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Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit dem Modell mit split Universal
Extra Dimensions (SUED). Nach einer kurzen Einfiihrung in die grundle-
genden Konzepte von Modellen mit Universellen Extradimensionen und des
sUED Modells wenden wir uns zunéchst dem Fermionensektor zu. Ausgehend
von der Lagrangedichte leiten wir die Bewegungsgleichungen ab, 16sen diese
und bestimmen das Fermionen-Kaluza-Klein-Massenspektrum. Im Anschluss
werden Vertizes zwischen zwei Nullmoden Fermionen und n-Moden Eichbo-
sonen betrachtet. Aufgrund der verdnderten Form der Fermion-Nullmoden
erhalten wir in der effektiven Lagrangedichte modifizierte effektive Kopplun-
gen mit den darin enthaltenen Uberlappintegralen. Diese Uberlappintegrale
sind dabei Funktionen des 5D Fermion-Massenparameters p, welcher in sU-
ED eingefiihrt wird, sowie des (inversen) Kompaktifizierungsradius R~!. Um
nun abschliefend die theoretischen Vorhersagen mit den aktuellen Messdaten
zu vergleichen, werden - ausgehend von den Peskin-Takeuchi Parametern -
die effektiven S, T und U Parameter eingefiihrt. Diese beriicksichtigen neben
den Korrekturen der Eichbosonen-Selbstenergien auch die Vertexkorrektu-
ren, die im sUED Modell nicht vernachlassigbar sind. Der Vergleich mit den
elektroschwachen Messdaten liefert somit Beschriinkungen auf den pu-R~! Pa-
rameterraum des sUED Modells. Die hier berechneten Beschrankungen sind
stiarker als die bisher in der Literatur bekannten [I], und schliefilen einen
Grofiteil des Parameterraumes aus, fiir den sUED in Di-Lepton-Signalen am
LHC nachweisbar sind [1J.



Abstract

In this thesis we concentrate on the model with split Universal Extra Di-
mensions (SUED). After a short introduction of the basic concepts of models
with Universal Extra Dimensions and the description of the sUED Model
we focus on the fermion sector. Starting from the Lagrangian we derive
the equations of motion and their solutions. Afterwards we calculate the
fermion Kaluza-Klein mass spectrum. Because of the non-flat profile of the
fermion zero modes in the extra dimension, the vertices between two zero
mode fermions and n-mode gauge bosons obtain a modified effective cou-
pling constant due to the overlap integrals in the effective action. These
overlap integrals are functions of the 5D fermion mass-parameter p - which
is introduced in the sSUED Model - as well as the (inverse) compactification
radius R~!. In order to compare the theoretical predictions of the sUED
Model with the current measured data we introduce the modified effective
S, T and U parameter (based on the Peskin-Takeuchi parameters). These
parameters describe the oblique corrections as well as the vertex corrections
which can not be neglected in sSUED. Consequently, the comparison with the
electroweak measurements yield restrictions on the p-R~! parameter space
of the SUED Model. The resulting restrictions we find are stronger than
the constraints known in the literature, so far [I]. A large part of parame-
ter space, for which one can verify SUED in dilepton signals at LHC [I], is
excluded.
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Chapter 1

Introduction

The Standard Model (SM) is up to date the most successful theory in particle
physics, and there are only very small deviations between the predictions of
the SM and the current measured data. However, the SM does not solve all
problems in particle physics. For example there is no dark matter candidate,
it does not solve the hierarchy problem, the strong CP problem and the fla-
vor problem and the SM does not include the neutrino masses [2]. Many
approaches were made to answer these questions and to solve these problems
by embedding the Standard Model in a larger theory. Each of these exten-
sions have to be in accord with the measurements and can also yield new
predictions for prospective collider experiments as the LHC.

One possibility to extend the SM is the addition of space-like dimensions
to the so far used four dimensional space-time. There are two classes of
models which differ in the choice of the applied metric. Randall-Sundrum
models (introduced in [3]) use an anti-deSitter metric. Other models use a
flat five dimensional metric. Inside this class one has to distinguish between
ADD models where only gravity can enter into the bulk and Universal Eztra
Dimension models (UED) in which all particles propagate in the bulk [4].

In this thesis, we concentrate on UED models. Here, we assume a flat met-
ric with one additional compact dimension. The simplest choice would be
the compactification on a S* (a circle). But for d > 4 it would follow that
the fermions are non-chiral [5] and we get an additional scalar gauge field
for each of the vector fields. In order to solve these problems we choose a
S1 /7., orbifold for compactification. Therewith it is possible to project out
half of the fermions by employing boundary conditions on the fermion fields.
Furthermore, the additional scalar fields will be projected out by the use
of boundary conditions on the gauge fields. A compactification on a S'/Z,
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CHAPTER 1. INTRODUCTION

orbifold effectively is a projection of a circle (S!) on a line with two fix points.

In chapter [2| we explain these fact in more detail. We introduce the min-
imal extension of the SM to five dimensions, the so-called mUED Model.
After that we extend this model to a so-called sUED Model with an addi-
tional fermion mass term. We discuss the main differences between mUED
and sUED and give a short outlook of the expected differences.

In chapter 3| we use the fermion Lagrangian of the sSUED model (introduced
in chapter [2)) to derive the equations of motion. Afterwards we solve these
equations first for the zero modes and finally for an arbitrary nth KK mode.
A summary of these solutions is also given in appendix [B]

In chapter 4| we specify the full Lagrangian of the sSUED Model and give
a detailed explanation of the several parts and terms. Then we concentrate
on the lepton Lagrangian to compute the vertices of two zero mode fermions
and one nth KK-mode gauge boson. There, we obtain a general expression
for the modified couplings. These vertex corrections will be used in the fol-
lowing chapter for introducing the effective parameters.

In chapter | we give an introduction of the Peskin-Takeuchi parameters and
an explanation why and how we have to extend these parameters for the
sUED Model. Following [6], we use the effective parameters Sess, Terp and
Uy, which include the oblique and the non-oblique corrections, to compare
the theoretical predictions with the current experimental bounds as given in
[7]. This comparison allows to exclude part of the u-R~! parameter space
beyond the bounds known from the literature, so far [IJ.



Chapter 2
The UED Model

2.1 The basic setup

In this section we explain the basic assumptions of models with universal
extra dimensions. We use the minimal UED Model (mUED) which is the
simplest extension of the SM to five dimensions. In UED models, all Stan-
dard Model fields are promoted to 5D fields, propagating on the background
geometry. The additional fifth dimension is compactified on a S'/Z, orb-
ifold with radius R. This is shown in Fig. 2.1 The metric of the 5D space
M x S'/Zs is assumed to be flat.

Figure 2.1: The compactification of the fifth dimension on a S*/Zs orbifold.
The gray arrows describe the points on a circle which are identified with each
other. The blue points show the fixed points at which later the boundary
conditions for fields propagating on this space are applied. The picture is
taken from Ref. [§].

Because of the additional Zs symmetry, an orbifold with two fixed points
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CHAPTER 2. THE UED MODEL

is created, so that two opposite points on a circle are identified with each
other. The existence of such fixed point breaks the 5D Lorentz invariance.
From this it follows, that the 5D momentum conservation and therefore KK-
number conservation, is violated. Only a parity called "KK-parity’ remains
unbroken. Due to this fact, the lightest particle at the first KK-level (LKP)
is a stable particle. In mUED, this stable particle is a good dark matter
candidate. This candidate is the first KK-mode of the U(1) gauge boson. Its
dark matter phenomenology is reviewed in detail in [9]. The full Lagrangian
of the mUED Model is given in [§].

In comparison to the SM, UED models have two additional parameters: the
campactification radius R and the cut-off scale A. These models predict for
each SM particle a whole so-called KK-tower. All particles of one tower have
the identical quantum numbers but different masses. The SM particles are
identified with the zero modes (KK-level n = 0) of these towers. In Fig.
the mass spectrum of the first KK-level in the mUED Model is shown as an
example.
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Figure 2.2: The mass spectrum of the first KK-level at one-loop with com-
pactification radius R~! = 500 GeV, cutoff scale A = 20 R~! and Higgs mass
mpg = 120 GeV. From [10].



2.2. THE SUED MODEL

Now we introduce the sUED Model on which we focus in this thesis.

2.2 The sUED Model

The sUED Model was introduced 2009 by Park and Shu in [I1], 12]. Their
main motivation was to modify the mUED Model to explain the observation
of a cosmic positron excess by PAMELA [I3]. For more details see [I1]. The
main feature of the sSUED Model is an additional Dirac fermion mass param-
eter ms(y)f} This mass parameter violates KK-number conservation. From
this it follows that in SUED vertices are possible which are zero at tree-level
in mUED. Consequently LHC signatures change [1J.

