44 23.0 —3.5% | —4.6%
BP45 637.1 —5.6% | —5.6%

Table 7.11: Relative NLO corrections dgw to Higgs-boson production in VBF pp — Hj/Hyjj in
the THDM. The SM-like Higgs production is in the upper table, indicated as UI{%

whereas the heavy one is the lower table, indicated as UI{%. The SM EW correction
to o is dpw = —5.5%.

BP | opd/f | Ohw | B
BP1 | 2108 | —5.6% | —5.6%
BP2 | 2035 | —5.6% | —5.7%
BP3 | 1984 | —5.5% | —5.6%
BP4 | 1911 —5.6% | —5.6%
BP5 | 3156 | —=5.7% | —5.7%
BP6 12.8 —3.8% | —5.3%

BP | ops/M | ohw | B
BP3 | 792 | —4.6% | —4.7%
BP4 | 1817 | —4.4% | —45%
BP5 | 1927 | —5.6% | —5.6%
BP6 | 2188 | —55% | —5.6%

Table 7.12: Relative NLO corrections dgw to Higgs-boson production in VBF pp — H)/Hyjj in
the HSESM. The light Higgs production is in the upper table, indicated as Uflcl)

whereas the heavy one is in the lower table, indicated as UI{%.
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Discussion of the numerical results

In the following we compare cross sections in different renormalization schemes and models
for Higgs-boson production in Higgs strahlung. For VBF the picture is similar and not dis-
cussed in detail. In particular, for the MS scheme we collect some observations concerning large

corrections.

MS scheme

We start with the MS scheme and SM-like Higgs production in the alignment limit of the THDM
in Table 7.6. In a fixed-order calculation no scale dependence appears in the MS scheme, because
the relevant counterterms 0 Zg, i, e and /3 entering the vertices H1ZZ and HHWW are screened
by the factor co3/sqs = 0 in the alignment limit. For the same reason, the on-shell schemes
agree with the MS scheme at the central value. Yet, with the running of parameters, a small
scale dependence is visible. For BP21B the running is unstable towards smaller scales, signalling
a potential problem. In non-alignment scenarios the MS results for the THDM in Table 7.7 are
almost all unstable and suffer from large scale dependencies. This suggests a breakdown of
perturbativity in the MS scheme for the THDM in the considered scenarios, which is also clearly
visible in the running parameters for c,5 and g in Table 7.4. For heavy Higgs-boson production
in the THDM (Table 7.8) no predictions in the MS scheme are presented as the non-perturbative
behaviour is even more enhanced due to ratios s,g/cqs entering the predictions.

The situation for the MS renormalization in the HSESM for light (Table 7.9) and heavy
(Table 7.10) Higgs-boson production is clearly more stable. This is reflected in a reasonable
running of the parameter s, in Table 7.5, except for BP5 and arguably for BP6. Due to the
smaller running, we obtain reasonable results even for the heavy Higgs-boson production near
the alignment limit, where potential problems coming from the mixing energy would be enhanced
by Sa/ca. Perturbativity breaks down in the MS scheme for light Higgs-boson production in
BP6 and in particular for almost degenerate neutral Higgs bosons in BP5. Further, one observes
that the MS scheme leads to larger deviations from the SM corrections, which, however, do not
come with large scale uncertainties for the well-behaved benchmark points.

In the HSESM the main source for large corrections are the top-quark contributions to the
neutral scalar mixing energy, which is not subtracted in the MS scheme. This particular effect
is enhanced for degenerate neutral Higgs bosons owing to the denominator structure in (7.5)
which is not cancelled against the one coming from the on-shell off-diagonal field renormalization
constants. Besides the top-quark contributions it is possible to induce moderate contributions
coming from the Higgs potential by tuning A3. This requires, however, large M?{h — M%Il with
not too small s, and it is not straightforward to tune the parameters in order to exceed the top-
quark contribution without getting close to the non-perturbative limit |\;| ~ 4. In the THDM,
the reason for the large corrections in the MS scheme is more difficult to grasp, especially
because in view of our observables we have to deal with the renormalization of § which is known
to cause difficulties in the MSSM [184].5 The problem with B can be traced back to large

5Note that 3 in the HSESM suffers the same problems, but does not enter our fixed-order calculations and the
observables we consider. For this reason 3 has been decoupled from the running of o in the HSESM in order
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contributions in the tadpoles. For «, the largest contributions cannot be explained by tadpoles
nor by the top-quark contribution in the neutral scalar mixing energy. Here, we observe that
the large contributions to the neutral scalar mixing energy are mediated through the charged

and pseudo-scalar Higgs boson, which, eventually, exceed all other contributions.

On-shell schemes

For the considered on-shell schemes none of the observed problems of the MS scheme is encoun-
tered because the large contributions in the mixing energy and the tadpoles are subtracted via
da and §f, i.e. all terms involving the poles 1/(MI21,h - MIQJI) and 1/M12{a cancel in S-matrix
elements. Further, in view of the size of the corrections the on-shell methods perform much
better in the sense that the SM-like Higgs-boson production processes (see Tables 7.6, 7.7 for
the THDM and Tables 7.9, 7.10 for the HSESM) yield corrections which are close to the SM
correction. In heavy Higgs-boson production (see Table 7.8 for the THDM and Table 7.10 for
the HSESM) the results for on-shell renormalization schemes remain stable even for aligned” or
degenerate scenarios. The difference between the p* and BFM schemes is tiny. It seems to us
that the schemes are too similar for their difference to provide a qualitative estimate of higher
orders. The difference between these schemes just results from the momentum dependence of

the mixing energies, which turns out to be small and starts at the orders

sa? —5aP™M = 0 (Mg, — ME),
5p7" — 0P ™M = 0 (M) .

Note also, that the large contributions in the scalar mixing energies were observed to have almost
no momentum dependence. For VBF the computation has only been carried out in the on-shell
schemes. For the THDM (Table 7.11) and HSESM (Table 7.12) the SM-like scenarios almost
coincide with the SM predictions.

to avoid problems related to its renormalization.

"For heavy-Higgs production one expects large one-loop corrections in almost aligned scenarios (e.g. benchmark
point bl) because in the exact alignment the LO vanishes. In that case the cross section should be computed
including squared one-loop amplitudes, making the one-loop computation effectively a LO approximation.
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Conclusion and outlook

In the upcoming years precision studies of the SM will become more and more important for the
progress in the field of high-energy physics. New tools are required which allow for a systematic
analysis of all accessible observables at the LHC and future colliders. Future analyses need to
be performed in the SM, beyond the SM, and in an effective-field-theory approach with high
precision; in particular, one-loop EW corrections need to be included in all BSM scenarios. In
this thesis, we have extended the tool RECOLA, and developed its generalization RECOLA2 as
well as the new tool REPT1L which fulfil all the requirements to compute amplitudes in the SM

and beyond at one-loop order, including QCD and EW corrections, in a fully automated way.

The RECOLA2 algorithm operates in a purely numerical and fully recursive way, allowing for
extreme computations which enable precise predictions based on realistic final states. Besides
the recursion, the algorithm benefits from features like the partial colour factorization in the
colour-flow representation, the use of helicity conservation and the identification of equal fermion
loops. Furthermore, we support the (multi) pole approximation which is fully automated for
factorizable corrections. The process-generation and process-computation phases are kept gen-
eral for arbitrary theories, allowing the computation of any process in the underlying theory
with limitations only due to internal memory and CPU power. On the model side, RECOLAZ2 is
currently limited to scalars, Dirac fermions and vector bosons, but in the near future Majorana
fermions will be supported. RECOLA2 can handle operators in effective-field-theory which has
been tested for various anomalous couplings including SM QCD corrections. Much effort has
gone into a user-friendly environment. For the users of RECOLAZ2, in fact, no knowledge of the
inner workings of the tools are required. RECOLA2 can be used as a black box which makes it

particularly suited for being interfaced to general purpose Monte Carlo programs.

