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1
INTRODUCTION

| Lecture 01: Tue, 17.10.2017|

QFT[1, 2, 3] plays a dual role: the

o “QM?” of classical field theory, e. g. quantized radiation field in Quantum
Electrodynamics (QED) and the

e quantum mechanics for (infinitely) many particles with possible cre-
ation and annihilation

are described by the same formalism®. Historically, the emphasis has been

on the former aspect, but more recently, the latter aspect has become more
prominent in the form of “Effective (Quantum) Field Theory (EFT)”.

1.1 Limatations of QM

e The non-relativistic Schrodingerequation

i% (Z,t) = HY(Z,t) = (—%A +V(, t)) W(Z, 1) (1.1)

is not covariant under Lorentz transformation, i.e. its interpretation
depends on the observer, unless relative velocities are much smaller
than the speed of light c.

e [f the differences of energies among states accessible to the system are
larger than the mass of particles, we must allow for particle creation
and annihilation and move from a one particle Hilbert space to a much
larger many particle Hilbert space.

IThe second interpretation requires the notion of “particle”, however, which is not
always available on curved background geometries.
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The non-covariance of the Schrodinger equation is certainly a nuisance, but
not necessarily a problem: classical Hamiltonian mechanics can be make
relativistic after all>. The creation and annihilation must however always
be taken into account, if some particles are light enough — even in non-
relativistic many body physics and solid state physics with light quasi-particles.

1.2 (Special) Relativistic QFT

This lecture is concerned with relativistic QFT, i. e. systems with velocities
close to the speed of light
v<e (1.2a)

and typical actions close to Planck’s constant
SZh. (1.2b)
Therefore, we will use units with
c=h=1 (1.3)
and the following quantities will have the same units
mass, momentum, energy, inverse length .

In order to obtain the physical values, in the end the proper powers of ¢ and
h have to added. In our applications, the most important combinations are

he = 197.327053(59) MeV fm (1.4a)
(he)? = 0.38937966(23) GeVZmb = 0.38937966(23) TeV2nb.  (1.4b)

The goal will be a formalism that is compatible with special relativity

e covariance of observables unter Lorentz Transformations (L'Ts) so that
observers travelling a different speeds can agree on observations

e causality, i.e. all observables at spacelike distances must commute

The latter requirement will lead us to local theories, with pointlike objects
and interactions at one point in space, that are propagated by particles (field
quanta) along timelike trajectories.

2See, e.g.[1]
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1.8 Limatations of QFT

Our treatment of QFT will be limited to Perturbation Theory (PT). Indeed,
while there exist mathematical rigorous treatments of QM for non-trivial,
i. e. interacting, systems, this is not the case for QFTs with realistic particle
content in four space-time dimensions. Nevertheless perturbation theory has
been very successful in Quantum Electrodynamics, e. g. the theoretical pre-
diction for the anomalous magnetic moment of the electron has been tested
to 0.7 - 1072, This is still considered to be the most precise prediction in
theoretical physics®.

3You will compute the first non-trivial term in this expansion in the exercises near the
end of this lecture.
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9
SYMMETRIES

Our most important guiding principles will be symmetries
e of space-time (a.k.a. Lorentz invariance)
e among particles

(it is a very deep result, that these two kinds of symmetries can be mixed
only in a few very special ways). These symmetries will restrict the allowed
interactions and make calculations possible.

2.1 Principles of QM

QFT does not invalidate the principles of QM, the notions of states and
observables remain intact.

States

All pure states of a quantum mechanical system is given by unit rays in a
Hilbert space H:

) = {|0) € H: [¥) = [v), a€[0,2m), W) =1} .  (21)

Mixed states are represented by density matrices, but will not be considered
in this lecture. Note, however, that a ray corresponds exactly to a density
matrix that is a projection operator

[4) (] (2.2)

because the phases cancel in the projection operator.
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Superposition Principle

For any two state vectors |¢1), |¢1) € H the superposition

) = c1|¢1) +eafthn) €H (2.3)

is again a valid state vector, unless prohibited by one of a handful superse-
lection rules (e.g. the fermion number superselection rule).

Observables

Observables correspond to self-adjoint linear operators AT = A : H — H
with
V[v), o) € H: (p|ATo) = (o|Alv)” (2.4)

Possible results of measurements of the observable A are given by the eigen-
values a,, of the corresponding operator A:

A \%) = Qn \%) (2~5)

(with the appropriate generalization for possible continuous parts of the spec-
trum). An the probability P, of obtaining the eigenvalue a,, in a measurement

—~

of a system in thre state [t is given by the Born rule

Py = (W) . (2.6)

Obviously, P, does not depend on the state vector chosen to represent the

—~

state, i.e. the representative [¢) € |¢). The eigenvalues of a self-adjoint
operator form a complete set

D [n) (Un] =1:H > H. (2.7)

Dynamics

The time evolution of the system is governed by a Schrodingerequation

.d
12 () = H () 23)

This will remain true in the relativistic theory, despite the fact that the time
coordinate t plays a special role.
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2.2 Symmetries in QM

A symmetry is a transformation of states

o~

) — ) (2.9)

such that all probabilities are preserved:

e~

VIv), |9)  [(¢1¢)] = [lo)] - (2.10)

There is a celebrated theorem by Wigner that shows that each symmetry can
be realized either by a unitary operator U : H — H

) = [¢) = U [) (2.11)

with U invertible and
V), [¢) € H: (UplUp) = (o) (2.12a)
U (c1 [1) + c2 [12)) = a1U |¢h1) + U |1s) (2.12b)

or by a unitary operator T': H — H

) = [¢') =T |¢) (2.13)

with 7" invertible and
YY), ¢) € H: (TY[T¢) = (dly) = (¥[#)" (2.14a)
T (c1 [thr) + 2 |¥2)) = AT [t1) + 5T |4ho) (2.14b)

This theorem frees us from the complicated projective geometry of the space
of states and we can work directly in Hilbert space.

2.8  Groups

| Lecture 02: Wed, 18.10.2017

Symmetries are described mathematically by groups (G, o) with G a set and o
an inner operation

o:GxG—=dG

(2.) = T 0y (2.15)

with
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1. closure: Vz,y €e G:xoy € G,

2. associativity: z o (yoz) = (roy)oz,

3. identity element: de€ G:Vr e G:eox =zo0e =z,

4. inverse elements: Ve € G: 3z ' € G :zoxt=aloz=e.
Many examples in physics

e permutations

e reflections

e parity

e translations

e rotations

e Lorentz boosts

® isospin

2.3.1 Lie Groups

Particularly interesting are Lie Groups, i.e. groups, where the set is a differ-
entiable manifold and the composition is differentiable w.r. t. both operands.
Note that the choice of coordinates is not relevant:
n e R}

B B 0 —m\ [ coshn —sinhp
B = {51(77) = &Xp (_,7 0 ) - (—sinhn coshn

1 1 -
= {bz(ﬁ) SR (_5 1 ) ‘5 e]l-1 1[} (2.16)

Both times we have the set of all real symmetric 2 x 2 matrices with unit
determinant. The composition laws are given by matrix multiplication':

b1(n) 0 bi(n') = bai(n)bi(n') = bi(n +1n') (2.17a)

149) 009 = ) = s (2

(2.17D)

INB:
B+p

11 55| <1

Bl <1A|f]<1=
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2.3.2  Lie Algebras

A Lie algebra (A, [-,-]) is a K-vector space” with a non-associative antisym-
metric bilinear inner operation [-, -]:

[ ]:AxA—= A (2.18)
(a,b) — |a, b
with
1. closure: Ya,b € A : [a,b] € A,
2. antisymmetry: [a,b] = —[b, a]
3. bilinearity: Vo, 8 € K : [aa + b, c] = afa, ] + B[b, ]
4. Jacobi identity: [a, [b, c]] + [b, [c, a]] + [, [a,b]] = 0
Since A is a vector space, we can choose a basis and write
la;, a;] = Z Cijray . (2.19)
k

A Lie algebra is called simple, if it has no ideals besides itself and {0}.
Remarkably, all simple Lie algebras are known[5]:

so(N),su(N),sp(2N), g, f1, €6, €7, €8 (2.20)

with V € N.

As we will see below, the infinitesimal generators of a Lie group form a
Lie algebra. Vice versa, the elements of a Lie algebra can be exponentiated
to obtain a Lie group (not necessarily the same, but a cover of the original

group).

2.83.8 Homomorphisms
A group homomorphism f is a map
f:G—=dqG
x> f(z)

between two groups (G, o) and (G’,0’) that is compatible with the group
structure

(2.21)

f(@) o fly) = fzoy) (2.22)

2K=RorC
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and therefore

fle)=¢ (2.23a)
fl@™) = (). (2.23b)
A Lie algebra homomorphism ¢ is a map
¢ A— A
0 6(a) (2.24)

between two Lie algebras (A, [-,-]) and (A4',[-,-]’) that is compatible with the
Lie algebra structure

[6(a), ¢(b))' = ¢([a, b]) . (2.25)

NB: these need not be isomorphisms: f(z) = €/,Vz is a trivial, but well
defined group homomorphism and ¢(a) = 0, Va is a similarly trivial but also
well defined Lie algebra homomorphism.

2.3.4 Representations

Lie groups and algebras are abstract objects, which can be made concrete by
representations.

A group representation
R:G—L (2.26)

is a homomorphism from the group (G, o) to a group of linear operators (L, -)
with (O - Oz)(v) = O1(O2(v)). The representation is called unitary if the
operators are unitary. The representation is called faithful if Vo # y : R(x) #

R(y).
A Lie algebra representation

r:A—1L (2.27)

is a homomorphism from the Lie algebra (A, [+, -]) to an associative algebra of
linear operators (L, [-,-]") with [O1,Os) = Oy - Oy — Oy - Oy or [0y, 5] (v) =
01(02(v)) — O5(0O4(v)), i.e. commutators for Lie brackets.

The Matrix groups SU(N),SO(N),Sp(2N) and their Lie algebras have
obvious defining representations.