The mass parameter ms(y) must have a KK-parity odd profile in order to
maintain the KK-parity is a good symmetry of the Lagrangian. This means
that for the mass parameter applies: ms(y) = —ms(—y). In section
we establish in detail how the additional Dirac fermion mass term is im-
plemented in the fermion Lagrangian. We will also see that this implies a
change of the whole fermion mass spectrum. The shape of the fermion zero
modes changes from a flat profile to an exponential one (section and the
fermion KK-modes get a ms-dependence (section [3.3)).

!This idea to add a 5D fermion mass term to the Lagrangian was also used before in
RS models [T4].



Chapter 3

The sUED fermion spectrum

3.1 The KK-decomposition of fermions

In order to get the equations of motions (EOM) we start with a setup with 5D
fermions. These fermions are on a S'/Zs orbifold along the fifth dimension.
This orbifold has the radius R and the two boundary points at y=-L and
y=L where L=7nR /2. The bulk action is

S = /d4x /_jdy [T 000 — ms(y)PV)] (3.1)

where M=0,1,2,3,5, the metric is (+ — — — —) and the gamma matrices in
5D are I'M = (4#,iy%) (for details see appendix . The bulk mass ms(y) is
odd under inversion of the coordinate y so that

ms(y) = —ms(—y) . (3.2)
The simplest choice to fulfill (3.2)) is the following
ms(y) = p-0(y) | (3.3)

with f(y < 0) = —1 and O(y > 0) = 1. Now we define the left-handed and
the right-handed fermions as:

1—7° 1445
Uy =P =0 and Uy = Ppl = ;7 V. (34)
This implies the following relation
Y5Vir=FYL/R (3.5)
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3.1. THE KK-DECOMPOSITION OF FERMIONS

and by using ¥ = ¥, + U we obtain from (3.1)):
+L B B _ _
= /d4$/ dy |:i\IJL’}/NaM\I/L + i\IJRv“ﬁu\IfR — \I’L’7585\IJR — \IIR7565\PL
-L
- m5(\IIR\DL + \IIL\DR) . (36)

By doing the Variationﬂ of (3.6) we obtain the equations of motion

V0, V¥p — Y05, — ms(y)¥p =0,
i’y“@M\IJL — ’}/585‘113 — m5(y)\IJR =0 y (37)

which should be splitted in different domains of y

for y > 0: V0, Vp+ 0¥, —p¥p =0,

V"0,V —0sVp —u¥pr=0, (3.8)
for y < 0: V0, Vr+ 0¥, +u¥, =0,

iv“@MIIJL - 85\113 + FL\IJR =0 . (39)

Let us apply a separation ansatz of the form

\I’L/R x“ay Z\PL/R fL/R< ) (3-10)

in (3.8) and (3.9). Now, we can separate the 4D part from the y-dependent
fermion wave function

i () 05 — ) 1 (y)

fory =0 gy~ oy
iU (a*) (05 + ,U)fz(%n) (y) m a
D I i
iPUR(z") 05+ ")

fory <0 5 = J%I’f)(y) e
i) (05— iy ) m
Up(et) gy i

Inside the EOMs there are four different fields Uy, g, U, and Ug. So we should
expect four different EOMs. The two EOMs not given follow from (3.7) by hermitian
conjugation.



CHAPTER 3. THE SUED FERMION SPECTRUM

with the abbreviation § = 7#9, and the separation constant m,. So (3.8)
and (3.9) can be written as

fory >0:  mofS )+ (05— w)fMy) =0, (3.12a)
maf U (y) = @5+ W) f(y) =0 (3.12b)
fory <0:  mafs(y)+ 05+ u)f(y) =0, (3.12c)
mo fS (y) — (05 — ) F3(y) = 0 . (3.12d)

These are two coupled first order differential equations for the two domains
of y which can be rewritten as two decoupled differential equationsE| of second
order

Vi (y) =
VL

3.13|) can be used to determine the solutions fg%(y), but in the end, these
solutions must be verified to satisfy the equations (3.12)).

B2f5 (y) + (

m2 — i
21 (y) + (m2 — 1

=
—
<
=

—p
— (3.13)

3.2 Fermion zero mode solution

In accordance to the SM we want chiral fermions for the zero modes as they
are identified with the SM particles. A left-handed zero mode can be realized
by choosing the boundary conditions (BC) to be Dirichlet-BCs fr(—L) =
fr(L) = 0 for the right-handed mode. The two other boundary conditions
(we need four BCs because of the four differential equations in (3.12))) follow
from the coupled differential equations . These are modified Neumann-
BCs.

O5fi(L) — pfP(L) =0  OfN(~L)+ufi)(~L)=0  (3.14)

Before we determine the general solutions of (3.13)) we have a look at the zero
mode which can be readily found. For the massless zero mode (n = 0,m,, =
0) the equations (3.12]) decouple and simplify to

for y > 0: (05— ) [ () =0,
(@5 + 1) ) (y) =0, (3.15)

2The second order differential equations are identical for y > 0 and y < 0. The reason
for this is that pu? = (—u)? and that there are only quadratic terms of y in 1)

8



3.3. FERMION KK-MODE SOLUTION

fory <0:  (9+p)f (y) =0,
(35— [ (y) =0 .

We can summarize the two solutions for y > 0 and y < 0 and use the fact,
that f_LLdy| fO2 =1 to compute the normalization constant Nj:

(3.16)

FO = Ny el (3.17)
with the zero mode normalization
I

while Nz = 0 for the above boundary conditions. No other Ny can be found
for the lower equations in (3.15)) and and so we can conclude: there
is no right-handed zero mode. If we instead choose Dirichlet-BC on the left-
handed wave function f;(—L) = fr(L) = 0, we get only a right-handed zero
mode

FO = Np-eHll (3.19)
with the zero mode normalization

—p

Ne = e—2ul 1

(3.20)

and no left-handed one because of N;, = 0.
3.3 Fermion KK-mode solution

If we solve the equations we expect two different types of solutions
depending on k2 = m? — p?. It can be k2 < 0 or k2 > 0. Here we concen-
trate on the case where k2 > 0. The reason for that is, that we find only in
this area a region where the lightest fermionic KK-particle has a mass >1/R.
The lightest KK-particle (LKP) with mass 1/R remains the KK-partner of
a gauge boson. This is important, because the LKP provides a dark matter
candidate, and KK-partners of the SM fermions are experimentally excluded

as DM (see e.g. [17]). Some further comments will be given in section [3.4l

In order to find the solution of (3.13|) we use the ansatz:

for y > 0: f;2(y) = af - cos(kay) + B - sin(kny) |

Fl(y) = o) - cos(kny) + Bi) - sin(kny) (3.21)



CHAPTER 3. THE SUED FERMION SPECTRUM

for y < 0: f{(y) = o) - cos(kny) + B52 - sin(kny) ,
g;)(y):agg cos(ky, )+BR< sin(k,y) . (3.22)

The wave functions fén)(y) and fgl) (y) should be continuous at y = 0. So
we have to check the limits lir% fr/r(€) for (3.21)) and lir% Jr/r(—¢€) for (3.22
€E—> €E—

at this point. From this it follows that

a =o' —alW and oW =alW =l (3.23)

We can use (3.21)) and (3.22)) inside the boundary conditions fr(—L) =
fr(L) = 0 and we obtain the following relation:

- QQE;?) -cos(k,L) = < ]({;) — 652) -sin(k, L) . (3.24)

From this equation we see that we can distinguish two different cases a( ") =
0 (case 1) or aR) # 0 (case 2). If a = 0 the lower equations of and
(3.22) simplify to

Fi () = B - sin(kny)

Fi2(y) = B2 - sin(kay) - (3.25)
Therewith the boundary conditions are:
FOlL) =0=p% - sin(k,L)
fg;’(—L) —0 =85 sin(k,L) . (3.26)
From this we obtain a condition for k,:
k, = % : case 1 (3.27)

With the assumption, that ag”) # 0 we go back to 1) and we obtain a
first important relation:

(m) _ o)
R>—(?R< — — cot(knL) . (3.28)
20[15

Now we have a look at (3.12b)) and (3.12d)). If we use the continuity condition
again (by checking the limits at the origin) we find

mna(Ln) —k, g;) ,uagb) =0,
mnal — k85 + o =0 (3.29)

10



3.3. FERMION KK-MODE SOLUTION

which leads to the second important relation

W — B [
PR> FR< _ _ 1 (3.30)
20[5;1) kn

So we can combine (3.28) and (3.30) to get an equation for case 2 which
implicitly determines k,, in terms of u:

p =k, cot(k,L) . case 2 (3.31)

After the determination of the quantization conditions for the two cases

ag) = 0 (case 1) and agl) # 0 (case 2) we have to specify the coefficients

oz(Ln), ag), 1(-2, j(-jg , g;) and B}(Q of the wave function for both cases.