Renormalized model files are generated automatically with the dedicated tool REPT1L. Once
the renormalization conditions for the model are established, REPT1L performs the renormal-
ization, computes the Ry rational terms and builds the one-loop renormalized model files in
the RECOLA2 format. We support standard renormalization conditions as encountered in the
literature as well as the possibility to implement custom ones. The computation of the rational
terms is general and not restricted to specific models or renormalizable theories. RECOLA2 and
REPT1L have been tested against various independent approaches, yet, an automated validation
system is desired since RECOLAZ2 is acquiring a pioneering position. For this reason we intro-
duced the Background-Field Method to extended Higgs sectors as a complementary method in
REcoLA2. We performed the renormalization in the Background-Field Method which is handled
on equal footing with the usual formulation, serving as a powerful and automated validation

method. Besides that, RECOLA2 can be used in the R¢ gauge or non-linear gauges.
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All the automation mentioned so far does not help to solve actual problems encountered in the
renormalization of specific models or parameters. Difficulties arise for the MS renormalization
of physical parameters which give rise to gauge dependencies in combination with standard
tadpole renormalization schemes encountered in the literature. From a theoretic point of view
the renormalization of tadpoles is not necessary, but in practical calculations it is desirable
to avoid unnecessary computations of graphs with explicit tadpoles, if their contribution can
be included indirectly by other means, e.g. via a suited renormalization. To render the MS
renormalization gauge independent, a consistent treatment of tadpoles is crucial. We proposed
a generalization of the Fleischer and Jegerlehner tadpole scheme used in the SM. Further, we
have examined the difference between popular tadpole counterterm schemes used in the literature
and clarified their range of applicability. We showed in particular that an MS renormalization of
the mixing angles in the extended Higgs sector within popular schemes leads to gauge-dependent
predictions. Our proposed extension of the FJ Tadpole Scheme can be straightforwardly applied
to more general theories and has been incorporated in REPT1L. This opens the way for consistent
renormalization prescriptions of theories with more complicated extended Higgs sectors.

Finally, we applied our new tools to study the NLO EW corrections to VBF and Higgs
strahlung in the THDM and HSESM. We compared Higgs-production cross sections for different
renormalization schemes of the mixing angles in both models. We analysed the scale dependence
in an MS scheme for the mixing angles, which has been improved including the RG running of
parameters. We found unnaturally large corrections at one-loop order for the MS scheme, while
the considered on-shell schemes remain well-behaved. The difference between the MS scheme
and on-shell schemes could be traced back to large uncancelled contributions in the off-diagonal
LSZ factors in the MS scheme. This interesting observation should be investigated in more detail
in the future, since a proper estimation of higher-order uncertainties, as it can be done based
on scale variation in MS schemes, is highly desirable. For the on-shell schemes, our results for
the EW corrections to SM-like Higgs-boson production are almost not distinguishable from the
corresponding SM corrections for all considered benchmark points. For the production of heavy
Higgs bosons interesting shape-distortion effects for the EW corrections at the level of several
percent are observed in the THDM. The considered simple models do by far not exhaust the
range of applicability of RECOLA2 and REPT1L, and further models will be implemented in the

future.
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A Tensor integrals

A Tensor integrals

A.1 Tensor-integral conventions

In this work we use dimensional regularization for all computations. We work on formally
divergent integrals and perform an analytic continuation to D dimensions in the conventions of
Ref. [84]. The formal expressions of four-dimensional N-point tensor integrals of rank P of the

form

TNy (21 DPN—1,M0 my-1) / = L (A.1)
prrepp Ly e N1 T0005 = ey THAN = (2m)* DoDy...Dn—y’ .
with

Di=(q+p)?—mi+ie, i=0,...,N—1, py=0, (A.2)

are defined in D dimensions in the following way

AN _ i D—4mN
Tul...up ( ) - 167’(’2 H1...ip ( . ) )
omp)t—P Quy ---q
TN L DN— TV g €700 My (T S A3
M1 (p17 yPN—-1,MM0, ,MMN 1) i7T2 / q D()Dl . DNfl ( )

In particular, the scalar integrals Ag and By in D dimensions are defined as

Ao(mo) D / ap ! (A.4)
mo) = ———— _ .
ORTo in? qq2—m(2)—|—ie’
2mp) P 1 1
By (p?, mg, m :(_/dD , . A5
o(p 0 1) im2 qqz—m%+1e(q+p)2—m%+je (A.5)

When taking the limit D — 4, a universal and divergent part in scalar integrals can be identified,

given by

(47T)4_DF(1+4—D)

= =A+TO0(U-D), (A.6)

with

2

In the MS renormalization we subtract all of A, i.e. including the finite terms.

A.2 Selected PV reduction results

In this section we list the analytic results for the PVR as used in REPT1L. The Lorentz-covariant
decomposition is defined in (4.12). The first one- and two-point decompositions for low rank

read

A (mo) = g™ Aoo, (A.8)
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AP (mo) = (¢ 9" + g""9"" + g7 g"") Aoooo(mo) (A.9)

B (p,mo, m1) = p" By (p*,mo, m1) , (A.10)
B" (p,mg,m1) = g" Boo (p*, mo, m1) + p"p”Bi1 (p°, mo, m1) , (A.11)

B*P (p,mg,m1) = (¢"p” + ¢"*p” + g""p") Boo1 (p27m0,m1) + pt'p”p’ Bint (pQ,mo,ml) )
(A.12)

Special attention has to be devoted when using the PVR in actual computations, since the
PVR can break down for degenerate Gram determinants. For rank 5 and rank 6 the reduction
for Bi1111 and Bii1111 18 not resolved. However, for these cases closed analytic results exist

which can be used instead. The formulas can be obtained from recursion rules given in Ref. [80].

1-point
mg mg
AOO(mO) = T (Ao(m0> + 2) s <A13)
4
_ M o (1, 1
Aoooo(1m0) = 5 <Ao(mo) +mg <2 + 3>> , (A.14)
6
_ Mg o (L 1 1
Aoooooo (o) = 109 <A0(m0) +my (2 t3t 4>> : (A.15)
2-point rank 1
1
By (p*,mg,my) = 27 (Ag(mo) — Ag(m1) + (mi — m§ — p®) By (p*, mo,m1)) . (A.16)

2-point rank 2

1
Boo (p*, mo, m1) =5 (Ao(ml) +2m§ By (p®, mo, m1)

+ (p* —mi+m§) B1 (p*,mo,m1) +mf +mj — ];2>, (A.17)
B (p®, mo, ma) _(izlﬂ <2A0(m1) — 2m{ By (p*, mo, m1)
—4@—%+%ﬂﬂﬁmmm—%—ﬁ+f) (A.18)
9-point rank 3
Boo (p*, mo,mq) :é <2m(2)B1 (p®, mo,m1) — Ao(ma)
+ (p* = m? +mg) B (p°,mo, m1) — % (2mp + 4m7 — p2)>, (A.19)
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Ao(m1)
2

1
Blll (p27m07m1) = - 2pz<m(2)Bl (p27m05m1> +

1
+ ; (p* —m +mg) Buy (p?,mo,ma) — 3 (2mi + 4m? - p2)) . (A.20)

2-point rank 4

10
+ (p* = mi + m3) Boo1 (p*, M0, m1)

1
Boooo (p*,mo,m1) =— (Aoo(m1) + 2mg Boo (p®, mo, m1)

1
+ 5 (p* — 5p*(m§ + m?) + 10 (mg + mgm7 + m‘{))), (A.21)
1
Boot1 (p*,mo, m1) T (Ao(ml) +2mg By (p*, mo, m1)

1
+ (P2 —mi+ mg) Bii1(p,ml,m2) — 30 (3172 - 5m% - 15m%)>7 (A.22)

1
B (p%, mo, mu) = ((p2 +mg +m3) Ao(m1) +mgBo (p*, mo, m1)

— 24Bogoo (p* + m§ + m3) — 12p* Boo1 (p®, mo, m1)

+ %(mé +m2m? +m}) — 21); (3m(2) —m? + 5p2)>. (A.23)
2-point rank 5
Boooo1 (PQa mo, m1) =- i<Aoo(m1) + (p* —mi + mg)Boon (pQ, mo, ml)
+2p° Booi11 (p2,m0,m1)>, (A.24)
Booi1 (p*, mo,m1) = — ;(A(mﬂ + (p* — mi + m§) Buuni (p* mo,m1)
+2p° B (p2,mo,m1)>- (A.25)
2-point rank 6
Boooooo (p*, mo,m1) = — ;<—A0000(m1) + (p* — m? +mg) Boooor (p*, mo, ma)
+ 2p* Boooo11 (p*, mao, m1>>7 (A.26)
Boooott (p*,mo,m1) = — (13<_A00(m1) + (p* — mi +m§) Boorr (p°, mo, m1)
+2p° Boow111 (p*, mao, ml)), (A.27)

1

10 (Ao(ml) + (p* = mi + mg) Bin (p°,mo, m1)

Booi111 (p*,mo, m1) =

103



+ 2p°Brin (p* mo, m1)> : (A.28)

B The FJ Tadpole Scheme applied to the THDM and HSESM

In this appendix we list several results for tadpoles in the THDM which have been derived in
Ref. [51]. We give corresponding results for HSESM.