Every Lie algebra has a adjoint representation, using the itself as the
linear representation space a < |a):

ragi.(a) [0) = [[a, b]) (2.28)
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using the Jacobi identity
(ragj.(@)rad;. (b) = Taq;.(b)rags. (@) [€) = |[a, [b, c]] — [b, [a, c]])
= |[la, b], ¢]) = raq;.(la,b]) [c) (2.29)
or, using a basis
radi.(ai) [a;) = |[ai, a;]) = |Cijrar) = Ciji ar) (2.30)
we find the matrix elements
[radj-(a’i)]jk = Ciji - (2.31)
Using Hausdorff’s formula®
ed (e“)_1 = e%e ® = ®lap = el lp

bt [a b+ %[a, la, B]] + %[a, @, a8 + ... (232)

we see that the map
flz): A=A

2.33
b xhr? ( )

is well defined and remains inside the Lie algebra. It’s obviously linear and
since

@) (f)(a) = f(2) (yay™*) = zyay'a™" = (zy)alzy) ™' = f(zy)(a)
(2.34)
it is also a representation, called the adjoint representation of the group.

2.4  Infinitesimal Generators

If we have a representation a Lie group and parametrize the neighborhood
of the unit element by

x:R"—= G (2.35)
a— z(a) '
such that
z(0)=e, (2.36)
we find
R(e) = R(x(a) =141 Y a,T, + O(a?) (2.37)

3The proof is left as an exercise.
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with
0

Oay,

the (matrix representation of the) generators of the group. Vice versa, we
can obtain (a matrix representation of) group elements for finite «

T, = —i — R(«) (2.38)

a=0

R(a) = e'2aaTe (2.39)
We must have
Va,f € R": 3y e R": R(a)R(5) = R(7) (2.40a)
i.e.
o' 2a ®aTagi 2o Pala — 120 YaTa (2.40b)

This is not a trivial condition, as can seen from expanding the logarithm®*
iv, T, = In (1 + (e*Teefela — 1)) (2.42)
to second order®

1
ifyaTa == iaaTa + iﬁaTa — §aa6b[Ta7 Tb] + O((Oé, ﬁ)g) (243)

which can only be true if the commutator of two generators can be written
as a linear combination of the generators

[Tm Tb] = ifabcjjc

(summation over ¢ is implied). Thus, the representation of the generators 7,
must form a Lie algebra and it can be shown more abstractly, that the same
is true for the generators of an abstract Lie-Group, where a Lie-bracket of
two generators is well defined, but not the product. The Jacobi-Identity
is trivial for matrix representations, because it follows from expanding the
commutators. In the abstract case it is required by consistency.

4We use a summation convention

T, = Z%Ta (2.41)

etc.
5The details are left as an exercise.
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2.4.1 Unitary and Conjugate Representations

‘Lecture 03: Tue, 24.10. 2017‘

We may use any faithful representation of a Lie algebra to compute the
structure constants

fabc - 21 tr ([Tau Tb] Tc) (244&)

i

assuming the customary normalization
1
tr (1,1,) = 3" (2.44b)

If the Lie algebra allows at least one faithful unitary representation, we can
use the hermitian generators in this one

1 1
i =~ (T TVT) = — - (17,77 77)

a i

= —% tr (T, [T}, T,]) = %tr (1o, o) T.) = fape (2.45)

1

to find that the structure constants are real.
There’s always the conjugate representation of a Lie algebra

T,=-T" (2.46)
since
7. T = [T).T)] = [T, T)" =ifoacT) = —ifarcly =ifacde. (247)

Note that there are cases in which this representation is equivalent to the
original one. If the representation is unitary representations, the conjugate
representation is actually be the complex conjugate

T, =T (2.48)

Also note that the complex conjugates of a Lie group representation matrix
are also a representation

R*(g)R*(9') = R*(go4d), (2.49)

which may be or not be equivalent to the original representation.
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2.5 S0O(3) and SU(2)

The Lie groups SO(3) and SU(2) have been discussed extensively in the
QM lecture(s). Nevertheless, we should recall the most important elements,
because we will need them again in the discussion of the Lorentz- and the
Poincaré-Group and their representations.

2.5.1 0O(3) and SO(3)

The group O(3) of real orthogonal 3 x 3-matrices R corresponds to the group
of transformations that leave the eucledian inner product

(-, JR*xR* >R

3
i=1
invariant with
R"R=1=RR". (2.51)
One immediately sees that
det R = +1 (2.52)

and since the determinant is a continuous map, the group consists of (at least)
two disconnected components, one with det R = 1 the other with det R =
—1. The former is again a Lie-group, the group SO(3) of all unimodular,
orthogonal 3 x 3-matrices. The second component is not°.

A prominent element of the second component is the parity operation

P:R’ =R’
T— —
with matrix representation
-1 0 0
P=10 -1 01]. (2.54)
0o 0 -1

Indeed, every element of the second component can be written as the product
of P with an element of SO(3).

Since the orthogonality condition is non-linear, it is not obvious how to
parametrize the elements of SO(3) uniquely. We start with noting that we
can write

R(d) = L (2.55)

6det P2 = +1, even if det P = —1.
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Figure 2.1: Both curves a and b are closed on the SO(3) group manifold, but
only a can be shrunk to a point.

with the generators

00 0

—iLi=10 0 —1 (2.56a)
01 0
0 01

—iLy=[0 00 (2.56b)
~1.00
0 —1 0

—iL;=[1 0 0 (2.56¢)
0 0 0

Indeed, since tr L; = 0, we have det R(?) = 1 and since L; = L;r, we have
RT(@)R(a@) = 1. Geometrically, one can visualize R(@) as a rotation around
the axis @, with angle |@|. Therefore R(a) = 1, if |@|/2m € N. Furthermore,
also
Va € R?,|@| = 7 : R(d) = R(—a) (2.57)

and we see that the group manifold of SO(3) is the sphere in R? with radius 7
and opposing boundary points identified. Thus not all closed loops can be
contracted to a point, cf. figure 2.1.

It is straightforward to compute the structure constants of the corre-
sponding Lie algebra so(3) that is spanned by the generators {L;};—123:

3
[Li, Lj) = 1) eijula (2.58)

k=1

where €;;;, is the totally antisymmetric rank-3 tensor with €193 = 1.
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2.5.2 SU(2)

The group SU(2) of unimodular unitary 2 x 2-matrices can be parametrized

U= (‘CL 2) (2.59)

with conditions

Ul =1=0U" (2.60a)
detU =1 (2.60b)

Therefore, the group SU(2) can be parametrized as

Ul(a,b) = (_“b ;’) with |a|* + [b* = 1 (2.61)

or

sinfe M coshe ¢ (2.62)

U(G,C,U)Z(

with # € [0,7) and n,¢ € [0,27). Note that the range 6 € [m, 27| is redun-
dant, because it is just a change in the signs of sin §, which is already covered
by e'".

A third option uses the Pauli matrices

01 0 —i 1 0
o1 = (1 O)’ 02 = (1 0)7 03 = (0 _1)? (263)

and four real dependent parameters a = By + i3, b = B2 + i1

cosfe¢ —sinf ei”)

Bo+ifs B2 +iB >
3 0 3 D2 1 - : 2
U(Bo, B) = <—ﬂ2 1B Bo— iﬁg) = [l +ifo with ZEO B =1.(2.64)

Thus the group manifold of SU(2) is S?, the unit sphere in R?*, where all
closed loops can be shrunk to a point.
The exponential parametrization with three real parameters «

U(@) = e 199/2 (2.65)
is more convenient in a neighborhood of the identity. Unitarity and unimod-

ularity are immmediate consequences of the properties of the Pauli matrices

=g, (2.66a)



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 16

tro; =0 (2.66b)
and the exponential function
(eA)T = (2.67a)
() = (2.67b)
det (e?) = "4 (2.67¢)

We can read off the generators of SU(2)

1
2 1=1,2,3

and find again the commutation relation

3

[Si, 5] = iz €ijkSk - (2.69)
k=1
Therefore
su(2) =so(3) . (2.70)

2.5.8 SU(2) = SO(3)

Thus we have found that the Lie algebras su(2) = so(3) are isomorphic, but
the corresponding Lie Groups SU(2) and SO(3) are not.

We can use the Pauli matrices to construct an isomorphism between the
space H, of hermitian, traceless 2 x 2-matrices and R?

(25 ‘R — Hy
F X - 35— T3 T, — ixz (271&)
o - x|+ iSL’Q —XI3
with the inverse map
¢! Hy — R
(2.71b)

1
from
tI‘(O’iO'j) = 251] . (272)

Any transformation

X — AX Al (2.73)
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preserves hermiticity of X. Furthermore, any similarity transformation
X = AXAT! (2.74)
preserves all products of traces
tr(XY - Z) = tr(AXATTAY A  AZATY) = (XY -+ 2) (2.75)

and in particular tracelessness, inner product and volume element

0 = tr (X) (2.764)
7= %m« (XY) (2.76b)
(7 x )7 = %u([x, Y|Z) . (2.76¢)

Therefore, any similarity transformation with a unitary 2 x 2-matrix in Hy
corresponds to a SO(3) transformation of R3

R? ¢ H,
z— Rfl lX — UXUT
R? H,
¢71
(2.77)

and since the phase cancels in the similarity transformation, we may choose
the unitary matrix from SU(2).

This way we have defined a map SU(2) — SO(3). Since the sign of
the unitary matrix cancels in the similarity transformation, the kernel of
this map contains Z, = {1,—1}. By explicit calculation with a concrete
parameterization of SO(3), e.g. Euler angles, one can show the that the
kernel is indeed Zs and also that the map is surjective. Therefore

SO(3) = SU(2)/Zy (2.78)
and SU(2) is a double cover of SO(3).