3.3.1 Case 1: o)) =0

(n)
R

If we choose ap” = 0 and insert this in (3.29)), we obtain two relations

mna(Ln) — knﬁg;) =0,

mnal — k85 =0 (3.32)

and from this we see that BEZ) = g;) = Bgl). So we can write the right-
handed wave function as one function over the whole y range:

W) =8y - sin(kay) (3.33)

and the coefficients 51%”) can be determined by the normalization

L
| s =1 (334

-L

implying '
(n)
=4 . :
ﬁR I — sin(2kn L) (3 35)
2kn,

If we use the quantization condition (3.27]), the above equation ([3.35]) sim-
plifies to 555) =41/ VL. Furthermore, we get from ‘D a relation between
61(;) and oz%n):

oy = = g (3.36)
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and for the positive choice in (3.35)), it is a(L") = mk’:/z Now this can be used

n |) and li at y = 0. As a result we obtain for the ﬁjgn)’s

m g _H (3.37)

Br _ﬁ'aL ; L< = ar,
> kn < kn

and explicitly /81(;7;) = m: 7F and Bg;) = — n" i So we receive the following
solutions of the differential equations (3.12)):

k L
for y > 0: f™(y) = —2_ . cos(k, ~sin(k,y) |
ory fr=(v) — cos( y)+mn Nis sin(k,y)

Fil(y) = —= - sin(kny) (3.38)

f 0: () = —2 . cos(kyy) — —— - sin(k,,
ory < 0: f;”(y) N7 cos(kny) — sin(kny) ,
folly) = —= - sin(kay) | (3.39)

which can be summarized for the whole domain y € [—L, L] as

(n) kn J .
= -cos(kny) + -sin(k, ,
L W) - (kny) — (knlyl)

. 1
fi' () = = -sin(kay) - (3.40)
3.3.2 Case 2: ay) £0

Now we have a look at (3.12b)) and (3.12d|) again and use the boundary
conditions on the right-handed mode fr(—L) = fr(L) = 0. So we get the
following equations:

0= mafy(L) = Osfp2(L) .
0= mnf£’2<—L> — Osfi2(~L) . (3.41)
If we insert the ansatz ) and - in - we obtaln an important

relation between the Coefﬁments ozg , BL>, BL<, Rn>) and B Rt

+ (B — BT - tan(k, L) = :1”( DB . (342)

n

From (3.29) we get another relation between o™, 8% and 347"

n kn n n
20" = proal W+ B (3.43)

n

12



3.3. FERMION KK-MODE SOLUTION

Combining (3.42)) and ([3.43)) yields:
0= (82— B") - tan(kn L) . (3.44)

Here, tan(k, L) can not be equal to zero because this would be in contradic-
tion with the quantization condition 1) So it must be Bg;) - én<) =0
and, accordingly, /BSQ = 52"2 = én).

Now we insert the ansatz (3.21: and (3.22)) into the boundary condition for
the left-handed wave function “3.14), and we obtain the following relation:

— 20" [k:n sin(k,L) + ,ucos(k:nL)} =0 . (3.45)

Therein, the term in the bracket can not be equal to zero because this would
be inconsistent with . So the conclusion is, that it must be agn) =0.
Now the left-handed wave function has a very simple structure and can be
written for the whole y range as

én) (y) = ﬁé") -sin(k,y) (3.46)
and the coefficient .
B =+ (3.47)

/ sin(2knL)
L— 2kn,
follows again from the normalization

L
/ W WE =1 (3.48)

Now we go back to 1' and we use the fact, that a(Ln) = 0. This gives rise
to a relation for the 8p"”’s:

o =Bl =8y . (3.49)
This can be used in 1) to obtain a connection between agl) and 51(:) with

B — —kﬂ o (3.50)

At the end, we put together (3.49) and (3.50), and the right-handed wave
function can be written as

n n mo.

1(%>) (y) = Oz%)(cos(kny) — sm(kny)> ,

() = aff)(coslhny) + - sinlhay)) (3.51)

n

13



CHAPTER 3. THE SUED FERMION SPECTRUM

(n)

In order to specify ap’, we use the following normalizations

= [aor < 5= [ aler. e
and we get
1
ol =+ . (3.53)

\/L(l—i_%)_’_%(l_%)_ﬁsln (knL)

Now we can write the solutions of the differential equations (3.12]) for the
positive choice of ﬁén) and ag) for both domains of y together:

(M) () — 1 ok
£0) =~y il
T T 2k
1

(n)
R (y) = :

VIO ) 4 SmCEL (1 — 1) 2 sin?(k, L)

: (cos(kzny) . kﬂsm(kn|y|)) . (3.54)

So what changes when we choose the Dirichlet-BC on the left-handed modes
and only a right-handed zero mode exists?

3.3.3 Right-handed zero mode

Of course we start with the identical ansatz as in(3.21) and (3.22). The
boundary conditions are fL>( ) = fL<(— )=0 and

Osfi (L) + uff (L) =0 5 Osff(=L) — uff’(=L)=0 . (3.55)

The considered calculation is absolutely analogous to the sections and
3.3.2l The equations and hold also for this case. Now we get
for case 1 the same quantization condition as in , however, not from
the right-handed but from the left-handed wave function. The analogous

relations to (3.28)) and (3.30) are:
B — By

= —cot(k,L) ,
20[5:”)
Bio e _ (3.56)
2k

14



3.4. FERMION KK SPECTRUM

and so in the quantization condition for case 2, the sign changes:
p = —ky,cot(k,L) . (3.57)

At the end, we obtain the following solutions of the coupled differential equa-
tions (3.12)) for the first case with the quantization condition ([3.27)

(n)

1 )
1 (y) = ﬁ-sm(kny) :

(n) = — Fon - COS _H - sin
R (Yy) = - (kny) + 7T (knlyl) (3.58)

my

and for the second case with the changed condition (3.57))

1
1 () =
\/L(l i) SO () ) 4 22, L)

. <cos(kny) + kﬁn sin(kn!y\)) ;

n 1 .
1(%)(?/) = . sin(kny) . (3.59)
I — sin(2ky, L)
2o

3.4 Fermion KK spectrum

In order to obtain the KK mass spectrum we first plot the quantization con-
ditions (see Fig. [3.1)). For case 1 we have the same quantization condition
for both choices - Dirichlet boundary conditions on the right-handed
mode or on the left-handed mode. This gives us the vertical lines at w, 27,
3w, .... For case 2 we have to distinguish. For Dirichlet on right it is
and for Dirichlet on left we have to use . The solutions of and
(3.57) can be read off graphically, and the masses can be calculated with
m2 = k2 + p*.

As can be seen from the plots in Fig. [3.1] the points of intersection inside the
KK-tower came alternately from case 2 and from case 1. We can enumerate
the masses with n =1, 2, 3, ... . So we obtain red point — n=1, blue point
— n=2, red point — n=3, ... . In this enumeration the k, or m, with an
odd number n always came from case 2 ((3.31) for (a) and for (b))
and the masses with an even number n always came from case 1 ((3.27) for
(a) and (b)).
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CHAPTER 3. THE SUED FERMION SPECTRUM

(a) (b)

5 5
4r 4+
3t 3r
2F 2+

s I g 0-9-0-9-0--90-0 -9 -
X 0 * 0
s ° *-0-0--0--0- -9 - il
-2+ -2t
30 3L
4} 41

I ‘ ‘ do s ‘ ‘ L

0 7w 37 2nx 3n Iz 4x 2% Snm 0 Z 7w 3z 27 52 3xg Iz 4xp 91 5S¢

2 2 2 2 2 2 2

Ky

Figure 3.1: Kaluza-Klein spectrum for Dirichlet boundary condition on the
right-handed (a) or on the left-handed (b) mode. It is chosen L = 1 and |u|
= 0.8 to solve the transcendental quantization conditions. The red points
are the solutions for case 2 and the blue points are the solutions for case 1.

Now we use the numerically determined k,,’s to calculate m,, depending on
p. The results are shown in Fig. [3.2] There we see, that for the minimal

(a) (b)

my[1/R]

my[1/R]

Figure 3.2: Kaluza-Klein masses for Dirichlet boundary condition on the
right-handed (a) and the left-handed (b) mode. The black lines came from
an odd number of n, here ascending n = 1, 3, 5 and the red lines came from
even numbers of n = 2, 4, 6. In the whole area which is plotted it applies
for odd n. The dashed lines at uL. = 0 show the minimal UED case.