The THDM and HSESM as presented in Section 2.3 contain two neutral Higgs bosons which
both develop a vev, such that (4.15) becomes

Lup(p1B+viB+ Avi,p2B +v28 + Avg;...). (B.29)

As in the SM, we use (4.18) to obtain Av; and Awvy expressed by the L-loop tadpole counterterms,
but instead of calculating the tadpoles in the generic basis, we define the vevs in terms of the
tadpole counterterms associated to the physical Higgs fields H) and Hy. Of course, the result
does not depend on the choice of parametrization. In the THDM and HSESM the tadpole

counterterms are defined as

tr, = ALp, (p1g +v1B + Avi,pap + vaB + Avg;...),

(B.30)
tg, = ALp, (p1B+v1B+ Avl,paB + v2B + Avg;...).

At tree level, the tadpole counterterms tg, and ¢y, vanish, such that Av; = Avg = 0. This
provides the conditions (2.28), (2.33) for the potential minimum at tree level, and the relations
between the generic and the physical Higgs basis (2.30), (2.34) for bare quantities. Thus, the
bare parameters in the symmetric basis are expressed by the bare parameters in the physical
basis. Linearising (B.30) by using the expansion (4.27), one can solve for Avgl) and Avél). The
results for Avgl)and Avgl)simplify after using the potential minimum conditions at lowest order

and the relation between the parameters in the generic and physical basis.

Evaluating the linearised versions of (B.30) for bare physical parameters, one obtains the

one-loop expressions

w_

A’Ul = L 9
MJ%II MIQﬁ.

tgl) Cos o B t%})‘ sin o

2 2
My, Mg

1)

: (
sin o B tHh COS

(B.31)

Avél) = —

Just as in the SM, tadpole counterterms arise from all terms in the Lagrangian that depend on
the vevs. This results in tadpole counterterms to two- and three-point functions involving scalars
and vector bosons as well as to fermionic two-point functions. Explicit graphs with tadpoles
can be omitted upon fixing the tadpole counterterms according to (4.26). The results for the
tadpoles Ty, and Ty, in the THDM and HSESM are listed in App. B.1.
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B The FJ Tadpole Scheme applied to the THDM and HSESM

B.1 Results for tadpoles in the THDM

We give the results for the tadpoles tf, and ¢, corresponding to the Higgs bosons H; and Hy,
in the THDM, restricted to the Type II Yukawa interactions (see Section 2.3) with only the top
quark being massive, in the R¢ gauge defined in Section 6.2.1,

SaB 9
tHl = —THI = 871'3?\4\;\/{ — 3m%A0 (mt)

(Ao (VEzhz) +240 (Vew Mw)) (D - Y (0240 (My) + 203 Ag (My))
i (1+2¢35) — 2c3,3M3,) Ao (M)

8
2 (0r3
N
1 2 2 2 2

+ 3 (1- 2caﬁ (Mg, +2Mp, ) —2M3, (1 —3cg) | Ao (Mp,)
1 1

+3 (2M7, + Mp, — 2M3) Ao (Mp,) + 1 (2MFs + My, — 2M3) Ao (M=) }

Cap g 2
__CoBg A
872 Myt g {3”“ 0 (m1)

t2—1
+— g (303,3 (Mf, — MZ,) Ao (M) + a5 (2Mfy, + My, — 3M3,) Ao (M)

+ (M7, — M3) Ao (Mp,) +2 (Mg, — M3) Ao (My+) ) } (B.32)

Cap g
tHh = _THh = 87‘(‘3?\4\;\/ {3mt Ao (mt)

(Ao (@Mz) + 24, (\ﬁMw)) D4_ D (M2 Ao (M) + 2M3, Ay (M)

Mfglh (1 + 2536) - QSiBMszb) Ao (MHh)

oo\»—l OOM—‘OO\OJ

(1—2s25) (Mj%Ih +2Mp ) —2M3, (1 - 3335) )AO (M)

1
2Mp + My, —2M3) Ao (M) — 1 (2MFs + My, —2M3) Ao (Mp=) }

SaBd
__%eBY ) 3n2a
87T2thﬂ{ M Ao (M)

2
tg —

1
+ (3535 (M, — MZ,) Ao (M) + cag (M, +2Mpy, — 3M3) Ao (M)

+ (M, — M3,) Ao (Mp,) +2 (Mg, — M3,) Ao (M) ) } (B.33)
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The scalar integral Ag is defined in App. A.1. Note that by the transformation
508 —* CaBs Caf —> —SaB, Mm, <> Mp, (B.34)
the tadpoles turn into each other in the following way
ty, = —tH,, tH, = tH,. (B.35)

B.2 Results for 2-point tadpole counterterms in the FJ Tadpole Scheme in
the THDM

In this section, we list the tadpole counterterms for the two-point functions derived according

to the definition (4.19). Using the abbreviations

ts(a,b) = atg+b(1—t3), (B.36)
tag = (Sap + Captp) (Cap — Saptp) , (B.37)
tg to
tra = ﬁ [ M2 (sag +t5cap) + M2 (Cap — Saﬁtﬂ)] 7 (B.38)
tra=>t— i (Cap — saptp) + L, (Sas + Capts) | » (B.39)
’ Qthg M%I] MI%I},
the expressions read:
39 Msbcaﬁ
tgHg = —tH Saptap +1 (28a5, Ca/j) 1-—
i P2 M i3 [ ]\4121,l
P i), +Ms2bt(2(2 ), 35a5Cas) (B.40)
HhQMWt/B %Ih apB M%Ih s B apCap
39 5 2
tg o, = —tg Caplag — ts(QCag,Sa/j) 1——225
hHp WO tg [ %Ih af
2 2
9Sap 2Mig Mg, 2 2
— tHlQMWtB [— (1 + M%I;) taﬁ — Mi;zllts(2(8a/3 — 26&[3)7 _3804,3604,3) s (B41)
M? M2,
g Hy,
t =1 = t 24 —2 |t sby (2282, — -3
HhHl H]Hh 2th choéﬁ ( + Mg[]) 04/8—’_ M[Q{[ ( ( S ﬂ C ), Saﬁcaﬁ)]
M? M2
g H, sb
+ 2th tHhSozﬁ <2 + ]\4;{1) taﬁ — Wts(2(2c aB S ) 3Saﬁca6)] (B42)
h h
M M?
tH,H, = TH 2Mg wits [MSth (25(157 _Coz,B) - ]@23045755 - ts(socﬁa _Caﬁ)]
M? M3,
+1iq, 2Mg . [ M;b ts (QCaﬁ, Saﬁ) + el 22cq8t5 + s (Caﬁ, Saﬁ)] (B.43)
wtg H,
tytus = tu,H, (Mu, = Mp+), (B.44)
g
tGoGo = tatas = Iy (—tm 508 +tm,cap) (B.45)

106



B The FJ Tadpole Scheme applied to the THDM and HSESM

2 2
g Cap M gSap ]MHd
t =1 =tg——|1— t 1- B.46
GoH, HaGo HIZMW ( M2 ) + Hy 2M ( M2 )7 ( )
torps = tgres = tGoH, (Mu, = Mpy+), (B.47)
ty ty
th H g M . - — , B.48
wews = 9" gMw (MIQJI Saf Az, Ca5> (B.48)
th
th = M7 (B.49)
Cw
g tH t
tye s =105 (J\/IZ1 Cap T M2 50‘5> (B.50)
g ( tu tH
thoy e = g —Sa8 — —5—CaB | » (B.51)
W=GTF <M2 M%Ih
th
thy = —iWHE (B.52)
Cw
t“ .
ey = —iWG", (B.53)
W
mytg1 if f couples to @1 in (2.38)
try = , (B.54)

mytgo if f couples to @5 in (2.38)

with ¢ being the incoming momentum of the corresponding vector boson. The Feynman rules
for the tadpole counterterms are obtained by multiplying the tadpole expression with the imag-

inary unit i.