2.5.4 SO(3) and SU(2) Representations

The representations of a Lie algebra are direct sums of irreducible representa-
tions, i.e. representations that have to non-trivial invariant subspaces. The
irreducible representations of the Lie algebra su(2) = so(3) should be familiar
from the QM lecture.
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An operator, that commutes with all operators in the Lie algebra is called
a Casimir Operator. By Schur’s Lemma, such an operator is proportional to
the unit matrix in an irreducible representation. The eigenvalues of Casimir
operators can be used to identify an irreducible representation. For so(3)
such an operator is

L[? = LyLy + LyLy + LyLs, (2.79)

and its eigenvalues will turn out to be {I(l +1)}ico,1/2,1,3/2,...-
The construction proceeds by switching from {L;, Ly, L3} to

{L+ - Ll -+ iLQ, LO - Lg, L, = Ll - ILQ} (280)

and to use the shift operators L. to change the eigenvalues of the Cartan
generators Ly that labels the states within the representation. In order to
have a finite dimensional representation, the repeated application of one of
the shift operators must yield the zero vector. From this one obtains condi-
tions on the eigenvalues of the Casimir operator(s) and Cartan generator(s):

L2 [l,m) = 1(1+1) |1, m) (2.81a)
Lo [l,m) =m |l,m) (2.81b)
Li|l,m)=+I11+1)—m(m=1)|l,m=£1) (2.81c)
where
13
l € {0,5,1,5,2,...} (2.82a)
me{-l,—l+1,...,1—-1,1}. (2.82b)

It turns out that all representations with [ > 1 can be constructed as the
symmetrical tensor product of 2[ copies of the | = 1/2 representation. The
latter is supplied by the Pauli matrices, of course.

Note that

o, = —0l = —(=1)°20; = 090,09 = (i03)0;(i0s)! (2.83)

since o9 is antisymmetric and the other Pauli matrices are symmetric. Fur-
thermore ioy is unitary

(iOg)T(iO'Q) = 0909 = 1 (284)

and the (complex) conjugate representation turns out to be unitarily equiv-
alent and adds nothing new.



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 19

Lecture 04: Wed, 25.10.2017 |

We can compute non-infinitesimal rotations in the exponential representation

N S d  iaz oo ld g oo |d
Liaapy _ 4o Al @8 la]  feos!T —igasinfl —exforsin
e = 1cos ——i—sin — = : N . _
~ a2 -1 M M 1 Q3 1 M ’
2 |d] 2 G sin cos 5 + i sin 5
(2.85)
in particular along the coordinate axes
(6] 3o o
4 cos$ —ising
et/ = (T2 o2 (2.86a)
—1S1n b COS b
(64 3 o
4 cosS —sing
eTiao2/2 — (777 2 o2 (2.86b)
S1n bl COS b

oo e—ia/2 0
e 3/2:( 0 eia/2)' (2.86¢)

The simplest case is the rotation in xq-z5 plane

. i —io/2 0 . /2 0
—iao3z /2 o3 /2 _ € ) T3 Iy — 122 € \
© Xe ( 0 ela/Z) (Z)’Jl + izo —X3 ) ( 0 e_la/2
_ e—icx/Q O . eia/2x3 e—ia/2<1'/,1 _ 11.2)
0 elOé/2 ela/Q(xl +I.CIZ'2) _e—la/2x3

_ ( g e (xy —ix2)> (2.87)

e (1 + iz2) —T3

which turns out to be a rotation by the angle «:

o) +izh = ez £ izy) (2.88)
i.e.
Ty = e @1 +izy) ze_ia@l —ir) = cosa ] — Sina xo (2.89a)
xh = e @1 + i) —Zie_ia(xl —ir) = cosaxy + sinax; . (2.89D)
This exercise can be repeated for the other axis and we find that
U(d) = e199/2 (2.90)

corresponds to a rotation by |a| around the axis a. Note that rotations of
[ = 1/2 states by 27 change the sign

—iao /2 —e

e —iaoa/2 ‘
a=21

= e—iOéO'3/2 = —]_ y (291)

a=27 a=2T
but this sign cancels in the rotation of [ = 1 states, because two such matrices
appear.
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2.6 Lorentz- and Poincaré-Group

We know from experimental observations with high precission, that the speed
of light ¢ is the same in all inertial frames. The wave fronts emerging from
Z =0 at t =0 lie on the sphere

7| = ct = 2° (2.92)

in all inertial systems. It is helpful to express the time ¢t by an equivalent
length 2°

t="— (2.93)

and to set ¢ = 1. We denote events by their point in time and space and
assign to them a four vector

R'> 2= (2°7) = (2° 2, 2%, 2°) = (ct, 7). (2.94)

A ray of light can connect two events x and y if and only if

0= (@ — "2 = (F— P = lta—t,*— @—§?. (295
This defines a relation that is the same for a all inertial observers.
Since )
Ty =5 (z+y)?*—2* -y (2.96)

we are led to define an invariant inner product’
g MxM=2R'xR* - R (2.97)
(z,y) = 2y = g(a,y) = g(y,x) = 2°° — 7§ '

on Minkowski space M. This inner product can be realized by a symmetric
metric tensor of rank 2

3
g(z.y) =Y gua'y”, (2.98)
p,v=0

with
+1 O 0 O

(2.99)
0 0 0 -1

We will streamline our notation with the Einstein summation convention:

"This is the “west coast” or “particle physics” choice of sign. The opposite “east coast”
of “general relativity” sign is equally valid, but one must be consistent. We will use the
“west coast” sign throughout this lecture.
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FEvery pair of greek indices, with one upper and one lower, shall
be interpreted as a sum from 0 to 3:

b Ny (2.100)

e.g.
9(x,y) = guaty"”. (2.101)

Furthermore, we will use the metric tensor to raise and lower indices

Ty = G’ (2.102a)
9" = Gupg” =19," (2.102b)
Guv = gupguagpa (2102C)

=g, (2.102d)

etc. Numerically, g"” and g, have the same entries, but

= (o, T) (2.103a)
x, = (29, —T) . (2.103b)

Nevertheless, we are free to exchange the position of pairs of indices and to
remove redundant metric tensors

9(z,y) = g™y’ = ¢y, = xy" = 2ty = ay, (2.104)

where the latter is only used, if no ambiguities can arise.
A Lorentz transformation among inertial systems

A:M~R'-5>M=~R'

2.105
ot = () = A Y ( )

leaves the inner product invariant:
2y = xy (2.106)

or
Gy = Gul@ V() = N A2y = gpo P, A%y (2.107)
Since this must hold for all x,y € M, we find the condition

Guv = gpoApuAa,/ (2108)
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or in matrix notation

g=A"g\.
From
2 i i\ 2
1= goo = gpoN'oA% = (Ay") " — Z (A%)
i=1
det g = det AT det g det A,
we find
A% > 1
|det Al =1

(2.109)

(2.110a)

(2.110b)

(2.111a)
(2.111b)

and that the Lorentz group consists of four disconnected components

Ll={AeL:detA=+1AN)>1}>1
Ll ={AeL:detA=—-1AA>1}>P
Lr={AeLidetA=—-1ANG< -1} 5T

<
Li={AeL:detA=+1AN < -1} 5PT=TP,

with parity, time reversal and their combination

10 0 0
0 -1 0 0
P= 0 0 -1 0
0 0 0 -1
-1 0 0 0
0 100
I'= 0 010
0 01
-1 0 0 0
0O -1 0 O
PT=TP = 0 0 -1 o0
o 0 0 -1

(2.113a)

(2.113b)

(2.113¢)

Of those, only the proper, orthochronous Lorentz transformations /51 form

a subgroup.

There are 16 conditions in (2.108), but since (2.108) is symmetrical, only
10 are independent. This leaves us with 6 independent parameters for the
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Lorentz group. Indeed, expanding the Lorentz transformation matrices to
first order in a small parameter

A, =6+ w4+ O(w?) (2.114)
we find the conditions
G = Gpo N N, = gpo (07, + 0P, + ) (07, + w7, +..)
= G + Wy + Wy + ... (2.115)
i.e. the w are antisymmetric
Wy = —Wyy - (2.116)

Thus there are 6 parameters and 6 generators. Three of these generators must
correspond to rotations L and the other 3 to Lorentz boosts K , 1.e. trans-
formations to a moving coordinate system.

The commutation relations among these generators turn out to be

3
[Li, Lj] =1)  €juLn (2.117a)
k=1
3
[Li, Kj) =1) €Ki (2.117h)
k=1
3
[Ki Kj) = =1 el (2.117c)
k=1

Here, (2.117a) has been computed before and (2.117b) simply states that K is
a vector under rotations. Finally, (2.117¢) follows from a simple calculation.

It is convenient for the following discussion, to combine the generators L
and K into an antisymmetric 4 X 4-matrix that transforms like a rank two
tensor under Lorentz transformations (i, j, k = 1,2, 3):

M7 =" einLi (2.118a)
k
MY% = M = —K;. (2.118b)

The commutation relations are then

[47\411,117 Mpa] — (gule/U _ gl/pMp,U o guaMl/p + gVO'M/J,p)
= ig"? M"° + antisymmetric. (2.119)



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 24

2.6.1 Lorentz-Group and SL(2,C)

As in the case of SU(2), we can introduce a map from the four vectors to the
hermitean 2 x 2 matrices

¢: M — Hy

_ _ i 2.120a
xHX—pr“—Iol—f_’—(ﬂ) 3 x1+1:v2> ( )

—T1 — ix2 To + X3

with the inverse map

o' Hy - M
1 (2.120b)
Xz, = §tr(auX),
where we have introduced the notation
ot =(0°,5)=(1,5). (2.121)
This map is useful, because
2? = z,7" = det X (2.122)

and we can look for maps that preserve hermiticity and the determinant. As
noted above, any transformation

X — AX AT (2.123)

including complex matrices, the preserves hermiticity of X. Aslongas |det A| =
1, it also preserves the determinant. Since an overall phase cancels in the
transformation, we can restrict ourselves to the case

det A =1 (2.124)

and arrive at SL(2, C), the group of unimodular 2 x 2 matrices with complex
entries. There are 8 real parameters and two real conditions from the complex
determinant, leaving us with 6 independent real parameters for SL(2, C).
Since this is the same number of parameters as the Lorentz group, and
each element of SL(2,C) corresponds to an element of the Lorentz group,
the Lie algebras of £ and SL(2, C) must agree.
There is again an exponential representation

= 1cos —1 sin
2 2

o id5/2 « eYoi «
2
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Vaz sz i Va2 astiay i Va2
COS —— —1 SN —— — == S1l ——
— 2 Va2 2 Va2 2 (2 125)
az—ioy i) Va2 cos Y& 4 ja3 gip v | ‘
N2 2 2 N2 2

but this time with three complex parameters and care has been taken not
to confuse |@| = va*d with Va2, For purely imaginary values of «, we
can replace the trigonometric functions of v/a? by hyperbolic functions of
the imaginary part. These functions are not periodic and we see that the
group SL(2, C) is not compact. There is a theorem, that there are no finite
dimensional unitary representations of non-compact groups [(]. Thus it is
not a surprise that the matrices e7'%9/2 are not unitary.