UED case (i = 0) m,, has the well-known form

my = n=1,234,.. . (3.60)

The calculation of m,, is only possible with the equations of section for
restricted pL with:

—oo < pulL <1 for(a) and (3.61a)

—1 < pL < oo for (b) . (3.61Db)
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3.4. FERMION KK SPECTRUM

The reason for this is the change of the quantization conditions and
(3.57). In the areas which are not plotted in Fig. it is: k2 < 0. This
entails that the general ansatz for the wave function and do not
hold anymore. For the case of negative k2 we would have to do an ansatz
with hyperbolic functions [16]. The consequence is that also the quantization
conditions and change, there would be a coth instead of a cot
inside. We can see from Fig. , that the condition m; > % (which was
mentioned in the introduction of section is fulfilled if we have

uL <0 for (a) , (3.62a)
uL >0 for (b) (3.62b)

and this justifies our choice at the beginning of section with k2 > 0. The
ranges 0 < uL <1 for (a) and —1 < plL < 0 for (b) as well as the whole area
where k2 < 0 would imply a first KK-mode of the fermion with m; < . This
would be give a fermion as a dark matter candidate which is in contradiction
with experimental bounds, see for example [15].
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Chapter 4

effective 4D Lagrangian

In this chapter we discuss the calculation of the couplings of two zero mode
fermions and one KK-level gauge boson (vector component) for the 5D sUED
Model introduced in chapter 2] First, we describe this model, and we mention
the differences in comparison with the mUED Model. We start with the five
dimensional Lagrangian and specify all the used definitions. In order to get
the vertices, we take the fermion Lagrangian and multiply it out. Afterwards,
we integrate over the fifth dimension y to obtain the effective 4D Lagrangian.
Here, we have to use the wave functions of the fermions which were calculated
in the previous chapter and the wave functions of the gauge bosons which
have the same structure as in mUED [8]. After determining these wave
functions we get the couplings with an additional factor inside, the overlap
integrals. For these factors we give a general formula.

4.1 The model

We start with a five dimensional sUED Model. The general full Lagrangian
can be written as

L= *Cgauge + £GF + Lfermion + £Higgs + 'CYukawa ) (41>

where the individual parts for our model are analogous to the parts in [§].
The only differences concern L fermion:

1 1 1

L gauge = —ZBMNBMN — ZW]‘\}NW“MN — ZG;‘MGAMN . (4.2a)

L = —iF(B)2 - iF(W“)2 — iF(GA)2 (4.2b)
o 2 2 2 ’ ‘
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4.1. THE MODEL

Licrmion  =1CTYDyW — 1 (y) 00 | (4.2¢)
'CYukawa = /\UQUITQQb* + AdeCb + )\6E6¢ . (426)

Therein, By, W and G4, are the gauge fields from the U(1)y, SU(2)w
and SU(3). gauge groups. The indices a and A have the ranges a = 1,2,3
and A =1,2,...,8. The 5D field strengths By, W§,y and G4,y are defined
as

Byn = 0uBy — OnBu

Wiy = OnWh — OnWiy + g5 e Wh Wy,

Giin = Wi — onWis + g FABCWEWS (4.3)
where €2 and fABC are the structure constants of SU(2)y and SU(3).. In

1) we introduce 955) and g§5). These are two of the three 5D coupling
constants 91(5) (one for each gauge group):

& e Uy ; ¢ e SUQw ; ¢ < SUB). . (4.4)
From them we obtain the effective 4D couplings with
(5)
9i
;= ) 4.5
VoY) (45)

We define the necessary gauge fixing functions in the same way as it was done
in [I7] to compensate the mixing terms between the vector and the scalar
components of the 5D gauge fields

F(B) = 0,B8" — ¢(0:B5 —ig” (6160 — ¢l0) ) .

FW*) = 0, — ¢ (055 —igt” (6'rao — 6lma0) ) .
F(GY) = 0,G™ — £05G2 | (4.6)

where § is the gauge fixing parameter and 7, = %, where o, are the Pauli
matricesﬂ ¢ is the standard Higgs field

s =75 () G o)) 69

01 0 —i 1 0
1 . . _ _ -
The Pauli matrices are defined as o1 = <1 0), o9 = (i 0 > and o3 = <O _1>
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CHAPTER 4. EFFECTIVE 4D LAGRANGIAN

and the Higgs potential is defined as

V(9) = —|us*(¢'¢) + As(e'9)? . (4.8)

Dy which appears in L fermion and Lpiggs is the covariant derivative. It acts
as follows on the different fields [§]:

(5) (5) (5)

DMQ = (aM — 1937GA]%\14)\A — ngTW]?/[Ua — I%BMY‘%]]-QXQ)Q 9 (498’)
9(5) 9(5)

DU = (aM — i G - i%BMY%>U , (4.9b)
9(5) g(5)

DuD = (aM — i - ilTBMYMl?)D , (4.9¢)
g(s) g(5)

Dy L = <0M - iQTWJ‘\IJaa - ilTBMYV%/]be)L ; (4.9d)
e

DyE = (aM - ilTBMYV’§>E , (4.9¢)
e e

Do = (0 =1 Won — 2BV 100 )0 (4.9f)

Here every field depends on z# and y. Furthermore, A4 are the SU(3)-
generators and o, are again the Pauli matrices. The hypercharges of the
fields are Vi = 3, VW =4 Y0 = -2 Vi = -1, ¥} = 2 and Vjj = L.
Loy is a (2x2) identity matrix in the isospin space.

The only changes from the mUED scenario concern the fermion sector be-
cause there is an additional mass term which is characteristic for the sUED
Model. Inside the fermion Lagrangian there is ¥ = (Q, U, D, L, E') where Q
is a quark doublet, U and D are quark singlets, L is a lepton doublet and E is
the a lepton Singletﬂ. The fermion fields can be written with the separation

ansatz in (3.10)) as:

Qlet0) = Q@I )+ 0 ) + QR RV 6]

o0

Ua",y) = UR (@) 17 +Z[ )L ) + U @) )]

2In UED, these multiplets have a different chiral structure than in the SM. For example
inside the quark doublet Q, there are parts which are left-handed and there are also parts
which are right-handed.
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4.1. THE MODEL

D(a,y) = DY (@) £, +zp (@) w) + DR @) R )]
Lia*,y) = LY @) £ +§j[ @) ) + L @) R )]

(e 9]

B, y) = R @) f7( +zp @) ) + B @) 7" w)]

(4.10)

Therein, QL/R, L/rs Dips Ly g and E7 p are the 4D fields depending
on x*. The zero modes of the fermions which are separated from the other
modes in have the same chirality as in the SM. The 5D parts of the
fermion wave functions f g;)R were calculated in chapter , the zero modes in
section and the higher KK-modes in section 3.3, A summary is also given
in appendix [B]

We are in particular interested in vertex terms with two lepton zero modes
and one arbitrary KK-mode of a gauge boson so that in an effective low
energy theory the outer fermion lines of a Feynman diagram are only SM
particles. On this account the interesting part is the fermion Lagrangian
L termion and we can write the fermion multiplets as in the SM:

UO
b= () vh=td s D=
LO—(V2> L B9 = (%) (4.11b)
L=\ ) 7 PR R .

In order to get the vertices of the physical fields directly from the Lagrangian
it is useful to write D, in the mass eigenbasis. Therefore we use the following
relations for the gauge fields

1 .
Wy, = E(Wﬂz +iWy) (4.12a)
1
Wy = —=(Wy —iW3) 4.12b
Zy = W cos — Bysind | (4.12c¢)
Ay = Wy, sinf + By cos (4.12d)
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CHAPTER 4. EFFECTIVE 4D LAGRANGIAN

where 6 is the Weinberg angl By using 0+ = o1 £ios and () = %—FYTW Tows
we receive:

(5)
. g - ‘
Dy L(z",y) = [aM — IQQW (WJ\JZU, + WM0+> —ie® QA
g(5) o
—i=— (—3 — Q- sin® 0>ZM

n
osf\ D L(z")y) , (4.13a)

(5)
Oy +ie® Ay — i sin?02,,
cos 6

DyE(x*y) = E(z",y) . (4.13b)

From the above definition it follows for the L leptons

Q= (8 _01) : (4.14)

For the next step, we split up the fermion Lagrangian into a quark and a
lepton part.
Lfermion = Equark + ﬁlepton . (415>

In our later analysis we focus on the lepton-gaugefield interactions. With
the results of the last section we multiply out all interacting terms of Liepton-
From these terms we can directly read off the Feynman rules for the vertices.