B.3 Results for tadpoles in the HSESM

We give the tadpoles ¢y, and ty, corresponding to the Higgs bosons H; and Hj, in the HSESM,

with only the top quark being massive, in the 't Hooft-Feynman gauge,

g
tHl _THI = 87T2MW { gmt SOLAO (mt)
CnS
+ Ao (Mp,) (Mg, +2MF,) gtﬁa (—Sa + Catp)

3
+ Ao (Mp,) Mﬁn% (= + s3tg)

+ Ao (Mw) = (Mg, +2(D — 1)M)
+ Ay (M) 22 < ® (Mg, +2(D —1) M3) } (B.55)

tHh = _THh = {3mfcaA0 (mt)

9
87T2MW

CnS
— Ao (Mp,) (Mg, +2M%,) gT; (ca + Satp)
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3
+ Ao (Mp,,) Méh% (—s5 — catp)

— Ay (Mw) % (M}, +2(D—1) M)
— Ay (My) %a (M3, +2(D — 1)M3) } (B.56)

The scalar integral Ag is defined in App. A.1. Note that by the transformation
Sa = Cay Ca — —Say M, < Mp, (B.57)
the tadpoles turn into each other in the following way

tHl — —tHh, tHh — tHl' (B.58)

C Alternative tadpole counterterm schemes

In this appendix give simple recipes for efficiently generating the tadpole counterterms in the
different models and tadpole counterterm schemes at one-loop order. In Section C.1 we use
the derived results to prove the gauge dependence of the S-matrix in the R¢ gauge in popular
tadpole counterterms for the MS renormalization of the mixing angles defined in Section 4.6.1,
Section 4.6.2. The following parts are taken from Ref. [51] and extended to the case of the
HSESM.

We start from the tree-level Lagrangian (4.15) in the symmetric basis in terms of the theory-
defining parameters where the fields have been shifted by independent parameters v; 5. Then, we
perform the shifts of the parameters as defined below. Thereafter, the vevs v; g are determined
at leading order, and the bare physical basis is introduced by using the tree-level relations
(2.28)—(2.30) for the THDM and (2.33), (2.34) for the HSESM. Finally, the bare parameters
can be expressed in terms of renormalized parameters and counterterms according to e.g. (5.9).

The tadpole renormalization in the different schemes can be generated by shifting the corre-

sponding bare parameters as follows:

Scheme 1
A commonly used renormalization scheme for the SM was proposed in Ref. [84]. There,
the bare physical masses are defined as the coefficients of the quadratic terms in the fields,
and the tadpoles are the coefficients of the terms linear in the fields. For the SM the

tadpole counterterms in Ref. [84] are obtained upon performing the shifts

2t 3
Ap = A+ b, ko (C.59)
VR 2vB

Applying this definition to the THDM, we can construct the corresponding Lagrangian by

a shift in the bare parameters as

1 .
A1B = A1B — —3 (tg sina —ty, cosa),
v
1
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C Alternative tadpole counterterm schemes

1 .
)\Q’B — )\27]3 + ﬁ (tHl cosa + tHh Sin Oé) ,
2

2 2
) . 2v .
A3B = A3B — —24 (tm, sino — tp, cosa) + —14 (tm, cosa +tp, sina),
v1v VU

2 2
v . v .
MB — A\B+ —2 (tm, sino — tp, cosa) — —L (tg, cosa+ty, sina),
1 1
v1v VU
2 2
AsB — A +U—2(t sina —t cosoz)—v—l(t cosa + ty, sin )
5B 5B 4 H Hy 4 H Hy 9
v1v VU
3 .
miB — m%,B + 201 (tm, sina — ty, cosa),
3 .
miB — m% B— =— (tmcosa+ty, sina). (C.60)

’ 2?12
For the HSESM the rules read
1 .
ALB = ALB— —3 (th, sina — ty, cosa),
v

1
)\2’]_3, — )\27]3 + -3 (tHl cosa +ty, sin a) ,
Us

A3B — A3B;
2 2 3 :
mip — mip+ % (tg, sina — ty, cosa),
3 :
mg’B — mg,B ~ 5 (th, cosa+ ty, sina), (C.61)
S

which correspond to the ones in the THDM (C.60) by identifying the rule for A3 g with
the rule for A3 g + Ay B + A5 B.

One can verify that the prescription (C.60) leads to the tadpole equations (B.30) in the
THDM and HSESM. Note that in the alignment limit, the SM tadpoles (see App. A in

Ref. [84]) are recovered.

Scheme 2
In the (j scheme of Ref. [85], the mass parameters in the Higgs potential are eliminated
in favour of explicit tadpoles, while the quartic Higgs couplings A; are kept fixed. Thus,
no tadpole counterterm contributions appear in the triple and quartic vertices between
scalars, but the mass parameters of the Higgs potential and thus the two-point functions

are shifted by tadpole counterterms. For the SM one obtains

t
AB = Ap,  pd o ud+ i (C.62)

For the THDM the rules read

AiB = AiB,

9 9 (tm, sina — ty, cosa)
mig — mig+ ;

V1
tg cosa + ty, sina
mip = m3p — (i b, ) (C.63)
b b U2
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For the HSESM the rules are the same with properly identified vevs

AiB = AiB,
9 9 (tg, sina — ty, cosa)
mig — mig+ " )
tyg cosa + ty, sina
m%,B - m%,B - " . )- (C.64)
S

For explicit computations, Scheme 2 is very convenient because tadpole counterterms
appear only in two-point functions. This scheme is widely used, e.g. in the THDM [185,
186, 187, 188, 128] and in the MSSM [189, 184, 190]. In contrast, in Scheme 1 two-point
functions do not receive tadpole counterterms due to the definition of the bare masses in

that scheme.

Scheme 3
As described in detail in Section 4.2.1, in the FJ Tadpole Scheme, the vevs are replaced
by (vi,B + Avq) and (v2 B + Avy), which in the SM corresponds to the following shift

th

— - —. C.65
vB — UB i (C.65)
For the THDM and HSESM the rules read
tg sina ty, cosa
4) R

U1,B U1,B + M?{l MIQ_Ih )

tg,cosa  tp, sina
— — — C.66
U2 B U2 B MIQJI M?{h ( )

This prescription has to be applied to the full Lagrangian and is not restricted to the
Higgs potential. Further, only after these shifts the vevs are fixed by minimizing the

scalar potential.

We stress again, as we have shown in Section 4.2.2, that the bare parameters of the theory
are shifted by (gauge-dependent) tadpole contributions in Schemes 1 and 2, as opposed to the
prescription of the F.J Tadpole Scheme (C.66), where only the unphysical vevs receive a shift

which can be understood as a suited field reparametrization.

C.1 Gauge dependence of the mixing angle « in popular tadpole schemes

We study the tadpole-counterterm-scheme dependence of vertices in the THDM in the R¢ gauge.
We find that the MS renormalization of o defined in Section 4.6.1 combined with alternative
tadpole counterterm schemes is responsible for the gauge dependence of the S-matrix, while it
is gauge-independent in the F.J Tadpole Scheme. These results directly translate to the HSESM.

In the following we make use of the fact that a different tadpole counterterm scheme merely
leads to different solutions for counterterms. Thus, the tadpole-counterterm-scheme dependence
can be studied on the level of counterterms. We name the schemes as in the previous section,
i.e. Scheme 1 for the scheme employed in Ref. [84] and Scheme 2 for the /3;, scheme of Ref. [85].

110



C Alternative tadpole counterterm schemes

The FJ Tadpole Scheme is referred to as Scheme 3. We generically label the difference in the

schemes for a counterterm dc; by
Aiéc = (SCZ' - 563, 1= 1, 2, (067)

where the A; describe the difference of Scheme i with respect to the Scheme 3.

In the following we list the results for the counterterm parameters. Thereby, we make use of
results for tadpoles listed in Apps. B.1 and B.2. As a first result, we note that the counterterms

of couplings in the SM are not affected by the choice of the tadpole renormalization scheme, i.e.
Ajde = Ajdey =0, i=1,2. (C.68)

However, the mass counterterms for all fermions and gauge-bosons change equally for ¢ = 1,2

as

2 g a2 [ ta tH
Al(SMV = FWMV (1\412—1[1501,8 - ]\412;}100&[3> )

g d tH tHh
Aiémd = m : (captp + Sap) + —5— (Sapts — cap) |
I oMy <M§_,1 ME,

g lH tH
Aiém} = 2 Mwts m; <MI2; (Sagtg — CQB) — Mi; (Cagtg + Sa5)> ,

Hy
Aiémlf S mlf th;l (captp + Sap) + tL; (sapts — cap) | (C.69)
oMy I\ M M,

which is easily derived because neither in Scheme 1 nor in Scheme 2 there are tadpole contribu-
tions to two-point functions of fermions and gauge bosons. Therefore, the difference (C.69) is
the full tadpole dependence of the two-point functions in the FJ Tadpole Scheme. The results
for the scalar fields are more complicated and not given since most of them are not needed in the
following discussion. For Scheme 1, the difference is again given by the full tadpole dependence
in the FJ Tadpole Scheme, which can be found in App. B.1.