2.6.2 Lorentz-Group Representations

| Lecture 05: Tue, 07.11.2017

The representations of the proper orthochronous Lorentz group 51 are con-
structed from SL(2, C) matrices

A: Ll — SL(2,C)

Aes A(N) (2.126)

and their complex conjugates. The rotations correspond to the compact SU(2)
subgroup
A:S0(3) € £1 — SU(2) € SL(2,C)

A s A(N) (2.127)

generated by E, while the Lorentz boosts correspond to the non-compact
directions generated by K.

The most general irreducible representation D*/%!/2) is given by the ten-
sor product of the k-fold symmetrical tensor product with the [-fold sym-
metrical tensor product of two-component spinors

A
fawz---ak,dmz--dz -

2
37 Awp (A) -+ Aay s (NAL 5 (A) - AL (N s iy (2:128)
B,8=1

The dotted indices ¢; have no relation to the undotted indices a;. The dot is
used to distinguish indices that transform according to the SL(2, C)-matrix A
from those transforming according to its complex conjugate A. In the case
of SO(3) and SU(2) there was no difference between dotted and undotted
indices, but in case of the Lorentz group we have to make this distinction.



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 26

By looking at the SO(3) subgroup of the Lorentz group, we see that
D1/20) and DO1/2) correspond to spinors for spin 1/2 particles. They trans-
form identically under rotations, but differently under boosts. In general,
DED describes particles of spins in the Clebsh-Gordan decomposition of the
tensor product (2k + 1) ® (21 + 1).

Note that under parity
P l_;» > L_, (2.129)
K -K

P :D®) — DLk (2.130)

and therefore

Thsi means that if we want to represent tho whole Lorentz group and not
just £1, the representations are

DD g k). (2.131)

2.6.3 Poincaré-Group

Our argument that transformations among inertial systems should leave the
inner product g(z,y) = x,y" invariant has led us to the linear LTs. How-
ever, the argument does not apply to points in Minkowski space M, but to
differences bewteen two points. Therefore, we are led to consider the affine
Poincaré Transformations

(A,a) : M= R*— M~ R*
. N kv o (2.132)
= () = AF Y +a
that include L'T's, space-time translations and their combinations. Sometimes
the Poincaré-group is also called the inhomogeneous Lorentz-group. Obvi-
ously, the matrices A must satisfy the same constraints as in the case of the
homogeneous Lorentz-group and the translations @ € R* are arbitrary. Thus
we have 10 independent parameters and 10 generators: M* = —M"* and
P,
Note that the composition of Poincaré transformations mixes LTs and
translations

(Al, al) ©) (Ag, ag) = (A1A2, A1a2 + CL1> . (2133)

Thus we can not study their representations independently. Indeed the in-
verse 1s

(Aa) ' = (A=A a) . (2.134)
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Not that we can obtain the inverse matrix by rewriting (2.108)

gpaApuAUy = Guv (2135&)
AJA, =0k = (A7) A7, (2.135b)

to find
(AT = A = gopg' A, (2.136)

If we use an exponential parametrization of (representations of) Poincaré
transformations in terms of (representations of) the generators M* and P¥

U(A, q) = ezemM o b (2.137)
we can write infinitesimal transformations as
UD(w,e) =1+ %WHVM“V + i€, P". (2.138)
Using the composition law (2.133) we find

UA, o)UY (w, e ) U YA, a) = U, a)UD (w, e)U (A", —A"a)
=UNa)U (1+wA™, —(1+w)A a+e)
=U (A1 +w) A, —A(l +w)A 'a+ Ae + a)
=U (A1 +w)A™" Ae — AwA™a)  (2.139)

and subtracting the unit from both sides of the equation

U(A,a) (%MWM‘“’ + euP“) U YA, a)

1 ) . B
= §(Aw/\ DM + (Ae — AwA la)HP” (2.140)

we can compare coefficients of w,,, and €,:

U(A, a)M*™U A, a)
= A (AT M A (AT @ P A (A
= AN MPT — AN a PP+ AN Fa” PP
= AJAN (M? —a’ PP +a”P?) (2.141a)

where we have taken into account the antisymmetry of w,,. We also see

immediately
U(A,a)PPU (A, a) = AP (2.141Db)
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If we expand U(A, a) itself as UM (w, ¢)

UD(w, ) A (U (w,e)) " = A +i F

prUMP“+epPP,A +... (2.142)

we can read off commutators by comparing the coefficients of the first order
using AV =0, +w,” +...
1
§wngp" +¢€,P”, M“”} = (wp”(;;’ + 52@0”) MP° — e PH + e PY
= Wy g MP” + wepg™ MM — € PF 4- €' P

1 o 14 14 ag oV vo v 14
25%"(9 HMPY — g M — g7V MPF + PP MY7) — e/ P* + e P

1
= 5o (g"P M7 — gh" M¥P — g"P MM + g"° M*P) — " P* + e P”  (2.143a)
and
g MP 4, PP P| = PP
Ewpa + €p y = wp
1
= wpogaltpp = §wpa (g(mpp - gp“PU) (2143b)
to find
1[MP7, M) = g"* M — ghT MYP — g"P M* 4 g"7 M** (2.144a)
{[PP, M) = —gP Pl gt P (2.144b)
i[MP7, PH] = gonpP — gorpe (2.144c)
[P, P¥] = (2.144d)

Rearranging the indices we see that (2.144b) and (2.144c) are equivalent and
we can write the Poincaré Algebra

[M™ | MP°] =i (gh° MY — g"° MW — gh MYP + g"P M) (2.145a)
[M*, P?] =i (g P” — g"* P") (2.145b)
[P*. P’ =0. (2.145¢)

2.6.4 Poincaré-Group Representations

It turns our that there are two Casimir operators for the representations of
the Poincaré group

P? = P,P* (2.146a)
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W2 =Ww,Wwk (2.146b)

with the Pauli-Lubanski vector

1
Wu - _éeyupchVpPG; (2147)

that commute with all generators M*” and P*. Therefore one can use the
eigenvalues

P?|m,s) = m?|m,s) (2.148a)
W?2|m,s) = —m?s(s + 1) |m, s) (2.148Db)

with m > 0 and s € 0,1/2,1,3/2,... to label the representations®

Since P* generates space-time translations, we interpret is as the energy-
momentum operator (H, ]3) and expect that eigenvalues p* = (E, p) in plane
wave states satisfy Einstein’s dispersion relation

H = \/m? + (2.149)

or
pP=m?. (2.150)

We must treat the cases m > 0 and m = 0 separately:
1. For m > 0, we can find a LT into a rest frame with p = (m,0). In this
frame, the Pauli-Lubanski vector turns out to be proportional to the
angular momentum

W = (0,mL). (2.151)

Then .
W? = —m?L? (2.152)

and we can obtain the eigenvalues from the discussion of the representa-
tions of the Little Group SU(2) that leaves the vector (m,0) invariant.

2. For m = 0, there is no rest frame. Instead we can choose a frame
with p = (F,0,0, £). In this frame, the little group is the euclidean
group in the (z1,xq)-plane. The representations are again labelled by
a half-integer number s, but this time, all irreducible representations
are one-dimensional and s is called the helicity and corresponds to the
projection of the spin on the momentum vector.

8Note that there are also representation with P2 < 0, but these appear not to be
realized in nature and violate causality. Therefore we will not discuss them here.
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2.6.5 Poincaré-Group Action on Functions

| Lecture 06: Wed, 08.11.2017]

Consider the partial derivatives of functions on M = R4

0

o= 9 (2.153Db)
0z,
and their commutation relations with space time coordinates
2,0, 6(2) = o= p(a) — 2 (@(z)
’ ox” ox”
0 0 0
— ot grzolo) - (et ) ole) - ot (o) = 3¢ (2150
or
[z, 0"] = —g"”. (2.155)
This suggests to identify
i, = P, (2.156)
so that plane waves are (improper) eigenfunctions
P ' =id,e " = p,e P (2.157)
and we find
[z, PY] = —ig"” . (2.158)
Now consider
M, =—-z,P,+2,P, = —i(x,0, — x,0,) (2.159)
and with
[M/UM Pp] = [_quV + :L‘VP;M Pp] =1 (g,upPu - gyppu) (2‘160)
and

(M, M) = [—2,P, + x,P,, —x,Py — x,P,)
=1(9p2uls — Guotp Py — GuoTu Py + gupto Py
9o Lo + G0y By + Guo®u Py — GupTo L)
=1 (g Moo = GpoMyp — 9pMpo + guoM,,)  (2.161)

we find the Poincaré algebra (2.145).
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Scalar Functions

In the simplest case, a function does not change under Poincaré transforma-
tions

U(Aya): C*(M) — C*(M)
¢ ¢ =U(N a)p.
However we must be careful about “does not change”: do we mean
¢ =U(Na)p =0,

i.e. that the function does not change, or

¢'(«") = (UA, a)p) (A, a)x) = (U(A, a)p)(Ax +a) = ¢(z),  (2.163)

i.e. that the value at a fixed point in space, that must also be transformed,
does not change?