4.2 Lepton part of the fermion Lagrangian

We start with the kinetic part of the lepton Lagrangian for the sUED Model
Licyton =iL(a",y)TY Dy L(a",y) + 1B (2", y)TY Dy E(a", y)
—ms(y)LL — ms(y)EE . (4.16)

So we use Dy = (D, D5) and T'™M = (4#,iv%). We obtain from the upper
equation:
Elepton :1ZVMDHL + 1E’Y#DME - Z'}/E’Dg)L — E"}/E’Dg)E
—ms(y)LL — ms(y)EE . (4.17)

3Note that these relations hold for the 5D fields ¢ (2, y) as well as for each KK-

mode gbg@) (z#) for itself. The reason for that is, that the mass matrix can be written
as M = (%)2 - 1axo + Mgy and so the rotation matrix which diagonalizes Mgys also
diagonalizes M.
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4.2. LEPTON PART OF THE FERMION LAGRANGIAN

Now we choose the gauge &5 = 0, where ®5 is the 5D scalar component of
the five dimensional gauge field ® ;. It stands for @5, = Wi, Wy, Zur, A
By using the covariant derivatives from (4.13]) we obtain for the lepton La-
grangian:

Liepton = iLJL +iEQE — L 05 L — E’y585E - m5(y)zL - m5(y)EE
gé : +
2\/_ (WHJ_%—WLLUJF)L
Lo o, e
2T “(——Q sin 9)2 L+ 2 _FByesin?02,E
COS 0 cos

+ ¢! Lv“QAML — ¢! Ev“QAME . (4.18)

In (4.18)) the first line is the kinetic part L, and the other lines are the
interaction part Ly w so that we can write:

£lepton = ['kln + LWW . (419)

The kinetic Lagrangian Ly, can be expanded asE|
Lyin =iL"FLO +{EGE© (4.20)
30 [E760 =770 — ms(0) L)+ B 39— 2705 = ma(y)) B

n,m=1

and therein L™ (2#,y) and E™ (z*,y) for n > 0 can be extracted from (4.10)).
It applies

L0, y) = L (@) 1 () + LR () 2 ()
E™(at,y) = B (2*) f 7 (y) + ER (a") f ™ (y) - (4.21)

In order to compute the fo — fo — Vi, vertices, we separate the zero modes of
the fermions inside of Ly from the higher KK-mode fermions:

(5)
7O -
Lww = f P (Wio_+W, o) LY
(5)
9o +0) _, (03 5 0)
BT Oy (2 - Q-sin?0) 2,1
* cos 6 2 ~@Q-sin a
95" =)
+ 2 _FE" 4" sin? 02, E©
cos 0
+ TV rQA, L0 — (OF VA, O
+ interactions of higher KK fermions . (4.22)

4Note, that the mass terms for the zero modes are neglected. The reason is that the
zero modes have to be chiral and so terms like m¥ Vi are not allowed
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CHAPTER 4. EFFECTIVE 4D LAGRANGIAN

The multiplets for the zero modes of L and E were introduced in (4.11h)).
We can write with the projectors P, and Pg defined in (3.4)):

Pat) = (PAE) 5 B = (Prcat) - (429

In order to obtain L and E from (4.23) we have to use the definition of the
bar: L = LT7°. We also know that

— (@) . B0 = (eY) . (4.24)

er,

2|

What is 29, €0 and eh ¢%? When we use the above definition of the bar for 19
and the anti- commutator {7*,7°} = 0 we obtain

N = ()" = (V) Py® = 0Py (4.25)

and the analogous equations for @ and %
& =Py ; €l =P, . (4.26)
Now we go back to (4.22)). We can use the definitions of the fermion multiplets
(4.11b)), (4.24)) as well as (4.25)) and (4.26)) to expand all the terms. The result

is the part of the interaction Lagrangian (4.22) with all fo — fo — V,, vertices.
We pick out the first four lines with only fermion zero modes inside:

9 %)
L) 92 W+ 920 “1/ W*
WW — 2\/5 12 2\/_ €r i
(5) )
92 (0), p (0) gs '
QCZSQ L2 = @ewhu (1 —4sin*0) —°) V7,
— OO0 4, (1.27)

where e(©) = e( )+ eR . Each of the occurring gauge ﬁelds I/VjE Z, and A,
includes the whole KK-tower which will be given in The fermlon Zero
modes can be written as \I/g)/)R(x“, y) = \I/g)/)R(x”) : fL(}R( ) with the fL/R( )

from (3.17)) and (3.19).

In the sUED Model the gauge boson tower has the same structure as in
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4.2. LEPTON PART OF THE FERMION LAGRANGIAN

mUED which is given by [§].

W, y) = %{W (%) +\/_ZW (y)} (4.28)
W (2", y) = \/—_{W (") +\/_ZW ”)(y)} . (4.28Db)
Z, (2", y) = \/—_{ZO (") +\/_ZZ (y)} , (4.28¢)
A(a"y) = J—_{AO ) +\/_ZA (y)} : (4.284)

where the function fv )(y ) is defined as

) = { sin (g‘zy) n is odd (4.29)

coS (2Ly) n is even .

(n)
1%

—~
<

The sUED fermion wave functions are given in (3.10) and there zero mode

profiles in (3.17)) and (3.19)). After using this and inserting (4.28]) and (4.29)
in (4.27) we have to integrate over the fifth dimension y in order to get the

effective 4D Lagrangian from the five dimensional parts because of L.r; =

JdyLsp. Tt results from (4.27) that

C 1 g( : — n 9(5) —(0 0 n)— n
Lhwers = Z [2 T5 el Ve W @I + ey v W )]
9§5) (0) (0) 7 (n)
7O A1, 0) () (o 0
+2COS€ /_QLVLFVVL o (l’)
(5 )
L % . Ok (1 — 4sin®0) —~°) D 20 (21"
 4cosf 2L K
5
- e E(O)’y“e(O)AEL")(x“)I” : (4.30)
V2L

The integration over y is included in I™. We obtain in (4.30) two different
types of integrals I",, if n is an odd number and [, if n is an even number.

even

L L
o — / dy(fL’E(o))2 (n) _ M / dy 2yl gip (mry) (4.313)
odd . 1% 62“1’ -1 o 2L, )

r (0) (n) % L ly| nm
n _ L,E(0)\2 g(n) __ 2
Ieven - /—Ldy(f ) vV 82“L 1 / dy e“*Yl cos (ﬁ?j) . (431b)

—L
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CHAPTER 4. EFFECTIVE 4D LAGRANGIAN

They are defined, so that the overlap integral for n = 0 is equal to one and
we can reproduce the SM vertex

L
Leyen =/ dy(fOy R =1 (4.32)

L

The integrals in (4.31a)) and in (4.31b)) are analytically solvable and the results
are [1]

Ioag =0, (4.33a)
22 z%(cothz — 1)((—=1)me?* — 1
m2m2 4+ 422

where x = pL, and we used that we can write n = 2m in the even case. Now
we can write (4.5) more generally as

©
SM_gett — 9. (4.34)

Thereby g/ is the effective coupling constant for an interaction between two

zero mode fermions and one zero mode gauge boson fy — fo — V5. In order
to obtain the effective coupling constants of the interactions fy — fo — V,, we
have to generalize (4.34]) as

eff 9(5) _IZm _

J002m = \/ﬁ even ~ gSM ’ 16217;71 . (435)

Because of (4.33al), the coupling constants for odd n are equal to zero. The
overlap integrals of (4.33b)) are shown in Fig. H There we can see, that the
limits of I2™ (uL) are:

even

lim 12" (uL) =0 ,
n—

even
0

lim 127 (uL) = (—1)"V/2 . (4.36)

U—00

The positive sign of 1> for even m and the negative one for odd m has its

reason in the factor (—1)™.
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4.2. LEPTON PART OF THE FERMION LAGRANGIAN

Figure 4.1: The overlap integrals for the vertices of two zero mode fermions
with one even KK-level gauge boson as a function of the dimensionless quan-
tity puL. Each line is labeled with the corresponding KK-level of the gauge
boson. The dotted lines at ++/2 are the asymptotic limits for 4 — co and
the dashed line is the minimal UED case with ¢ = 0. Couplings of zero mode
fermions to odd KK-gaugemodes vanish due to the KK-parity (see text).
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Chapter 5

Electroweak Precision
Constraints

In this chapter we discuss how the measurements of the Peskin-Takeuchi pa-
rameters [I8] can supply some restrictions on the parameters y and R~ of
the sUED Model. First we introduce the Peskin-Takeuchi parameters to con-
sider the oblique corrections of the gauge boson propagators. Afterwards we
motivate the introduction of effective parameters to include the corrections
coming from the additional vertices of zero mode leptons with even numbered
KK mode gauge bosons. These non-oblique corrections play an important
role as they modify the muon decay rate and thereby the interpretation of the
Fermi constant G,,. We compute the effective Peskin-Takeuchi parameters
for the sSUED Model and compare them with the current measured values
[7]. This results an exclusion plot for the model parameters y and R~ in
the last section of this chapter.