In the FJ Tadpole Scheme, the mass counterterms are gauge independent by definition, which
we have verified in the R¢ gauge. Consequently, the mass counterterms in Schemes 1 and 2
are gauge dependent, and their gauge dependence is given by the gauge dependence of the

corresponding tadpole counterterms.

Next, we derive the tadpole-counterterm-scheme dependence for the mixing angles. Since they
are renormalized in the MS scheme, we only need to study their UV-divergent parts which are
given by (4.123) and (4.120), holding in any of the presented tadpole counterterm schemes in
the R¢ gauge. For 3, defined in Section 4.6.2, we obtain

MS MS +MS
@ZGOHa —0Zp.q,  Dilgom,
; —

5AMS _
ASAMS = A 7 ST

i=1,2, (C.70)

In the first step we used (4.123). The second step can be derived by solving the renormalization
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conditions for the relevant mixing energies

5ZHaGU 2 5ZG0Ha

>~ ME) y TPt tGomH, + self-energy diagrams = finite, (C.71)

(p

where we omitted any explicit tadpoles because of the tadpole renormalization condition T, =
0. Since the self-energy contributions do not depend on the tadpole counterterm scheme, the
scheme-dependent divergence of the tadpole counterterms has to cancel against the scheme-

dependent divergence of the non-diagonal field renormalization constants, and for i = 1,2 we

obtain
2 !
A ((p — MHa) 6ZH Go +p 5ZGOHa + QtGoH ) = 0, (072)
which implies
Ait@H AthH
NibZ}, = 2]\/[71%2’ N6 ZEy, = 2WZ(- (C.73)

Therefore, the scheme dependence of 56MS is given by the scheme dependence of the tadpole
contribution tg,m, of (C.70). The explicit results for tg,m, in the F'J Tadpole Scheme are listed

in App. B.2, and those for Schemes 1 and 2 are given by

tGoH,1 = tGoH.,2 = g (tH Cap + tH,508) 5 (C.74)
2 My
and hence
Aitgom g tH, tm, .
2 = =1,2. C.75
My 2Mw \“7r T as - My ) T (C.75)

While the change in 55@ at one-loop order is independent of the gauge parameters in the
usual R¢ gauge and in their generalizations to non-linear gauges, we show in App. B.1 that it is
nevertheless already gauge dependent at the one-loop level in the THDM. This result applies
to the MSSM and HSESM.

For the difference in the counterterms to the mixing angle «, we obtain

MS MS
A5 = 0%, Mithi _ (C.76)
2 MG - My MG - M |
and
MS MS
A25am _ A26ZI{1£T o AQtHhHl _ tHhHl tHhHl, (C 77)
2 M - MZ ME —M% '
h 1 Hy 1
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C Alternative tadpole counterterm schemes

with ¢, g, defined in App. B.2 and

i m2 = — (trcap + Ly, Sap) - (C.78)

g
2thg
Here, we used (4.120) and the antisymmetry of AuiZ%h, which can be derived similarly as the
one of A1725Z11\£SG0 above. The result for A;5a™® can be expressed by the tadpole counterterm
in the FJ Tadpole Scheme only, because Scheme 1 [see Eq. (C.60)] does not induce tadpole
counterterms for two-point functions that do not involve external would-be Goldstone bosons.

The differences AléozNTS and Agéam are both gauge dependent at one-loop order, which can
be seen by inserting the explicit expressions for the tadpoles from App. B.1 in the R¢ gauge.
This result is used in the next section to demonstrate the gauge dependence of S-matrix elements

in Schemes 1 and 2.

The Hy7T7~ vertex

We study the renormalized Hy777~ vertex for the different tadpole renormalization schemes
defined above. In this section, we assume that the renormalized tadpole terms vanish, T (1) =0
and T' (11) = 0. Then, the shifts in the bare parameters that originate from tadpole counterterms
t(j_}l) and tgq) can be expressed in terms of the one-loop tadpole contributions T° I(LI) and TI({})

As the tadpole renormalization schemes do not modify the bare Lagrangian, the bare loop
amplitudes are not altered. However, the finite parts of the counterterms are affected, and thus
receive gauge dependencies, as we demonstrate in the following. In particular, we show that the

change in the renormalized vertex function is gauge dependent in the R¢ gauge, i.e.

OcAj= - - (C.79)
1
which has been verified by direct computation. The relevant Feynman rules read
T T
iem, iem,

-———- = — t , -———- =—— — Saptg) . (C.80
i My sy CoBts Tt sas) i Sy s, (Co8 ~ Sasts) . (C.80)

o+ ++

Computing the difference of the renormalized vertex function in different tadpole schemes yields

-
— Ajm—m -
H
-
iem ~  A;om A0 My
— T Az MS 1 T 1
Mwse [(Cagtg + Sag) < a6 + m. My >
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= (Cap — Sapta) (AzéZth] - AiéaMS>] : (C.81)

The terms can be split into two parts which are separately UV finite, thus allowing for a simple

interpretation

Adm, _ AibdMw _ 82,

A;6BMS 4 -~ Vo iy
L 5zﬁn
Ai% — AoaMS = —Ai%, (C.82)

where we used (C.69), (C.70), (C.76), and (C.77) and “fin” denotes the UV-finite part, i.e. the

remnant after MS subtraction. The final result reads

T T
5zﬁn 6Zﬁn
=-—-- x Ao _ ____ x Ay—h (C.83)
H 2 Hy, 2
Tt Tt
with
s, ~ B s, ~ B
fi . 0L1a 0{Ta, fi _ 0L1la 0L1a,
AI(SZHI;GO — —2 M[Q{a 3 AQ(SZHI;GO — _2 M%Ia 5
Loty H, — tih a0
fi _ fi _ hi1] hi1],
Al(SZHrlth - 2m, A25ZHI11Hh — 2w, (084)
Hy, H, Hy H

where tg,m, and tg, p, are defined in App. B.2, and tg,m, 12 and tg, g, 2 in (C.74) and (C.78),
respectively. The first contribution in (C.83) appears owing to the differences in the definition
of B3, the second one is a consequence of the definition of . The FJ Tadpole Scheme yields
gauge-independent predictions for the decay rate H; — 77, whereas in Schemes 1 and 2 the
prediction is gauge dependent in the R¢ gauge due to the second term in (C.83). This has been
confirmed via explicit calculation of the S-matrix element in the R¢ gauge.

At one-loop order, the results for the FJ Tadpole Scheme can be obtained from Schemes 1
and 2 via the mapping

L 6zﬁn
= ((5aMS) LA 9 (C.85)

(5555),  (56°%), - a2 (5075) A

i 2

7

Note that the “Tadpole scheme” introduced in Ref. [184] for the renormalization of ¢g in the
MSSM is equivalent to the F.J Tadpole Scheme applied to the MSSM combined with MS sub-
traction for ¢g. Indeed for the MSSM the finite shift (5t%n defined in Eq. (43) of Ref. [184] cor-
responds exactly to the shift of (5BMS)2 in Eq. (C.85), which translates the popular Scheme 2
to the FJ Tadpole Scheme.
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C Alternative tadpole counterterm schemes

The ZZH, vertex

We derive the tadpole counterterm dependence of the ZZ Hy, vertex, obtaining formally analo-

gous results as in the previous calculation. The following Feynman rules were used

Z Z
_lecag Mw H,

Hy,

iesap Mw
SwCw Cuw ’ SwCw Cuw '

A A

(C.86)

For this vertex an explicit tadpole counterterm needs to be taken into account, given by

Hy ie? to
_——— Ditzzh, = —=5—5 —o—9". (C.87)
! 2s2,c2 Mg

With the same line of arguments as before we obtain the difference of the renormalized vertex

in different tadpole counterterm schemes as

Z VA
Hy, H, —oZfn 4 §7fin
AZ'——— — - - —-— X AZ H3G02 Hth'

(C.88)
7 Z

The gauge independence of the renormalized ZZ Hy, vertex has been verified in the F.J Tadpole
Scheme by explicit computation in the R¢ gauge. Schemes 1 and 2 can be mapped to the
FJ Tadpole Scheme via (C.85). Since the mapping (C.85) is gauge dependent, the renormalized

Z 7 Hy, vertex becomes gauge dependent in Schemes 1 and 2.