From a physics perspective, that relies on functions to describe quantities
at a given space-time point, only the latter interpretation makes sense. We
thus require for a scalar function

¢'(x) = (U(N,a)p)(x) = ¢ (A, a)'z) = ¢ (A (z —a)) . (2.164)
Note that
(U(A1, 1)U (A2, a2)9) (z) = (U (A2aa2)¢) (A1, 1))

= ¢ ((A2,a2) (A1, a1)'2)) = ¢ (A1, a1) 0 (Mg, a9)) ')
= (U((A1,a1) o (Mg, a2))9)(x) (2.165)

as required by the group axioms. This can also be expressed as

¢ =¢o(Aa)? (2.166)

(2.162)

and

U(A1,a1)U(Az,a2)¢ = U(Ay, a1) (¢ o (Ag, az)_l) = ¢o(Ns, az)")o(Ay,a1) 7!
= QZS o) ((Al, al) 9} (AQ, ag)_l) = U((Al, al) e} (AQ, ag))gb . (2167)
We can Taylor expand (2.164) to first order

¢(x) =0 ((1+w)” 1(:v—e)) L=0(L—w)(z—€)+...
=d(r—wr—e€)+...= gb( ) —wh, 2" 0,0(x) — €'0,0(z) +

= ¢(x) + %ww (xh0” — 2" 0") p(x) — "0 () +
= ¢(z) + %wwM‘“’gf)(x) + i€, Pro(z) +... (2.168)

consistent with (2.156) and (2.159).
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Functions with Spin

In the general case, we will have fields with several components that trans-
form under a non-trivial representation of the Lorentz group

(M)

¢(x) == ¢'(x) = (R(A)D) (A (z — a)) . (2.169)
The most important cases will be
e D0 scalar particles: Higgs bosons
e D1/20) g DO1/2): Dirac spinors: electrons, quarks etc.
e D/21/2): yector bosons: photons, etc.

In fact, it can be shown that the maximum spin for interacting fundamental
fields that can be realized in Minkowski space is 1. Including gravity pushes
this limit to 2.
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—3—

ASYMPTOTIC STATES

In addition to the Casimir operators P? and W? that commute with every
generator of the Poincaré group, we can simultaneously diagonalize

{P2, w2 Wg}

with the eigenvalues corresponding to mass squared, three momentum, total
angular momentum and projection of angular momentum on an axis (choosen
to be €3 here).

For a quantum theory, we need to find irreducible unitary representations
of the Poincaré group and algebra. Since there are no finite dimensional
unitary representations of the non-compact Poincaré group, we immediately
have to go to a suitable Hilbert space.

We will start with the simplest possible states corresponding to single
non-interacting particles, from which we can construct non-interacting multi
particle states.

3.1 Relativistic One Particle States

We can represent vectors in the Hilbert space for non-interacting scalar par-
ticles of mass m by (the limit points of) square integrable functions

H, > U =y e L*(RY, C,dp) (3.1)
where the integration measure’

. d’p _ d’p 0\ 54/, 2 2
D

0=1/p%+m?

'The integration measure &Z depends on the mass, but this is usually left implicit.
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Figure 3.1: The positive mass shell py = ++/p% +m?2 or p?> = m? and py > 0.

is invariant under LTs, since |det A| = 1 and (Ap)? = p?. The inner product

is then

<W®=/@W@M@-

(3.3)

Note that only the values on the three dimensional positive mass shell

(cf. fig. 3.1)
{pER4:p2:m2}CR4

are relevant. Poincaré transformations are represented as
(UA, a)y)(p) = e ¢Y(A"p) .

Introducing (improper) momentum eigenstates |p) with

P, |p) = pu |p)

and normalization
(plg) = (2m)*2pod (5’ — q) ,
we can also write

W) = /513@/)(19) )

and
¥(p) = (p|¥)

since

<M@=/%@vwwwwm

:/%@wmw@@m%mw—@zf%www@.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.10)
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Note that

I, = / b [p) (o] (3.11)

is the projection operator on one-particle states of mass m.

For the general case, it is more convenient to use the momentum eigen-
states instead of the normalizable states in Hilbert space. We must allow
for Quantum Numbers (QNs) « in addition to the momentum p and group
them into multiplets

{lp, o)}, - (3.12)

The action of pure translations is fixed by the exponential representation
U(1,a) |p,a) =™ |p,a) =" |p a) . (3.13)

The action of LT's is more complicated. Using (2.141b), we can determine
the transformation of the eigenvalues of the momentum operator

PrU(A,0) [p, ) = U(A,0)U (A, 0)P*U (A, 0) |p, o)
— U(A, 0 (A, 0)PHUH (A, 0) [p,0)
=U(A,0) (A )V PY |p,a) = A* p"U(A,0) |p,a) (3.14)

i.e. U(A,0) |p,«) is an (improper) eigenvector of Ap. Therefore we must be
able to expand it in {|Ap, a@)}a, i.e.

U(A,0)[p,a) = CaalA,p) |Ap, B) (3.15)
B

with coefficients Cj, (A, p) to be determined. In general, the matrices Cg,o (A, p)
can be decomposed by a basis transformation of the |p,a) of into a block
diagonal form, corresponding to irreducible representations of the Poincaré

group.

3.1.1 Luttle Group
| Lecture 07: Tue, 14.11.2017

The eigenvalue m? of P? is invariant in each irreducible representation. In
addition, as long as m? > 0, also the sign of py is invariant under proper
isochronous transformations”. In each irreducible representation, may choose

2For m? < 0, the sign of py depends on the reference frame.
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a reference momentum k and express all other momenta as a LT? of this
momentum

=R ()R (3.16)
This allows us to fix the QNs « by defining

p, @) == N(p)U(A(p), 0) [k, a) , (3.17)

with N(p) a normalization factor to be determined later. Note that N(p)
and A(p) depend on k, but since the latter is supposed to be fixed for each
irreducible representation, we don’t write it explicitely.

Applying an arbitrary L'T' A to this state

U(A,0) |p,a) = N(p)U(A,0)U(A(p),0) [k, ) = N(p)U(AA(p), 0) |k, )

— N(p)U(A(Ap),0)U(A ™' (Ap)AK(p),0) |k, a) , (3.18)

we are lead to study the action of a special LT, the Wigner rotation

W(A,p) =X (Ap)AA(p) (3.19)
on k:
A(Ap)
A (Ap) (3.20)

Thus W is an element of the little group, the subgroup of L'Ts that leave the
reference vector k invariant. Obviously

UW,0) [k, @) = > Dga(W) [k, 5) (3.21)
B

for each W in the little group. Note that the positioning of the indices of D
is chosen to make the matrices a representation of the little group

> Dsa(W'W) |k, 8) = UW'W) |k, a) = UW)U(W) |k, )
B

3Note, however, that the explicit form of this LT will depend on m?.
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ZDW )|k, y) = ZDVQ UW" [k, )
= Z Dva(W) Z Dﬁv(W

—ZZDM W) |k, > ST IDW)D(W)),, [k, B) (3.22)
B
o DW"D(W) = D(W'W). (3.23)

Returning to (3.18), we find

U(A,0) |p, >—N( )U(A(Ap) O)U(W( p) |k, o)
ZDﬂa ( ( p)> )‘kvﬂ>
B

Z ) |Ap, B) . (3.24)
B

Thus we have reduced the problem of finding the C'(A, p) to fixing the nor-
malization factor N(p) and to the problem of finding representations of the
little group. If we choose latter D to be unitary

DI(W)=D*W)=DW™), (3.25)
and use the covariant inner product

(p, alq, B) = (27)*2podapd (F — ) = (Ap, a|Aq, ) (3.26)

we can choose

N(p) =1 (3.27)

to guarantee unitarity of U (A, a).

3.1.2  Wigner Classification

Since the little group is the invariance group of the reference momentum &,
the nature of the little group depends on the Lorentz invariant properties of p
and k. There are six different cases, that have been collected in table 3.1. Of
these, only three appear to be realized in nature

1) massive particles,

3) massless particles,
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P k little group
) 7 =m2>0  po>0 (m,0,0,0)  SO@3)
2) pP=m?>0 po <0 (—m,0,0,0) SO(3)
3) pP=m?=0 p=w>0 (w,0,0,w) ISO(2)
4) pPP=m?*=0 p=-w<0 (—w,0,0,w)  ISO(2)
5) p*=-m?><0 (0,0,0,m) SO(1,2)
6) p=0 (0,0,0,0)  SO(1,3)

Table 3.1: Little groups for different momenta. SO(1,N) is the Lorentz
group in N space and 1 time dimensions. 1SO(2) is the euclidean group in
two dimensions, consisting of rotations and translations in plane.

6) the translation invariant vacuum state.

We do not have to consider the remaining ones
2) massive particle with unphysical negative energy,
4) massless particle with unphysical negative energy,

5) tachyonic particle traveling faster than the speed of light, violating
causality.

Vacuum

The vacuum state is usually the unique state of lowest energy. It is space
and time translation invariant, i.e. its four momentum vanishes. Note that
there are situations in which there are more than one of such states, this will
cause Spontaneous Symmetry Breaking (SSB), after which the vacuum state
will be unique.

Massive Particles

The little group for a massive particle is SO(3), the rotation group in three
dimensions. We know its representations, which are specified by a half inte-
ger [ and are 2] + 1 dimensional. As above, we can then associate a Wigner
rotation to every LT

W(A,p) =X (Ap)AA(p) ((3.19))
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and find the representation U® of the Lorentz group from the representa-
tion DU of the rotation group:

l
UD(A,0)[p,o) =Y DY (W(A,p) [Ap.o) . (3.28)
ol=—1

One can show that the Wigner rotation of a L'T that is a rotation, is in fact
the same rotation, independent of the momentum p. This fact allows us to
take over the whole angular momentum formalism from non-relativistic QM
to the description of relativistic states of single massive particles.

One can compute the Wigner rotation explicitely by noting that, the L'T

— + k) p+k), _p'k,
R () = ot — 2 2 3.29
) =g - LD o2 (3.29)
is well defined for k? = p> = m? > 0 and satifies the condition (3.16)
AL ()R =k = (p+ k)" + 2p" = . (3:30)

Massless Particles

In the massless case, we choose k = (w,0,0,w) as the reference vector. One
can show (see the exercises), that

1+¢ a 8 —(¢
S* (o, B) = g (1) ? :g with 2¢ = o2 + 8° (3.31)
¢ a B 1-¢

is a LT that transforms the unit vector ¢ = (1,0,0,0) such that the inner
product with £ is unchanged.