5.1 Peskin-Takeuchi parameters

The STU parameters got its names Peskin Takeuchi parameter after their
introduction in [I8]. They are used to quantify the electroweak corrections
induced by physics beyond the SM which enter solely via the vacuum polar-
ization diagrams (oblique corrections). In many models, including the SM,
non-oblique corrections are suppressed. Hence, they are neglectedE]

In every gauge boson propagator G4 (¢?) we can extract the tensor struc-
ture. In this thesis we focus on vertices where the gauge bosons couple to

L' A complete description of electroweak corrections is given in [19].
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5.1. PESKIN-TAKEUCHI PARAMETERS

fermion lines. From this it follows, that in accordance to the Ward identities
all terms ¢ and ¢” will vanish in the S-matrix calculation (see chapter 7 of
[20]). We can write:

Gy (q*) = —ig" Gxv(¢?) - (5.1)

These propagators Gxy, where the tensor structure is extracted, stand in
relation with the one-particle irreducible self energies I1xy through the first-
order Dyson-equations [18§]:

Gyy = Dyy + DyyIly Doy (5.2a)
Gz =D 11,2Dzy | (5.2b)
Gzz=Dzz+DyzllzDzy (5.2¢)
Gww = Dww + Dwwllyw Dww . (5.2d)

Therein, the variables Gxy, Dxy and Ilxy have no tensor structure inside
because of the extraction given in . Dx x are the bare propagators given
by
9 1
Dxx(q") = P —m (5.3)
where my is the corresponding bare mass of the gauge boson.
For low energies (in comparison to ¢*> = m%) we can do a Taylor expansion

of the self energies
Mxy(¢%) = Mxy (0) + ¢* - My (6)]g2=0 (5.4)

with Iy (¢*) = dllxy /dq?. By using the Ward identities we obtain IL,,(0) =
0 and IL,2(0) = 0. So we write for the explicit possibilities of (5.4):

L(¢%) = ¢ - T, (¢*)ge=0 (5.5a)
Lz(q°) = ¢ - T2 (6" 2o - (5.5b)
Mz2(¢°) = Tzz(0) + ¢ - Ty 4(°)|2=0 (5.5¢)
Myww(q®) = Myww (0) + ¢ - My (¢%)]g2=o - (5.5d)

Hence, we have six Taylor series coefficients.

Three very precisely measured variables are: G,, mz and o. In general
we can write these variables in terms of the six coefficients:

G/L = GH(ny'W thZ? HZZ7 1_I/ZZ7 HWW7 HlVVW) )
mz = mZ(H/w, HiyZ? 72,11 7, Mww, Wyy)

o = Oé(H/ HlyZv sz, H/ZZv wa, H;/VW) . (56)

Y’
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CHAPTER 5. ELECTROWEAK PRECISION CONSTRAINTS

In order to fix all six Taylor series coefficients we need three additional func-
tional relation besides the three given with . Peskin and Takeuchi define
in [I8] three linear combinations of the self energies and their derivatives. The
original definitionf] in [I8]

aS = 4¢® (I4,(0) — 15, (0)) (5.7a)
ol = m (1111 (0) — I35(0)) (5.7b)
alU = 4¢ (11, (0) — I35(0)) (5.7¢)

is given in terms of the self energies for the SU(2) gauge bosons W13 and
the photon. We can write S, T and U also in terms of the self energies of
the mass eigenstates v, Z, W by a basis transformation (see appendix
which yields

16752 R o .
5= T (a1 (0)+ (2628 - D IL,0)+ B1L,0) . (G
4m .
T = €252 02 (HWW(O) _CQZHZZ<O)) ) (5.8b)
VA
47

U= 0242 (2 (M (0) = ¢21154(0)) (5.8¢)
A

with the abbreviations §; = sinf and ¢; = cosf where 6 is the rotation
angle between the gauge and the mass eigenbasiﬂ.

If oblique corrections dominate in the investigated model, all theoretical pre-
dictions for physical observables O can be calculated as a function
By using the inverted relations of (5.6) and (/5.8)) it is possible to express this

observable O as
O =0(a(mg),G,,mz, S, T,U) .

Before proceeding, we would like to mention two (pseudo) observables. These
are 5z, the sine of the Weinberg-angle at the Z-pole (in the M S scheme),
and my, the mass of the W boson. 35z can be experimentally determined
from the Z-pole asymmetries to be [7] §7 = 0.2313. However, as mentioned

2 Soti / __ d1il
Here, we use the abbreviation IT'yy (0) = <726 |42—0.

3For our later numerical analysis, we use 2 = 0.2313 which is calculated in the MS

scheme [7]. This value was also used in the electroweak fit to determine the parameters S,
T and U [7]
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before, it is possible to express all observables in terms of a(my), G, , mz,
S, T and U. The proper relation for sz is given by [1§]

S

Cz — Sz

where s is defined in terms of a(my), G, mz via

22 — ma(mg)

0*~0 \/QGMmZZ .
The experimental value sy = 0.23108 +0.00005 [7] implies that (5 — §%¢37)
is small. The second observable we would like to mention is myy. Its value
in terms of «, g,, mz, S, T, U is given in [I§]:

(5.10)

m? ad? S &2 — 52
—Vzv—cg: = ZAQ <—§+CQZT+ Z4§ZZZU) ) (5.11)

mz €z =5z
The values mz = 91.1876 £ 0.0021 GeV and my = 80.420 £+ 0.031 GeV [7]
imply a small value for a linear combination of S, T and U.

We can determine the values S, T and U with a x2-fit to 5z, my and all
other electroweak observables measured at LEP. This fit has been done in
[7]. Therein the contributions were splitted in a Standard Model part and
a Beyond Standard Model part, S = Sgp; + Spsy and analogous for T and
U. The Standard Model part has been taken into account at the two-loop
level. The SM contribution depends on the - so far unknown - Higgs mass
and the top mass. It was chosen m; = 173.0 & 1.3 GeV and two reference
Higgs masses for subtracting the SM part in S, T and U in order to obtain
the BSM value. These values are

Spsm = 0.01£0.10

Tpsy = 0.03£0.11 for my = 117 GeV
Upsy = 0.06 £0.10 (5.12a)

Spsy = —0.07 £ 0.10

TBSM =0.124+0.11 for myg = 300 GeV

Ugsy = 0.07£0.10 (5.12b)
In order to receive Electroweak constraints on a BSM model which induces

only oblique corrections, one can determine S, T and U as a function of the
parameters of the BSM model and constrain these by a fit of the experimental

values given in ([5.12]).
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CHAPTER 5. ELECTROWEAK PRECISION CONSTRAINTS

5.2 Non-oblique corrections in sUED

We perform the experimental matching between the theoretical variables M,
0, o and the measured data with the following equations

MZ.exp = Mz at ¢> = M3 | (5.13a)
2 i 0
Qeap(mz) = L 11: at ¢> = M2 (5.13b)
2 2 T Oteap(Mmz) 2 2
SoCh = at ¢ =m: . (5.13c)
o \/§Gﬂa€$pm2Z,ea:p !

As we can see in the measurement of the Fermi constant G, is done
at a much lower energy p* = mi than the two measurements for a(my) and
myz. G, is measured from the muon decay. In the SM, there is only one
possible diagram at tree-level (shown on the left side of Fig. with the
SM W boson as the exchanging particle. In theories beyond SM there are in
general more candidates for the exchange. For example in the sUED Model
all even numbered higher KK-modes of the W contribute to the decay. The
corresponding Feynman diagram is shown on the right hand side of Fig. [5.1]

@ )

W,

I e H

Figure 5.1: The Feynman diagrams of the muon decay. (a) The only possible
diagram in the Standard Model. (b) The additional diagrams for sUED
where the KK modes of the W boson couple to the muon.

From this it follows, that in sUED we have non-oblique corrections at tree-
level because of the additional exchanging particles (see Fig. (b)). For
measurements at the Z-pole, the W-propagator is near its resonance, and
the contributions of the W-KK-modes are therefore suppressed and can be
neglected. For the measurement of G, which is performed at m, < myy,
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5.2. NON-OBLIQUE CORRECTIONS IN SUED

neither the W-propagator nor the W-KK-mode-propagators are near reso-
nance. Therefore, the contributions of the 2mth KK-modes to the amplitude

2
are only suppressed by O {(mw /(m (Qm)) ) } and represent the leading non-

oblique correction.

In order to determine G, from the muon decay we have to introduce an
effective W boson propagator Gyw(¢?) which include the W boson zero
mode as well as the higher KK-modes. We can parametrize these propagator
in analogy to [0] as

Gww(¢®) = Givw (¢°) + Givw (¢*) (5.14)

where G%(¢?) comes from Fig. (a) and describes the W-propagator
including oblique corrections, while G35, (¢%) comes from Fig. [5.1] (b) which
describes the non-oblique corrections. The effective propagator Gyw(q?) of
the W boson is related to the Fermi constant in the following equation:

— Gww(0) = %QGH . (5.15)

g3

We can state an analogous relation for the oblique part GfM :

42

o Gobl
wi0) ==

—5-G . (5.16)

With the theoretical value fo’l we can also modify the matching relation

(5.13d)) as follows

M e = Me(mz) (5.17)

\/§szl (8861)2 (Cgbl)2

where szl is related to the full Fermi constant through G, = szl +0G,.
MZ.exp, Qeap(Mz) are the fixed experimental values which are the same as in

(5.13c). sg” and g then follow from . The relation between (/5.13c)

and (5.17) gives us the general values sg and co in terms of sg and cg”. We
obtain:
e 5 5
=y (1- a0 @] ) - eas)
" M

Due to the fact that the non-oblique corrections must be small, we express
2
s as

sg = (sg")? + ds . (5.19)
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CHAPTER 5. ELECTROWEAK PRECISION CONSTRAINTS