C.2 Gauge dependence of the mixing angle  in popular tadpole schemes

In the following we prove the gauge dependence of § ﬁm in popular tadpole counterterm schemes
at the one-loop order by explicit calculation. Further, we show that in the FJ Tadpole Scheme
5Bm is gauge independent.

In the THDM the apparent gauge independence of 55WS in the R¢ gauge at the one-loop level
can be understood as follows: Consider the linear combination of ®; and ®, that does not have

a vev(see Section 2.3.1)

H*E
o8 B — sin B — ; C.89
e s < % (cos g —sin vy + Hicap + HySap + 1Ha) ) o

with cos fvg —sin fv; = 0. Performing the shift in the vevs according to (B.30) and using (B.31),
we obtain the tadpole corresponding to the neutral Higgs field H= Hycop + HySap,

ta,
Mg

Y
h

t
sin BAv; — cos fAvy = ca/gM—HQl + 548 (C.90)
H,
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which enters the shift of AZ-BNTS between the FJ Tadpole Scheme and the popular Schemes 1
and 2 found in (C.70) and (C.75). The Higgs field H does neither couple to two gauge bosons
nor to two would-be Goldstone bosons, and, moreover, it does not enter the gauge fixing in the
R¢ gauge and thus does not couple to Faddeev-Popov ghost fields. Consequently, there are no
gauge-dependent Feynman diagrams for the H tadpole at one-loop order and thus Ai(SBNTS does
not depend on the gauge-parameter in the R¢ gauge. Since 5,6’m is gauge independent in the
FJ Tadpole Scheme, this translates to Schemes 1 and 2. This argument can be generalized to

non-linear R¢ gauges at one-loop order.!

Nevertheless, it is possible to demonstrate the gauge dependence of 55@ in Schemes 1 and 2
at one-loop order in a suitably chosen gauge. Since H couples to one gauge boson or would-be
Goldstone boson and H,, we can generate a gauge-dependent contribution to its tadpole by
allowing for mixing propagators induced by the gauge fixing. Here, we provide an appropriate
gauge-fixing function and prove the gauge dependence of 6ﬁm via two different approaches. In
addition, we show that also in this class of gauges the gauge independence of 5Bm is preserved
in the FJ Tadpole Scheme.

The appropriate choice of the gauge-fixing function can be motivated as follows. From the
point of view of the FJ Tadpole Scheme the gauge dependence appears in the Schemes 1
[Eq. (C.60)] or 2 [Eq. (C.63)] if it is possible to generate a gauge-dependent tadpole contribution
of the form of (C.90). For a gauge-fixing function C' linear in the gauge fields the infinitesimal
variation of Green’s functions under a change in the gauge-fixing function, AC, with respect to
some parameter can be derived (see e.g. Section 2.5.4.4 of Ref. [102], Section 12.4 of Ref. [191],
or Ref. [141]). For the one-point function of a field ¢ this reads

Sac (Tp(e)) i = dac 1o =| ' Vel =ise) / dty a(y) AC())
r / crac x /c
= i/d4y

x .'. .‘. y
s ( : aAC

where sy represents the BRST transformation of the field ¢ at the space-time point x and u is

, (C.91)

the anti-ghost field associated to the gauge-fixing function C, both at the space—time point y.
For

Y= ﬁ[ = CaﬁHl + SaﬁHh, (C.92)
the required BRST transformation in (C.91) reads
~ e g ie

H= H,+— (uw H"—uTH™). C.93
s 2SWCWU a + . (u U ) ( )

We note that sH does neither induce would-be Goldstone bosons nor vevs. Hence, one can easily

1Specifically, we verified the independence of (Wm of the gauge parameters for a non-linear gauge-fixing function
C? =0,7, — £coMzGo (1 + Emy, Hy) for general £g, and &p, .
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C Alternative tadpole counterterm schemes

read off the condition for a gauge dependence of (C.90). We modify the gauge-fixing function
in (6.29) by setting &y = €4 = £z = 1 and adding a term proportional to H, to C%,

C% =07, — MzGo — €My, Ha, (C.94)

which is required to obtain non-vanishing contributions to (C.91). The resulting gauge-fixing
function (C.94) in the s gauge looks simple, but gives rise to a non-diagonal propagator matrix
(see App. C.3 for the Feynman rules). An infinitesimal change in the gauge-fixing function is
obtained by performing an expansion for small {g, i.e. we identify AC with —{gMp, H,, defining
0
5§BX = B—X - (C.95)
£p £5=0
While we work only to leading order in g, an exact calculation is possible and straightforward

in the gauge of (C.94). At one-loop order we find after Fourier transformation to momentum

space
uz
" dq i i

F.T./d4y T @=cceeee@ ¥ :/ , C.96
H, (2m)* ¢* — M7 q* — Mz, (€99

and hence using (C.91)
<I§r>5 = F.T.0¢, (TH(x)) = F.T. |cag 8, U H, + 505 0, | H, (C.97)

8

é é
X X
_ ieégMy, / dq i i
o 2swew J m)t @@ - MZ2 - MG

(C.98)

Consequently, there is a non-zero gauge-dependent and UV-divergent contribution to the tadpole
in (C.90), which proves the gauge dependence in the popular schemes, where tadpole contribu-
tions are absorbed in bare parameters. Note that this argument can be carried over to the

supersymmetric case, where <ﬁ >5 does not change if the same gauge is used. This result is
]

used below to derive the &g dependence of §4MS in Schemes 1 and 2 [sec Eq. (C.115)).

We validate (C.98) in the THDM using an explicit Feynman-diagrammatic calculation of the
tadpole (fl ). Inspecting the Feynman rules listed in App. C.3, we find three sources that can
induce a linear {3 dependence of the tadpole <I§T ). These are provided by the mixing propagators
Z H, and GoH, and the coupling of the neutral Higgs bosons H) and Hj, to Faddeev—Popov ghosts
@? and uZ. For the ¢p-dependent tadpole contributions corresponding to (C.97) in momentum

space we obtain

5 @ 74 Ha+GO b Ha+‘:;:i v f Hy, H (C.99)
g V= o I Iy Oor ¢ = Hj, ty, .
é é ¢ ¢
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and the sum of the contributions yields

0 _ief[gMHacag/ d4q i i = s <ﬁ>
- Y
( &

Sy VL =
o 2w Cu om)t @ — M2 2 — M%
0 ieés M, Sap / dlq i i ~
5 =- = s (H) . C.100
& Hn 2swew ) @mt E-Mi2—Mp P\ e (€100

Thus, we reproduce the result in (C.98).

Finally, we show explicitly that § Bm remains gauge independent in the F.J Tadpole Scheme at
one-loop order, but depends explicitly on g in the gauge of (C.94) in Schemes 1 and 2. To this
end, we derive the gauge dependence directly from the renormalized vertex function in (4.121),
working only at leading order in £g.

In the FJ Tadpole Scheme it is enough to verify that all counterterm parameters that enter
the renormalization of 5 are gauge independent and that no gauge dependence is introduced by
the bare vertex function in (4.121). The renormalization constant 6 Z, is independent of &g since
no Higgs-boson couplings enter this quantity. For 6M§v and 5M%, the tadpole contributions to
the WW and ZZ two-point functions are proportional to (see App. B.2)

th, ta,
Saf M[g{ — Cap M}z{ )
1 h

(C.101)

which is not sensitive to our choice of gauge-fixing function. The W-boson self-energy receives
no other contributions linear in g. The linear {g-dependent contribution induced in the Z-boson
self-energy contributes only to its longitudinal part and does not influence §M2. This implies
the &g independence of 5M\%V and dM2 which we have also verified via explicit calculation in
the &g gauge. For the vertex H,7t7~ there is no £g-dependent and at the same time UV-
divergent term. This is consistent with the fact that there is no tadpole contribution to the bare
vertex function which could cancel a would-be gauge dependence. For 6Z¢,n, and dm, no such
argument can be given, and a cancellation of {g-dependent terms between self-energy diagrams
and tadpoles takes place. We explicitly show this cancellation starting with 6Zq, m, .

The terms linear in g contributing to the GoH, mixing energy are given by?