(SQ*k, = ¢"k, =w. (3.32)
On the other hand, a Wigner rotation with Wk = k must also satisfy

w=q"k, = (Wq)"(Wk), = (Wq)"k, (3.33a)
1=¢*=(Wq)*. (3.33b)

Therefore one can find a S(«, 5) that acts on ¢ just as W acts on ¢q. Conse-
quently, even if S(«, ) # W, the combined LT

S Ha, )W (3.34)
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must leave ¢ invariant. It’s easy to see that
S(a, B)k =k (3.35)

and therefore
S a, )Wk =k. (3.36)

Any transformation that leaves both k and ¢ invariant, must be a rotation
around the é3-axis:

1 0 0 0
0 cosf —sinf O
-1 Ko pp _
(57 e )W)", = R, (0) = 0 sinf cosf O (3.37)
0 O 0 1
and we have identified the most general element of the little group
W (0, a,8) = S(a, B)R(6). (3.38)

It is another straightforward exercise to show that we have abelian subgroups

W(6,0,0)W(6',0,0) =W (@ +6,0,0) (3.39a)
W(0,a, 5)W(0,a,8) =W (0,a+d, 8+ ), (3.39b)

one of which is even invariant

W(6,0,0)W(0,a, )W (6,0,0) = W(0,acosf — Bsiné, asinf + S cosh).
(3.39¢)
It’s easy see that the multiplication laws (3.39) correspond to ISO(2), the
Euclidean group of translations and rotations in two dimensions.
Expanding W (6, a, ) to foirst order, one can derive the generators of ISO(2)
and their representation in this parametrization

UW(,a,0)) =1+iacdA+iB +i0Ls + ... (3.40)

with commutation relations

[A,B] =0 (3.41a)
(L3, A = iB (3.41b)
L3, B] = —iA, (3.41c)

as was to be expected from the geometrical interpretation. Since A and B
commute, we can diagonalize them simultaneously.

Alk,a,b,h) = al|k,a,b,h) (3.42a)
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Blk,a,b,h) =b|k,a,b,h) (3.42b)

with h standing for the remaining ()Ns. However, we can use U (W (6,0,0)) =
el?/s to rotate these eigenvalues, leading to an unphysical continuum. We are
thus led to require

Alk,h)y =0 (3.43a)
Bl|k,h) =0, (3.43b)

and
Ls|k,h) = h|k, h) (3.43c¢)

where we have already suppressed the QNs a = b = 0 and written only the
helicity h.

This way, only the angle 6, as determined in the decomposition of the
Wigner rotation in (3.38) appears in the representation of the Wigner rota-
tion, which is diagonal in the helicity

Do (W (8,0, 8)) = "6, (3.44)
resulting in the representation of L'T's
U(A) |p, h) = ") [Ap, h) . (3.45)

It follows, that the helicity of an helicity eigenstate is invariant under LTs.
However, since the L'T" adds a phase, superpositions of states with different
helicities are not invariant.

From the algebraic treatment alone, the helicity could be any real number.
However, since rotations by 47 must leave the state invariant, it is restricted
to half integer values.

Lecture 08: Wed, 15.11.2017

The physical interpretation of the helicity h is, of course, the projection of
the angular momentum onto the momentum p. This is trivially invariant
rotations. It is also invariant under Lorentz boosts for massless particles,
but can change for massive particles, because an observer can move faster
than a massive particle.
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3.1.83 Parity and Time Reversal

The parity, a.k.a. space inversion, and time reversal operations (2.113b)
and (2.113b) are not exact symmetries of nature. Experiments have demon-
strated small violations in certain processes involving weak interactions, while
strong and electromagnetic interactions appear to be invariant.

In order to be able to study these effects systematically, we start we
assuming that parity and time reversal are symmetries. Later we can add
interactions that violate them in a controlled fashion. Then we must have

U(P,0)U(A,a)U ' (P,0) = U(PAP™ !, Pa) (3.46a)
U(T,0)U(A, a)U(T,0) = U(TAT ', Ta), (3.46b)

but any of U(P,0) and U(T,0) could be unitary or anti-unitary. Note that
operators continuously connected with unity must not be anti-unitary.

As in section 2.6.3 above, we can derive the transformation properties of
the Lorentz generators®

U(P,0)iM* U~ (P,0) =iP,"P," M" (3.47a)
U(P,0)iP*U~"(P,0) = iP,"P* (3.47b)
U(T,0)iM*" U (T,0) =iT,*T,"M*” (3.47c)
U(T,0)iP*U (T, 0) =iT,*P* (3.47d)

but we must not cancel the factors of i, because U(P,0) and U(T,0) might
be anti-unitary. If we were to assume that U(P,0) is anti-unitary, we find
for the Hamiltonian H = P°

H = —iU(P,0)iHU (P, 0)
= (=i)*U(P,0)HU ' (P,0) = —U(P,0)HU '(P,0). (3.48)

This would imply that an energy eigenstate |E)
H|E)=F|FE) (3.49)
must have an associated state
|—E)=U(P,0) |E) (3.50)

with negative energy
H|-E)=-E|-E). (3.51)

4Hopefully, there is no chance to confuse the momentum P* with the parity transfor-
mation P¥,.
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Since the energy can not be bounded from above, this would imply that,
energy would also not be bounded from below. This unphysical choice must
be rejected and U(P,0) must be unitary.

Similarly, assuming that U(T,0) is unitary

H = +iU(T,0)§iHU (T, 0)
=i*U(T,0)HU *(T,0) = —U(T,0)HU *(T,0), (3.52)
leads to the same unboundedness from below and we conclude that U(T,0)

is anti-unitary.

Massive Particles

A simultaneous eigenstate of Hamiltonian, momentum and one component
of angular momentum corresponding to the reference momentum k&

H |k o) =m|k, o) (3.53a)
Plk,o) =0 (3.53b)
Ly |k,o0) =0 |k, o) (3.53¢)

is transformed by U(P,0) into another eigenstate with the same eigenvalues.
Since U(P,0) commutes with all three operators,

U(P,0) |k,o) =n, |k, o) (3.54)

with phases |n,| = 1 that could depend on o. However also the shift opera-
tors Ly = L1 +iLy commute with U(P,0) and the phase 1, must not depend
on o

U(P,0) |k,o) =n|k,o) (3.55)

and the phase |n| = 1 can only depend on the representation or additional
internal QNs. Finally, for general momenta p

U(P,0) |p,o) =n|Pp,o) . (3.56)
From
U(T,0)LsU (T,0) = —Ls (3.57)
we conclude
HU(T,0) |k, ) = mU(T,0) |k, o) (3.58a)
PU(T,0) |k, o) =0 (3.58h)
LsU(T,0) |k,o) = —oU(T,0) |k, o) , (3.58¢)
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1.e.

U(T,0) |k,0) = C, |k, —0) | (3.59)

with another phase |(,| = 1. One can again use the shift operators® to show
that the phase can be absorbed into the state and obtain

U(T,0) |p,o) = (—=1)"7 | Pk, —0) . (3.60)

Massless Particles

One can show ° that

U(P,0) |p, o) = n,e ™% | Pp —g) (3.61a)
U(T,0) |p, o) = ™% | Pp o) (3.61D)

but it should be intuitively clear that the angular momentum changes sign,
but the helicity not.

3.2 Relativistic Many-Particle States

Multi particle states can be constructed as tensor products, e.g. for two
particles

|p1, Qs p2, o) = |p1, 1) @ |p2, aa) . (3.62)

Normalizable states are represented as square integrable functions on the
product of two positive mass shells

Ho =M1 @Hi > U 2 op e LR x R, C, dpdps), (3.63)

where we must allow for mass shells with different masses. The generalization
to N-particle states is obvious.

3.2.1 Fermions and Bosons

In the case of identical particles however, observations tell us that not all
tensor products are allowed physical states. Instead, there are only totally
symmetric states of identical (up to Poincaré group (YNs) bosons and totally
antisymmetric states of identical (up to Poincaré group QNs) fermions. Fur-
thermore, one can show’ that particles with integer spins must be bosons and
particles with half-integer spin must be fermions to avoid contradictions.

°Cf., e.g., [3], p. 771
5Cf., e.g., [3], p. T8f.
TCf., e.g., [7] for rigorous proof relying only on well motivated general axioms, not PT.
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One can easily define totally symmetric and anti-symmetric tensor prod-
ucts for two

Hin D |[th) V [ihe) = [1h1) ®s [1h2) = —= (|th1) @ [12) + [12) ® [¢1))

7

(3.64a)
Ho 3 |n) A ) = |1) ®a [th2) = % (1) ® [16n) — [162) ® [461))
(3.64b)

and n identical (up to Poincaré group (ONs) particles

Mo =H{" > \/ ) = \/_Z® |¥m(i) (3.65a)

H_p=H"> /\ ;) = \/_ Z ® [ Ur(i)) (3.65b)

where

e(m) =

{+1 7 1s an even permutation (3.66)

—1 = is an odd permutation

While these are mathematically well defined, computations using these states
can be very tedious. Instead it is more efficient to move to the direct sum of
all n-particle spaces.

3.2.2  Fock Space

Introducing a unique Poincaré invariant vacuum state |0)

M™ |0) =0 (3.67a)
P (0) = 0 (3.67D)
(0j0) =1 (3.67¢)

and the one dimensionsal Hilbert space Ho = H1o = H_ 2 |0), we can
form the direct sum of all n particle Hilbert spaces

Fi=PHin, (3.68)

the so called Fock space. If there is more than one species of particles,
the n-particle spaces will be formed from a combination of unsymmetrical,
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symmetrical and antisymmetrical tensor products. This can become very
complicated and it is more convenient to give a recursive description, using
operators

al cHepy — Hinn (3.69a)
aq . Hi,n — ,Hi,nfl (369b)
to construct Fi from Hy .
Bosonic

Starting with the bosonic case, we demand Canonical Commutation Rela-
tions (CCRs) among the creation and annihilation operators

[aa(k), as(p)] =0 (3.70a)
[al,(k), al(p)] =0 (3.70b)
a0 (k), ali(p)] = (27)*2ko0456° (K — P) (3.70c)
with the commutator
[A,B]=[A,B]_ =AB— BA (3.71)
and since a,H4 o lies outside of Fock space
Vp,a:an(p) [0) = 0. (3.72)
We can obtain all of H ; by acting with af (p) on the vacuum state
[p,a) = al(p) |0) . (3.73)

Note that the normalization of these states is already determined by the CCRs

(p.alg. B) = (Olaa(p)al(@)|0) = (Olaf(@au(®)|0) + (0] [aa(p). ab(a)] |0)
= 0+ (27)2p03sd™ (7 — ) (010) = (27)*2podasd(F— @) (3.74)

and turns out to be Lorentz invariant. The states in H 5 are constructed by
one more application of al,(p)

|p1, 13 P2, Qo) = GLI(pl) P2, () = all(pl)alrz(]?z) 0)
= al, (p2)al, (p1) [0) = al, (p2) [p1, o)
= |p2, 23 p1, 1) = |p1, 1) V |pa, ) (3.75)
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and the normalization can again be verified from the CCRs. At this point,
one might worry that the operators af (p) do not create normalizable states,
but this can be solved by using CCRs

[aa(f),as(9)] =0 (3.76a)
al(f).al(9)] =0 (3.76D)
[aa(f), ali(9)] = bap /35 f*()g(p) (3.76¢)

with functions f square integrable on the positive mass shell and creation
and annihilation operators formally defined as

ao(f) = [ dp f*(p)aa(p) (3.772)
al(f) = [ dp f(p)aa(p). (3.77h)

This way, everything can be made rigorous, but at the price or serious tedium
in applications. We will therefore use the d-function normalized states for
convenience.