We can combine ((5.18)) and (5.19) in order to determine ds3. The result is:
CORCOE

§sp = — - (5.20)
0 (Cgbl>2 _ (Sgbl)2 szl
Now we calculate the difference 8%, — s2. It is:
§% =0 =97 — (s3")* = 9sg
obl\2( .obl\2 5G
— §QZ o (Sgbl)Q + (SO ) (CO ) I (521)

(cgt)? — (sQ¥)2 Gell
and with the assumption that the corrections of s are small, we can write:

a2 A2
55C 0G

. 2 _ 2 obl\2 A 1

5, =85 =357—(50")" + 55 - Cobl - (5.22)

Afterwards we can identify the difference 8% — (s8%)2, which include only
oblique corrections, with equation ([5.9). It follows

S 262 6G
@—ﬁ:—ﬂ—(z—%@ﬂ+ o2z Tu (5.23)

2 2 2 2 obl
¢, — 8 ¢, — 8 Gu

Carena etal. defined in [6] the effective S, T and U parameters as

Seff =S 5 (5.24&)
T.jp=T+AT (5.24b)
Ueff =U+ AU . (5.24C)

If we use these definition of the effective S, T and U parameters from [6]
(5.23) can be rewritten as

A a Seff JORN
85 — st = - ( 1 SQZCQZTeff) . (5.25)
Therein AT is defined as:
146G
AT = ———£ | 5.26
« Gf}’l ( )

The non-oblique corrections to G, which lead to the introduction of the
effective T parameter T, s; also affect the relation my /my (given for oblique
corrections in ([5.11))). Therefore we have to express ¢ as:

g =(c")?+6cp and cg=1-s7, (5.27)
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5.2. NON-OBLIQUE CORRECTIONS IN SUED

and from this it follows with (5.19))

2= ()2 — 08t . (5.28)
This can be used to obtain
th/V 2 m%v obl\2 2
m—ZZ — CO = m—2Z — (CO ) + 530 (529)

In analogy to (5.23)) there is an additional term inside (because of the non-

oblique corrections). The difference Tn—Q‘g" — (cg")? can be identified with (5.11
zZ

and so we can write:

2 A2 2 a2 a2 72
my o acy S 5 T 252 sycy oG,
—= +&T + £ + 2L .
452 2 -5, G
Z z S8z Ly

Ch =
2 0 A2 a2

5 (5.30)

By using the effective S, T and U parameters defined in (5.24]) and the
definition of AT in ([5.26)) we can rewrite (5.30)) as

2 2 A2 a2
My 2 acy Seff | 2 Cz — 8z
2 _ T, <27, , 5.31
mQZ Co éQZ _§QZ ( 2 + Czless + 482Z ff) ( )
where AU is
R 452 6G
AUE:—%%ATznz%G£ : (5.32)
o

Now we are able to relate the non-oblique corrections to G, to shift in the T
and U parameter. Therewith, every operator in a theory with only oblique
corrections and corrections to G, can be written as O(«, G, mz,0G,,, S,T,U),

and via the definition ([5.24)) and the relations (5.26]) and (5.32)) it can be ex-
pressed as O(«, G, mz, Seff, Tepr, Uess) up to corrections O( [( oG )2]) which

szl
agree with the expressions for an oblique theory with (S, T, U) — (Sesy, Ty,
Uess). From ref. [7], the fit to the LEP data yielded the values for S, T and
U given in (5.12)), which for the sSUED Model considered in this thesis are to

be interpreted as bounds on Scsf, Ters, Ueys.

In the next section,, we will determine the effective Peskin-Takeuchi param-
eters as functions of the model parameters R~! and p and perform a fit to
the experimental bounds in in order to obtain the R~!-y parameter
space which is in accordance with the electroweak precision measurements

at LEP.
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CHAPTER 5. ELECTROWEAK PRECISION CONSTRAINTS

5.3 Comparison with data

In order to compute the effective parameters Sers, Tory and Ugsy for our
sUED Model we follow the discussion in [6]. The effective Lagrangian with
a parametrization of the oblique corrections is:

L= 50 = My )WL = 101~ 11,,)2,, 2
- %(1 LI ) A, A %H;ZAWZW
(B 4 (0)) W
RPAEY R
+ vertex terms |, (5.33)

where v is the effective vacuum expectation value (vev) given by:

4
-G = — 34
ww(0) = (5.34)

The vertex terms are given in (4.27). Ixx(¢®) are the self energies of the
gauge bosons with there derivatives Ty = dllxx/d¢*.
Comparing the equation ((5.33) with the Lagrangian of the sUED Model

(4.2a)) and (4.2d)) we find at tree-level:

H:{'y:(]?H{/VW:O’

From this it follows that the Peskin-Takeuchi parameter S and U do not
contain tree level contributions (see (5.8))). For computing T with we
need the self energies of the lightest mode of the W boson and the Z boson.
They can be determined by a consideration analogous to chapter 7 of [20].
The tree-level results are:

My (0) = —miy (5.36a)
I;7(0) = —mj . (5.36b)

We find with (5.8b): T = 0, so that all Peskin-Takeuchi parameters are
equal to zero at tree-level. By using these results we can write the effective
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parameters given in (5.24]) as

Seff =0 5
T.ip=AT |
Uepr = AU = —45,AT | (5.37)

where AT is defined in (5.26) and 5% is given on page [30}

The full effective W boson propagator Gyw (see (5.14))) for the sUED Model

1S:
o

Gww(q® = 0) 4 > () (5.38)

—Gwwlqg = = —5 EE——— .
miy e md, + ()

where I*™ denotes the overlap integrals calculated in (4.33b]). In analogy to

(5.14) we can split Gyw into two parts, a SM part and an additional 5D

part:

1
~Giw(0) = R (5.39a)
W
—GPy(0) = i ey (5.39b)
= — . .
m=1 m%V + (%)
From G3M, and G5, we obtain via (5.26)) and (5.32))
1 G5P 2 72m)2
Teps = AT = ——GgM - Tw. Z 2( >2 5 and (5.40a)
@M R (fm)
452 G50 4822 & 72m)2
Uepy = AU = =2 1 = 22200, > i (5.40b)

« GEM «

These results depend on R~! and, via the overlap integrals (4.33b]), on the
5D fermion mass pu.

By comparing our sUED results ([5.40a) and (5.40b)) to the experimental
constraints on T.sr and U.ss which are given in ([5.12a)) for a Higgs mass

of 117 GeV and in for my = 300 GeV, we obtain constraints on
the SUED parameter space. Fig. [5.2] (left) shows the constraints from T,s¢
and (right) from U.;; on the R™!'-u parameter space. Inside the light gray
(dark gray) region T,¢¢ and U.ss have lo - 20 (20 - 30) discrepancy from
the measured values. Inside the black region the parameters have more than
30 deviation from the measured data.
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Comparing the T-plot and the U-plot in Fig. we can see that the con-
straints from AT are stronger. This can be understood because

AU = —482AT ~ —0.9 - AT . (5.41)

This means that the theoretical expected values of AU and AT have different
signs, AT is negative (see ) and AU is positive. However, the measured
T and U in have the same signs. So the restrictions inside the R~1-u
parameter space should be smaller in the AU-plot. This is exactly what we
can see in Fig. 5.2

@ ‘ ‘ _ S ‘ __(b)

u[Tev]
ulTev]

016 0‘.8 l‘.O l‘.Z l‘.4 116 - 016 018 110 112 114 116
1/R[Tev] 1/R[TeV]

Figure 5.2: (R™',u) sUED parameter space contraints from (a) T,¢r and (b)
Ues with a chosen Higgs mass my = 117 GeV. The contour lines are the 1o
(white to light gray boarder), 20 (light gray to dark gray boarder) and 3¢
(dark gray to black boarder) errors for the experimental data from [7]. In
the respective areas |T.;; — T, ;7| deviates by < lo (white), 20 (light gray),
30 (dark gray).

Fig. [5.3 (left) shows the constraints from T.; and (right) from U.sf on the
R~'-;, parameter space analogous to Fig. but for my = 300 GeV. Again,
the T constraints are stronger, but this time even more. This can be un-
derstood because of the fact, that for my = 300 GeV it is T,y > Ueyyp (see
(5.12bf)). As mentioned before, the theoretical expected value of AT is neg-
ative. Accordingly, the constraints from the T-plot are much stronger.

Finally, the constraints getting from Fig. and Fig. on the R~1-u pa-
rameter space with the current electroweak precision measurements at LEP
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(@ ‘ ‘ _ I ‘ _(b)

ulTev]
ulTev]

1R[Tev] 1/R[TeV]

Figure 5.3: (R™!,u) sUED parameter space contraints from (a) T,; and (b)
Uess with a chosen Higgs mass my = 300 GeV. The contour lines are the 1o
(white to light gray boarder), 20 (light gray to dark gray boarder) and 3¢
(dark gray to black boarder) errors for the experimental data from [7]. In
the respective areas [Ty — T, /7| deviates by < lo (white), 20 (light gray),
30 (dark gray).