Z __ _H, Hy, ~ Z Go - H, H, _ Gy
S, W o G o SR i GO g
GO Ha N’/ N/ N N~/
H Hy, H, Hy
Z _ _H, NN Go _ H, H, _ Gy
IR T S G R
N N N N
Hy, H Hy, &)
b N
Goi  \H.
NP (C.102)

Note that each diagram contains one mixing propagator. The diagrams involving a neutral

2In the alignment limit, the second line in (C.102) vanishes.
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C Alternative tadpole counterterm schemes

Higgs boson propagator and a mixing propagator of a pseudoscalar Higgs boson and a would-be
Goldstone boson do not contribute to the MS renormalization of 3 because they are UV finite.
The other self-energy diagrams are UV divergent, and we obtain for the combined contributions

to the GgH, mixing energy

Z o Ha ie
_ 2 a2 L 2 a2 2 2
P T [SaﬂMH‘ oM B
p=111,41p (’0
+ CapSas—— (MHh — M%) <H>E + UV-finite terms, (C.103)
B B
Ha/ Z e
_ 2 2 a2 2 221/ 7 :
;H ___Q\’/ - = PN [MHa — sosMip, — caﬂMHl] <H>§B + UV-finite terms,
p=111,41n ")
(C.104)
Gol H
0\ ,Ha ie
TR T M3, +2Mp, — 2M3,
1—13 ) ~
+ Cap | —Cap + Sap— tﬂ (M7, — M%) <H>gﬁ : (C.105)

where for arriving at the (C.103) and (C.104) the numerator structure has been cancelled against

one of the neutral Higgs-boson propagators. Adding all contributions leads to

ie ~ .
J¢, -(-;(;e--- = S [M?{a — siﬁM?Ih — ciﬂM?{l] <H>€B + UV-finite terms, (C.106)

for the linear dependence of self-energy diagrams on £z. The tadpole contributions to the GoH,

mixing energy are derived using the results in (C.100) leading to

t Ogsp ie 2 2 21 /7
Z TTTTe =" 2SWMW [MHa oz,BMHh - caﬁMHl] <H>§ﬂ ) (0'107)

which cancels against the {3 dependent terms in (C.106) contributing to the renormalization of

5. Thus, we have proven that

(556522;405%)3 —0. (C.108)

For the on-shell renormalization of dm, we pursue the same strategy. The {g-dependent contri-

butions to the 7 self-energy are given by

5 T Z \Ha Ha/ Z GO_\ a_\

—>-e—>—= o P

&ap» —b—{;)—b— —»v—b— —»v—b—
T T

(C.109)
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Projecting the 7 self-energy onto a Dirac spinor, putting the momentum on shell, using the
Dirac equation, and considering only the scalar and vector part that is relevant for the mass

counterterm, we find

d¢s ;:;e—b—u(p)

ithﬁmTfﬁMH
e i el C.110
I w52 on u(p)x ( )

p?=m?2

d*q i i i ( 2 9
/ (2m)'q® = M ¢ = M, (p+q)° —m?2

22— 2
p=mZ

iem;tg

= = g (H), 1)

(C.111)

22— 2
pP=m2

The tadpole contribution to the 7 self-energy is derived using the results in (C.100) leading to

Z 1 Og _ demgtg <ﬁ> (C.112)
o= Hy, Hy, 2Sw]\4W &s

The tadpole contribution in (C.112) cancels against the self-energy contribution in (C.111) and

we conclude that ém is independent of £g in on-shell renormalization,
(d¢z0mz), = 0. (C.113)

Altogether, we have proven the gauge independence of 5ﬂm in the g gauge in the F'J Tadpole

Scheme,
5. 0M5) =o. C.114
( €p B >3 ( )

Finally, we can give the precise {g dependence of 63 for Schemes 1 and 2 originating from the
gauge dependence of the tadpoles in dm, and dZg,m,. Using (4.122) for the counterterm, the

full {5 dependence is obtained as

2 2 2 2
(5,867 = == |1 - Jootlm ol | )
.=

8 25w Mwy M (1 + t%) &5

which is evidently nonzero.

C.3 Feynman rules in the £z gauge

We list the Feynman rules used to derive the gauge dependence of § ﬂNTS in App. C.2. The gauge-
fixing function (C.94) gives rise to mixing of propagators, which is required to actually observe
the gauge dependence at one-loop order. The gauge-fixing Lagrangian includes the following

mixing terms

Lar D ngHa (8MZ“ + MzG()) H,. (C.llﬁ)
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C Alternative tadpole counterterm schemes

The corresponding 2-point vertex function in the basis (Z,,, Go, H,) reads

= (p* = MZ) g 0 i€g My, p"
= 0 p? — M} §pMp, My, : (C.117)
—isMu,p"  &Mu, Mz p? — M, (1 + 5%)

By inverting the vertex function to linear order in g we obtain the propagators as

7 —ighv

=79 1L 0O( C.118
NNNANNL p2 _ M% + (fﬁ) y ( )
o 0 - __10(&) (C.119)

PP M - '

H, i
_____ - C.120
o - p2 — M2a7 ( )
zZ G
- lle=0(), (C.121)
oy e My —— ! (C.122)
T T |
Go H, i i
@ ——— - = [ = lgﬂMHaMZ 5 (C123)

p? — Mg p? — Mg’

where the momentum flows from left to right. We identify mixing propagators by two particle
labels. The Faddeev—Popov-ghost Lagrangian is derived by the standard methods which requires
for the £z gauge the BRST variation of H,,

(&

u? (capH + sapHyn) + £ (u+H* + u*H+) . (C.124)

H =
SHa 28w

25w Cw

The additional contribution to the ghost Lagrangian involving {3 is then given by

€
Lan D &M, 5 w?u? (copHi + sapHn) (C.125)
SWCW

yielding the following gauge-dependent Feynman rules

Hh // Hl //
'ELZ 4 ies [LZ / iec,
..4..../ = of EﬁMHﬁn ...4..../ = af éﬁMHa (0126)
! QSWCW . ' 2chw
A ».

Finally, we list all other vertices needed in the calculation of App. C.2 with the convention that

all particles and momenta are incoming:

H 7/ Hy, 7/
Gy // ic,, Go ’ :
g€ 9 9 ’ 1Sqp€ 2 2
-———--9 = — (M7jF — M -—=---9 = — (M7zF — M
. 2 My Sy ( H, H1> ’ N 2 My Sy ( a Hh) )
H, H, “\

(C.127)
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Zk / CapB€ " i zF /’ Sap€ M H
W\M\\ = 950 Cn (pHa — le) ) NN V.\\ = Sl <pHa - th> s (0.128)
Ha \\ Ha \\
Hl // Hh //
ZH ’ €Sqp " u zZk ’ €Cap 1L 1L
’VVV\-‘.\\ = 25w (pGo _le> ) NN V.\\ = DS <pGo _th> ) (0.129)
Go \\ GO \\
g L : 112
a 1e -
S M v <8a6 (M, +2M;, — 2M3,) = cap—— (M3, Mszb)) , (C130)
\ WSw
H, AN
Hy, 7/
H, ie 1—t2
8
—--—-0\\ = m —Cap (MIQ-I}, + 2MI2{a - 2M52b) - 80457 (Mfglh o be) ’
H, “\
(C.131)
. Gy d

N .
Nt 162

1— ¢

B

Go AT T aE e <(M%1 +2Mi, = 2M) = cap (Caﬁ - Saﬁt> (M, - Mfgfl)) '
S Ho O~ v ’

4 a

(C.132)

D Two-loop Higgs-boson self-energy in the FJ Tadpole Scheme

The following is taken from Ref. [51]. In this appendix, we relate the renormalized two-loop
self-energy of the Higgs boson in the SM in the two schemes based on Tp = 0 and Av = 0.
Analogously to (4.38) at one loop, we show that the two-loop tadpole contributions to the self-
energy, which are generated by Av in the scheme with Ty =0, reproduce the self-energy in the
scheme with Av = 0, where unrenormalized tadpoles are explicitly taken into account. The
latter situation is given in (4.24) if the renormalized tadpoles are replaced by unrenormalized

ones.