The action of a, : Hi1 — Ha is already determined by the CCRs

aa(p) . B) = aa(p)al(q) |0) = [aa(p), al(q)] 0)
= (27)*2podapd” (7 — q) |0)  (3.78)
also aq : Hio — Han
aa(p> ‘(h, ﬁla q2, 62>
= (27’(’)32}?0 (604,6’163(}3_ il) ‘q27 62> - 6aﬁ253(ﬁ_ q_‘Q) ‘CI1>51>) (379)

and the general case a, : Hi,, — Hi 1 should be obvious. It’s easy to see
that af (k) is indeed the operator adjoint to a, (k). The d-distributions could
be avoided by using (3.76) instead of (3.70).

An interesting operator N : F, — F, is the number operator

N =Y [dva e (3.80)

with
Vip € Hyy: N |Yb) =n ) . (3.81)
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Fermionic

The symmetry of the states in the Fock space constructed with al (p) is an
unavoidable consequence of the CCRs (3.70). In order to describe fermions,
we therefore have to switch to Canonical Anticommutation Relations (CARs)

[ca(k),c5(p)], =0 (3.82a)
[ch (), cs(p)], =0 (3.82b)
[ca(k), ch(p)], = (27)2k060s0° (k — ) (3.82¢)

with the anti commutator
[A,B]. =[B,A]; = AB+ BA (3.83)
to construct fermionic creation and annihilation operators

Mo H o (3.84a)
CotHoy = Ho . (3.84b)

Everything goes through as in the case of bosons, except for additional signs
that have to be taken care of.

3.2.3 Poincaré Transformations

| Lecture 09: Tue, 21.11.2017|

We can now use the transformation properties of the states |p,a) under
Poincaré transformations to derive the transformation properties of the cre-
ation and annihilation operators.

In general, the creation operators transform under similarity transforma-
tions just like the states. The transformation properties of the annihilation
operators are different unless the coefficients are real, because we have to
take the adjoint. In particular

> Coal(A,p)ali(Ap) |0)
B
=" Csa(A,p) [Ap, B) = U(A,0) |p,a) = U(A, 0)af,(p) 0)

5
= U(A,0)al(p)U (A, 0)U(A, 0) |0) = U(A, 0)al,(p)U'(A,0) [0) (3.85)
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1. €.
U(A,0)al,(p) U~ (A Zcﬂa A, p)al(Ap) = Z p)al(Ap),
(3.86)
using

Coa(Nyp) = (C71) 4, (A7 p) = (C1) 5, (A1 p) = Cop(A™p) . (3.87)

Taking the adjoint, we find

U(A,0)aa(p)U (A, 0) =Y Cha(A,p)ag(Ap) = D Cap(A™", plag(Ap).
B B
(3.88)

Also

¢"al,(p) |0) = € |p,a) = U(0, ) |p, a) = U(0, z)al,(p) |0)
= U(0,2)al(p)U~(0,2)U(0,2) |0) = U(0,z)al,(p)U~"(0,2) [0) (3.89)

and thus
U(0,2)al(p)UH(0, ) = e*Paf(p) (3.90a)
U(0, 7)as(p)U (0, 2) = e Pay(p) . (3.90b)
Furthermore®
U1,z)U(A,0) =U(A, z) (3.91)
and thus finally
UA, 2)aa(p)U™" (Aw) = e 7S " Cop(A™, pag(Ap) (3.92a)
B
U(A, z)al (p)U " (A, z) = PN~ Cr (A p)af(Ap) (3.92b)
B

8But U(A,0)U(1,z) = U(A, Az)!
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4

FREE QUANTUM FIELDS

In chapter 6, we will construct the S-matrix, the unitary operator that trans-
forms non-interacting incoming states into outgoing states. The quantum
mechanical transition amplitude is then

A(incoming — outgoing) = (outgoing|.S|incoming) (4.1)
and the transition probability is its modulus squared
P(incoming — outgoing) o< |A(incoming — outgoing)|?, (4.2)

up to normalization factors that are independent of the interaction.
We will be able to show that the S-matrix is Poincaré invariant if the
interaction is described by an interaction density

H(t) = Hy — / d*z L(x) (4.3)

that is both local

[Lr(x),Lr(2)]_ =0 if(z—2)?<0 (4.4a)
and a scalar under Poincaré transformations

UA,a)Cr(2)U YA a) = Li(Ax +a). (4.4b)

The free hamiltonian Hy in (4.3) is absorbed into the time depence of the
creation and annihilation operators in the interaction picture of QM (cf. chap-
ter 77).

We should be able to construct the interaction density L£;(z) as an op-
erator in Fock space out of creation and annihilation operators. Doing so
will require us to switch from the momenta p that label the creation and
annihilation operators to positions x via some kind of Fourier transform.
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Unfortunately, the transformation properties (3.92) of the creation and an-
nihilation operators under L'T's depend on the momentum and the L'T's of the
Fourier transforms can be very complicated.

Fortunately, we will be able to construct local quantum fields that have
simple transformation properties and are already local for bosons and fermions

U(A a)a(a) = LD sl ) (45a)
(0a(e), 0s(a >]¢=o if (2 —a')? < 0. (4.5h)

where the upper sign in the commutator applies to bosons and the lower to
fermions. For the U to form a representation of the Poincaré group

U(A1A2, Aias + a1)da(2)U ™ (A1 A2, Aras + ay)
= U(Al, al)U(Ag, a2)¢a(:ﬁ)U*1(A2, CLQ)Uil(Al, al)
= ZDQ’B Al,a1>¢ﬁ<A2$+CL2)U71(A1,G1)

- ZDO‘B DﬁW( I1)¢7(A1(A2$+CL2)—|—CL1>
i Z Da’Y((AlAQ)_l)(bv(AlAZ-T + A1CL2 + al) , (46)

the D,s must also form a representation of the Lorentz group

ZDQB DDgy (A7) = Day(MA2) 1) = Doy (A7'ATY) . (47)

If the interactions are local polynomials in these fields with appropriately
contracted indices

S Coporn Gal@)s )iy () - (4.8)

,B,Yse

locality and Lorentz invariance will be guaranteed by construction (cf. exer-
cise).

As we will see later, real scalar fields with these properties and D? = 1
can be written as

¢(x) = [ dp (alp)e ™ + al (p)e™?) : Fy — F. (4.9)

and we will also see that locality requires the fields to always have both a
creation and an annihilation part, but not necessarily corresponding to the
same (QNs.
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4.1  Masswe Particles with Arbitrary Spin

Before we construct the local fields, we treat the “positive energy” annihila-
tion and “negative energy” creation parts separately’

o (x Z/dpu T,p)ag(p) - Him — Hin (4.10a)

= Z /dp Vo (x,p)al (p) : Ham — Heamyt (4.10b)

but it should be obvious, that we need both in the interaction in order to
obtain a self-adjoint Hamiltonian.

All formulae will be written as if for bosons, but they can be taken over
unchanged for fermions. The indices o enumerate states in the Poincaré
group representations discussed in section 3.1, while the indices o enumer-
ate members in multiplets forming Lorentz group representations (4.7). The
fields ¢*, functions u, v and operators a, a' carry additional QNs that dis-
tinguish different particles of different mass, spin and charges. These will not
be spelled out, but it is obvious that the u and v must depend on the mass
and spin of the Poincaré group representation.

Thus we need to find functions

ug(z,p) , vg(x,p) (4.11)
that yield the desired transformation properties
U(A, b)) (z)U Z Das(A)05” (Az + b) (4.12)

with D independent of x € M. It will be shown below, that we can always
choose the u and v such that the same D appears in the positive and negative
energy parts. We will assume that p> = m? > 0 and treat the massless case
later.

Obviously,

65 @), 05 )]

from the CCRs or CARs. On the other hand,

o5 w] =3 [epsn 20 @

= 0= 67 (), 05 (v) (4.13)

+ +

!The rationale for the postive/negative energy terminology and notation will become
clear below.
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and we have to choose the v and v appropriately to get combinations that
(anti-)commute for space-like distances.