[7] are much stronger than in the literature, so far [I]. One reason is, that
we considered the non-oblique corrections to G, caused by additional terms
inside the effective W-propagator.
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Chapter 6

Conclusions

In this thesis we studied the sSUED Model, an extension of the minimal UED
Model with one additional uniform fermion mass parameter. The model was
introduced by Park and Shu in [I1} 12]. A short motivation for this extension
is given in section 2.2l In comparison to mUED, only the fermion part of
the Lagrangian modified. A detailed description of the full Lagrangian with
its several components was given in section 4.1, For the conventions and
notations used, see also appendix [A]

The corresponding bulk action for the fermions (see (3.1)) was the starting
point for derivation of the equations of motion (EOMs). After a variation of
the fermion fields we obtained the EOMs in (3.8)) and . These equations
of motion are different for the two parts (y > 0 and y < 0) of the domain be-
cause of the KK-odd profile of the fermion mass parameter, defined in (|3.3)).
As a first step we discussed the solution of the EOMs for the zero modes,
where m,, = 0. Since the zero modes are identified with the SM fields these
solutions have to be chiral. Therefore we chose Dirichlet boundary condi-
tions for the right-handed wave function and so we received a left-handed
zero mode with the boundary condition given in ([3.14)). The solution of the
differential equations with these BCs is shown in (3.17]) and for the opposite
case with Dirichlet-BCs on the left-handed mode the result is given in (3.19)).
Then, we determined the wave function profiles and masses of the KK ex-
citations which are given in ([3.40), for KK partners of a left-handed
zero mode and in , for KK partners of a right-handed zero mode.

For convenience, these results are summarized in appendix

As the second step we gave a detailed description of the sSUED Model La-
grangian (see (4.1) and (4.2))). By using the zero mode profiles of the left-
handed fermions (3.17)) and the KK towers for the gauge bosons (given in
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(4.28)), we computed the effective couplings of the zero mode fermions to
KK mode gauge fields which differ from the couplings in the SM as well as
in the mUED case. These couplings are defined in with the sUED-
specific overlap integrals from and respectively (4.33). The overlap
integrals and thereby also the effective 4D coupling depend on the fermion
mass parameter p as shown in Fig. [1.0]

The final step of this thesis was the calculation of the constraints on the
sUED Model which result from electroweak measurements. In section 5.1] we
gave a short introduction of the Peskin-Takeuchi parameters, their definition
in (5.7) and an explanation why they can be used to parametrize oblique
corrections to electroweak measurements. Not all corrections in sUED are
oblique, but when the mass parameter p is chosen equal for all quarks and
leptons, they are universal. As discussed in section the Peskin-Takeuchi
parameters can be extended to effective S, T, U parameters as first proposed
in [6]. This was necessary to consider not only the oblique corrections but
also the vertex corrections which are not negligible in sUED. The effective
Peskin-Takeuchi parameters are defined in , and the specific expres-
sions for SUED are given in . Comparing the sUED STU parameters of
(5.40) with the experimental values inferred from electroweak measurements
at the Z-pole [7], we were able to constrain the u-R~! parameter space of
sUED as shown in Fig. and Fig. 5.3l The constraints presented here
exceed the bounds known from the literature so far [I]. In particular major
parts of the parameter region at which sUED signals would be measurable
at LHC in the dilepton channel as studied in [I] are excluded.
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Appendix A

Conventions

In this appendix we specify the conventions which are used inside the whole
thesis. All equations are given in natural units with 2z = ¢ = 1. Thereby A is
the reduced Planck constant and c is the speed of light.

We use two metrics, the Minkowski-metric

1
e , (A1)
—1
and the metric for mUED and sUED
1

-1

[a— ~1 : (A.2)
—1
-1

Furthermore, the FEinstein summation convention is used. Capital Ara-
bic letters are running over M = 0,1,2,3,5 and small Greek letters over
pw=20,1,2,3.

The additional fifth dimension inside the UED models is compactified on
a S1/Z, orbifold. As the domain we choose the same convention as Park
and Shu did in [I1]: y € [-L,L] where L is given by L = 7R/2. R is the
so-called compactification radius. For a five dimensional theory we also have
to expand the gamma matrices. Therefore we choose ' = (v#,i%). These
'™ satisfy the Clifford algebra in 5D: IT'M TV = 2¢MV with ¢M" given in

2.
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Appendix B

Fermion solutions

In this chapter we give a short summary of the main results in chapter [3|
The bulk action for the sUED model with its domain —L < y < L (where
L= %) is given by:

+L
S = /d%/ dy [iOTM 0¥ — ms(y) V)] . (B.1)
-L
Hence, the equations of motion (EOM) are
V0,V r+ 05V, —ms(y)¥, =0, (B.2a)
i’)/#@#\IJL - 85\I/R - m5(y)\I/R =0 s (B2b)

where mj(y) is the fermion mass parameter which is characteristic for SUED.
U, and Uy are the left- and right-handed fermion wave functions depending
on z* and y.

After performing a separation ansatz we obtain the differential equations
for the left- and right-handed functions fén) and fl(%n) which depend only on

y:
maf3 () + (5 — ms(y) 7 (y) = 0, (B.3a)
maf" (y) — (35 +ms(y) 3 (y) = 0 . (B.3b)

Therein m,, is the separation constant defined as:

i@UR(zH) 1PV (aH)
Upar)  Uglem)

The solutions of (B.3al) and (B.3b]) are depending on the choice of the bound-
ary conditions. The zero modes have a special shape. Furthermore, the solu-
tions of the differential equations for the zero modes are much simpler. For

(B.4)
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APPENDIX B. FERMION SOLUTIONS

Dirichlet-BCs on the right-handed mode the zero modes are:

0 ) n
fO—o . (B.5)
For Dirichlet-BCs on the left-handed mode the zero modes are:
0) _ - . _ —H
fR —NR-e“|y| Wlth NR_ m,
Ff9~o . (B.6)
The KK mode wave functions for Dirichlet-BCs on right-handed mode are
1
(n) — in(k
r W) [ _ sinhL) sinkny)
2k
(n) 1
R (y) =
VIO + )+ Smifn“u — 1) — % sin®(k, L)
: (cos(kny) - —sm (knlyl) ) (B.7)
for n odd, and
(n) kn o .
= -cos(k,y) + -sin(k, ,
L () - (kny) — (Knlyl)
n .
f3l(y) = N sin(kny) - (B.8)
for n even. For Dirichlet-BCs on left-handed mode we obtain for odd n’s
n 1
F0y) =

\/L(l + 1) OB () ) 4 B2, L)

. (cos(kny) + Ll Siﬂ(kn|y|)> 5

k,
) () — ! in(k B.9
) , sin(kny) . (B.9)
I — sin(2kn L)
2k
and
n L.
"y = N sin(kny)
(n) n 1% .
=_ -cos(k,y) + - sin(k, . B.10
) =~ costhy) + L sinth ) (B.10)
for n even.
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Appendix C

Basis transformation matrix

Peskin and Takeuchi define the S, T and U parameters in [I8] as follows:

S = 167 (IT55(0) — 5, (0)) (C.1a)
T = 167 (1111 (0) — 33(0)) (C.1b)
U = 167 (I}, (0) — 45(0)) . (C.1c)

The chosen basis (XY)=(QQ),(3Q),(33),(11) for the self energies in (C.1)) is
not very convenient for our calculations. Therefore we can transform the self
energies into the mass eigenbasis. It applies:

H’Y’Y = GQHQQ 5 (CQa)
e? se?
I, = —1II30 — —1I C.2b
vz =g — —Tlgq (C.2b)
e? 2¢? s2e?
HZZ = @Hgg - 71—[3@ + 7HQQ s (CQC)
62

and the inverse relations are:

1

lgg = gnw ; (C.3a)
32 SsC

s = 1L, + 51z | (C.3D)
st 2s%¢c s2c?

H33 = _QH’Y'Y + _2H7Z + —2sz s (CSC)
€ € (&
g2
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APPENDIX C. BASIS TRANSFORMATION MATRIX

From (|C.2)) and ((C.3|) we can derive the transformations matrices from "Peskin-
Takeuchi basis’ into the mass eigenbasis M; and vice versa M,. These are:

e? 0 0 O
2 2
—£ — 0 O
M1 = 526% 82062 e2 N (C4a)
c2 T 22 (Z
0 0 o0 %
L0 0 0
2
5 = 0 O
My=|% 5. en 0 (C.4b)
e2 e? e? )
0 O 0 =

It is also possible to use the transformation matrices M; and M, to transform
the II" from Peskin-Takeuchi basis into mass eigenbasis and vice versa. We
receive the transformation equations for the I from (C.2)) and (C.3|) by the
use of a derivative.
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