To start with, we note that the 1PI two-loop self-energy and tadpole contributions depend
on the tadpole renormalization scheme, more precisely, they differ by Awv-dependent terms.
Having performed the renormalization at one-loop, the 1PI two-loop self-energy diagrams in
both schemes are related via

1
i

_e_ Frm0 —e— Aveo T —@— (D.133)

where the second diagram on the right-hand side schematically denotes all one-loop self-energy

diagrams with an additional insertion of the one-loop two-point tadpole counterterm tgh) Using

the one-loop result (4.38) which relates t;}h) with the bare one-loop tadpole t,(ll), this can be
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D Two-loop Higgs-boson self-energy in the FJ Tadpole Scheme

oot 437 (D.134)

_e_ 7, =0 - _e_
(2)

Next, we consider the two-loop 1PI tadpole which fixes #,” in the scheme where T, n =0,

1
o
T,=0 Av=0

The first equality is the renormalization condition. In the second equality we separate the

written as

(D.135)

+ .
Av=0

Av-dependent terms, where the second diagram schematically represents all tadpole one-loop
diagrams with an additional insertion of tgllh) In the third equality we use again the one-
loop result (4.38). In the scheme where the tadpoles are renormalized according to Ty, = 0 the
renormalized two-loop self-energy can be expressed exclusively by 1PI contributions and is given

by

(D.136)

S (¢%)

T, =0 - [ e + x }

The FJ Tadpole Scheme for Ty, = 0 includes tadpoles via the Av-dependent counterterms. In
addition to the Av(M-dependent one-loop counterterms appearing in (D.133) and (D.135), the
two-loop counterterm induces a further dependence on Av(t) and Av?). In the SM the additional

two-loop tadpole counterterms are derived from (4.47), which can be written as
A
thhh% = <)\hhh,BAU + hhgh’B(A’U)Q> h% (D.137)

upon identifying Apnp B and Apppn B as the bare triple and quartic Higgs-boson couplings. The

dependence on the two-loop tadpole counterterm tgf) originates from the term proportional to

Ahhh’BAv@). Using (4.45) and (D.135) the contribution of tf) can be written as

3 — g + . (D.138)
=0 Av=0

h

Next, we consider the quadratic 1PI one-loop tadpole contributions which are included in Av(?)

and (Av(l))2 being proportional to Appp and Apppp, respectively. We identify the two contribu-

I , N (D.139)

tions with
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The last two-loop tadpole counterterms result from products of the one-loop tadpole tg) with
the counterterms to Appp, the Higgs-boson mass [entering via (4.44)], and the Higgs-boson field-

renormalization constant and can be represented as follows:

? , ? , (D.140)

where in the counterterms Av = 0 is understood. Finally, we separate the Av dependence from

the renormalized two-loop self-energy (D.136). For the bare 1PI two-loop self-energy we use the
result (D.134). The two-loop Av-dependent counterterms are given by the sum of the diagrams
in (D.138), (D.139), and (D.140). The result reads

= O
ThZO

X

S (42)

:| Th:o

1
2 ¢
@ *

+ ? +
(5)
R
NG Av=0
- —— + —¥
=S ()|, - (D.141)

In the second equation we combine counterterms, evaluated for Av = 0, and bare-loop topologies
to renormalized objects. The result matches the renormalized two-loop self-energy in (4.24) when

tadpoles are not renormalized, i.e. for Av = 0.

E Distributions for Higgs strahlung and VBF in Higgs-boson

production

The following is based on Ref. [52]. We present distributions for the transverse momentum
pr,m, and rapidity yp, of heavy Higgs bosons in Higgs strahlung and VBF. In addition, we
show distributions in the rapidity y,- of the muon p~ in Higgs strahlung and in the rapidity y;,
of the hardest jet j; in VBF. We selected a typical subset of all benchmark points, namely the
benchmark points BP3B1, BP43 and BP45 in the THDM and BP3 in the HSESM. All results
are given in the p* renormalization scheme for a and 5. We do not show any SM-like Higgs-
production scenarios in the THDM or HSESM as no shape distortions are observed compared
to the SM and basically only the normalization of the distributions is affected. Our results are
thus consistent with the observation made in SM EFT matched to the full model for the HSESM
and THDM in Ref. [192], where it is stated that for small mixing angles, near the alignment,

new operators do not play a significant role.
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E Distributions for Higgs strahlung and VBF in Higgs-boson production

BP | ofo/fb | dmw

BP3B1 877 —13.7%
BP45 802 —13.7%
BP43 501 —13.5%

BP3 366 | —13.7%
BP | ohy/fb | Opw

BP3B1 1402 —4.0%
BP45 1324 —4.1%
BP43 991 —4.7%

BP3 823 —4.8%

Table .1: Relative NLO corrections dgw to Higgs-boson production in Higgs strahlung pp —
Hyp~ pt in the upper table and VBF pp — H)/Hyjj in the lower table in the SM. The
Higgs-boson mass My, is set to the heavy Higgs-boson mass My, in the corresponding
benchmark point.

The results for pr g, distributions in Higgs strahlung and VBF are shown in Fig. E.1 and
Fig. E.2, respectively, the ones for yg, in Higgs strahlung and VBF in Fig. E.3 and Fig. E.4,
and those for y,- and y;, in Fig. E.5 and Fig. E.6.2 In the upper plots we show the LO and NLO
EW differential cross section. In the lower plots the relative EW corrections dgw are depicted.
In order to isolate the genuine effects of the underlying model from the kinematic ones, we have
computed the pure SM corrections with the SM Higgs-boson mass set to the heavy Higgs-boson
mass My, denoted as “SM” in the lower panels. The corresponding SM total EW cross sections
are listed in Table .1.

In the following we focus on shape distortion effects relative to the SM results. Starting with
the distributions in Higgs strahlung, we observe quite large effects in the pt g, distribution in
Fig. E.1 for BP3B1 and BP43 in the THDM, small effects for BP3 in the HSESM, and no effect
in BP45 in the THDM, which perfectly reproduces the SM result. The situation changes for the
distributions in the rapidities yp, and y,- in Figs. E.3 and E.5. Here, the largest deviations
from the SM are observed for BP43, where the relative EW corrections to the yp, distribution
in the THDM are flatter than in the SM. For the y,- curve the opposite tendency is observed,
i.e. the SM correction is flatter. For BP3B1, BP45, and BP3 shape distortions relative to the
SM appear at large rapidities, which are less important due to low statistics in those regions.
Switching to the distributions for VBF in Figs. E.2, E.4, and E.6, we observe a stronger trend
towards SM-like results. The largest differences are observed for BP43 in the pr m, and y;,
distributions. For BP3B1 the effects for the same distributions are smaller but significant. For
BP3 the shape distortion in the pr g, distribution for VBF is not larger than the one for Higgs
strahlung. In general in the considered benchmark points for the HSESM the effects in VBF,
but also in Higgs strahlung, are tiny compared to the ones observed in the THDM.

3All rapidity distributions were symmetrized.
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Figure E.1: Distributions in the transverse momentum of the Higgs boson pr g, for heavy Higgs
production in Higgs strahlung for the benchmark points BP3B1 in (a), BP45 in (b)
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and BP43 in (c) in the THDM, and BP3 in (d) in the HSESM.



E Distributions for Higgs strahlung and VBF in Higgs-boson production

do /dpr p,[tb/GeV]

O 1]
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(a) BP3B1 (THDM)
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Figure E.2: Distributions in the transverse momentum of the Higgs boson pr g, for heavy Higgs
production in VBF for the benchmark points BP3B1 in (a), BP45 in (b) and BP43
in (c¢) in the THDM, and BP3 in (d) in the HSESM.
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- do /dyg, [fD] do/dyp,[fb]
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Figure E.3: Distributions in the rapidity of the Higgs boson yg, for heavy Higgs production in
Higgs strahlung for the benchmark points BP3B1 in (a), BP45 in (b) and BP43 in
(c) in the THDM, and BP3 in (d) in the HSESM.
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" do/dyg, [fb] do/dym,[fb]
200
301
_____ 1501
201 100
0f | = 50
0 S S A 0 |
Sy 1] g 1]
—2 H/L - Sl\i —2' === H/L i Sl\i
6 ‘_“-:---------.__________________.---------'“": 6 | USRS S WY TR D eror rruies MR SO |
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
yH}l th
(a) BP3B1 (THDM) (b) BP45 (THDM)
do /dyp, [fb] %0 do /dyp, [fb]
6_
449 = T
0 =
— LO
NLO EW
0- T
N
— Hy | — §M
_4-“—|_‘_\—_——’_’_|—’7
—12 " —12
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
th th
(c) BP43 (THDM) (d) BP3 (HSESM)

Figure E.4: Distributions in the rapidity of the Higgs boson yg, for heavy Higgs production in
VBEF for the benchmark points BP3B1 in (a), BP45 in (b) and BP43 in (c) in the
THDM, and BP3 in (d) in the HSESM.
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