For massive particles, we can use the Wigner rotations to rewrite (3.92)
as

U(A, b)ag(p)U~ (A, b) = e A7) ZRW "(A,p))as(Ap)  (4.15a)

U(A, b)al,(p) U (A, b) = 4P ZR A,p))al,(Ap),  (4.15b)

where R is the representation of the rotation group corresponding to the spin
of the particles created by af. From this, we obtain

U(A, )¢5 (@)U (A, b)

and
U(A,b)oS (@)U (A, b)
=X / dpvf(z, p)e” ™ R (W (A, p))al, (Ap)

oo’

- Z /dpDaﬁ g (Ax +b,p)a (T;'(p)

_Z / dp Das(A1)0g (Az + b, Ap)al, (Ap), (4.16b)

where we have used

e~

dp = d(Ap). (4.17)

Comparing coefficients, we find

Z Ug(l‘,p)e_ib(Ap)RU ( Z Daﬁ Uﬁ A[E + b, Ap) (4.18&)

ng(m,p)eib(/\p)RZ (W™ ZDW "UB (Ax + b, Ap) (4.18Db)
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or getting rid of the inverse transformations

ZDQB Jug(x, p)e” ib(Ap) — Zu (Ax +b,Ap)Rye (W (A,p))  (4.19a)

o’

Zpaﬁ g (z, p)e?™ =" 07 (Ax + b, Ap) Ry, (W(A,p)) . (4.19b)

UI

We can now proceed to solve (4.19). First the special case A = 1:
ug (a,p)e™ = ug(x + b, p) (4.20a)
o, p)e™ = o + b,p). (4.20b)

i.e. u and v must be plane waves with momentum and spin dependent coef-
ficients

ul(z,p) = e *Pug(p) (4.21a)
v (2, p) = P (p) (4.21b)

where we reuse the symbols u and v, since there is no risk of confusion. The
conditions (4.19) now read

> Dag(A)ug(p)e v — Zu (Ap)e AU R, (W (A, p))
5

(4.22a)
ZDaﬁ vﬁ T p) izp+ib(Ap) _ Z (Ap> i(Az+b)(Ap) R* (W(A,p)) .
(4.22b)
and using
(Az +b)(Ap) = xzp + b(Ap) , (4.23)
we see that the exponentials cancel
Y Das(Mug(p) = Y ug (Ap) Roie(W (A, p)) (4.24a)
B o’
S Das(AG(0) = 3 0f (Ap) Ry (W(A,p)) (4.24)
B o’

Using boosts without rotations, i.e. W(A,p) = 1, we can compute the mo-
mentum dependence of v and v from u and v at the reference momentum in
the Wigner classification for any representation D of the Lorentz group

=3 Das(R(p))u (k) (4.250)
B

p) =Y Das(R(p))v5 (k). (4.25b)
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4.1.1  (Anti-)Commutators
| Lecture 10: Wed, 22.11.2017 |

[6(9(a). 6 -3 Jdere ). @)

If we choose x — y = (0,7 — ¥) purely spacelike, the commutators are the

fourier transform of 0)3(0)
ug (p)vg(p

= A i 4.27

=3 e (427

In order for the (anti-)commutators to vanish for spacelike distances, f would
thus have to vanish.
However, if we introduce combinations

ba(r) = Kad{P (2) + A0l (@), (4.28)

where ¢(*) and ¢(~) can be made from annihilation and creation for different
particles that are distiguished by QNs that have not been spelled out, the
(anti-)commutators are

[6al@), 65y,
> [ @m0 ) - ) (429)

which can easily be made to vanish for spacelike separations, e. g. already for
k=A=u=v=1.

4.2  Massive Scalar Fields

In the case of the trivial representation of the Lorentz group, D(A) = 1,
i. e. scalar particles, we can choose

VA € L:u(Ap) =v(Ap) =1 (4.30)

together with k = A = 1 and find

—~

oM (x) = [dpa(p)e ™ (4.31a)

¢ (x) = [ dpal(p)e™” (4.31D)
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o(2) = 8D (@) + o) (a) (131¢)

with
6B (@) = (6P(a))! (4.322)
o(x) = (p(x))' (4.32D)

and
@60 = [dpe e —ia0(a - y) (4.33)
(67 (2), 6P ()] = -1AD(y - x) (4.33b)

[6(2), o(y)]_ = iAW (2 —y) —iAD (y —2) =iA(z —y).  (4.33¢)

Here we only consider the commutator and not the anti-commutator, because
it can be shown, that for integer spins only the commutator and for half-
integer spins only the anti-commutator leads to a consistent theory.

From the fact that the measure dp vanishes outside of the mass shell, we
immediately conclude that

(O+m?) ¢F () = (0,0" +m?) ¢F(x) =0 (4.34a)
(O+m?) ¢(z) =0 (4.34b)
(O+m?) AP (z) =0 (4.34c)
(O+m?) A(z) =0. (4.34d)
Using
¢! (x)|0) =0, (4.35)

one can compute matrix elements like

(Olp(2)9(y)|0) = (0l6) ()6 (2)|0)
= (0] [6(@), 6 ()] _|0) =ia®(w ). (4.36)

4.2.1  Commutator Function

Note that the distribution A, the so-called commutator function, defined
in (4.33) depends on the mass m in the Lorentz invariant integration measure.
Sometimes, this dependence should be made explicit

— A3 .
IA) (2:m) = /dp S— /—( P oiop

4.
27)32py (4:37)

po=+/p*+m? .
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Note that A is invariant under orthochronous LT's
IAD (Az;m) = dpe iAo = /d(Ap) e AP — A (zm)  (4.38)

and can therefore depend only on 22 and on the sign of zy timelike z. For
spacelike x, we can choose a coordinate system with x = (0, ) and find

e m Ky (ml7)

A (+ =\, _ |3, .75 _
IAD((0,2);m) = [dpe®? = 7 (4.39)
or, from Lorentz invariance,
Ky(mv —2?)
NE ™ . m 1
A (xz;m) Pl R e (4.40)

where K is a Hankel function and we see that A™)(x;m) does not depend
on the sign of z as long as 2% < 0. Hence

A(z;m) = A (z:m)

22<0

_ A”)(—x;m)

z2<0

= 0. (4.41)

22<0

Another fun fact, that we will use later extensively, is

) — 1B
A (e — iZp il P U S v 1 e
a%A (x;m) L /dppoe 2/(27r)3e 0% (%) (4.42)
or 5
- . e 37
axOA(x,m) L 5°(Z) (4.43)
and 96
ool ate)| . (4.44)
Yo —,20=Y0
suggesting that
w(r) = 2 (x) (4.45)
N al’o .

could play the role of a momentum conjugate to ¢ in the canonical formalism
to be introduced in chapter 5.
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4.2.2  Charged Scalar Fields

Assume that there is a conserved self adjoint charge Q = QT with associated
QN ¢
Qla)=qlq) (4.46)

and that ¢(*)(z) and ¢~)(x) annihilates and create particles with charge ¢
respectively

(Q, 0 (z)] = Fqo™® (). (4.47)
Then
[Q, 0 () + ¢ (2)] = —q (¢ (2) — ¢ (2)) (4.48)

and we can not use ¢(z) to simply construct interactions that commute
with ) and ensure that () is conserved.

We can solve this problem by introducing a charge conjugate states with
annihilation and creation operators a¢ and a°’ for anti particles

(@, a(p)] = —qa(p) (4.49)
[Q,a'(p)] = qa’ (p) (4.49b)
(@, a%(p)] = qa“(p) (4.49¢)
[Q.a(p)] = —qa“T(p) (4.49d)
and corresponding non-hermitian fields
¢(z) = / dp (a(p)e™ + a*f (p)e™?) (4.50a)
o (z) = / dp (a“(p)e ™ + al (p)ei™?) . (4.50D)
For those, we have now simply
[Q, ¢(2)] = —qd(x) (4.51a)
[Q, ¢ ()] = qo' (). (4.51b)
The charge conjugate states are independent
[a(p),a(q)] =0 (4.52)
and thus
o(z),d(y)]_ =0 (4.53a)

[
[61(2), ¢'(y)]_ =0 (4.53b)
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[6(2), 0" (y)] _ =iA(z —y). (4.53c)

Note that (4.49b) also follows from (4.49a) without making any physical
assumptions

[Q,al(p)] = [alp), Q1] = = [Q, alp)] = ¢a'(p). (4.54)

Therefore, we are always forced to introduce anti-particles, when there is a
non-vanishing charge.

4.2.3  Parity, Charge Conjugation and Time Reversal

If there is no danger of confusion, we can write

P =U(P,0) (4.55a)
T = U(T,0) (4.55b)

for the representations of parity and time reversal. Then

Pa(p)P~" = n*a(Pp) (4.56a)
Pat(p)P~! = n°a®t(Pp), (4.56Db)

with |n| = |n°| = 1 the intrinsic parity of particle and anti-particle. For the
field to have definite transformation properties

Po(a)P~ = if'¢(Px) (4.57)

we must require n° = n*.
Introducing a charge conjugation operator C

Ca(p)C~" = € a“(p) (4.58a)

Cal(p)C~" = ¢°al (p), (4.58b)

with || = |[€¢] = 1 the intrinsic charge conjugation parity of particle and
anti-particle. For the field to have definite transformation properties

Co(x)C~" =€ ¢! () (4.59)

we must again require £¢ = £*.
Finally for time reversal
Ta(p)T~" = (*a(Pp) (4.60a)
Tal(p)T~" = (“a”T(Pp), (4.60b)
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with [¢] = |¢°] = 1.
To()T" = [T (alp)e ™ + o)) T
_ / dp (Ta(p)T~1e + Tat (p)T~1ei27)
= [@ (CaPpe + ol (Ppe )
— [@ (Calp)e P 4 ) P) = Co(~Px) - (461)

using the anti-unitarity of T" and requiring (* = (°.

4.3 Massive Vector Fields

| Lecture 11: Tue, 28.11.2017|

In the case of vector particles, we simply have
D" (A) = A*, (4.62)

as the representation of the Lorentz group and the field carry one Lorentz
index

600@) =3 [dpubipasp)e (4.632)

60@) =3 [dputoral e (4.63D)
However, in (4.24) and (4.25) there are two different little group representa-
tions for u”(k) and v#(k) at the reference momentum k = (m,0)
1. spin 0, where the reference vectors
u(k) = (=im, 0) (4.64a)
v(k) = (im, 0) (4.64D)
are invariant under little group transformations, and

2. spin 1, where the reference vectors

vilk) = (0,7) (4.65)

transform like vectors under little group transformations.
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Spin 0
In the first case, we have
ut(p) = D", (A(p))u” (k) = —ip" (4.66a)
ut(p) = D", (A(p))v" (k) = ip" (4.66b)

and we find nothing new, because
¢"(x) = [ dp (~ip"a(p)e ™ + ipal(p)e"™?) = 0"¢(x) (4.67)

with a scalar field ¢. For describing a charged particle, we can again introduce
anti particles, as above.

Spin 1

In the spin one case, the choices for the reference vectors are usually called
polarizations

0
uo(k) = vo(k) = eo(k) = e5(k) = | (4.68)
1
0
1 1
ur (k) = —v_1(k) = e1(k) = =€ (k) = AR (4.68b)
0
0
) 1|1
w1 (k) = —r(k) = €1 (k) = —€i(k) = == i) (4.68¢)
0

and we define again

eh(p) = D", (A(p))es (k) = A", (p)ey (k) (4.69)
with the properties
puey(p) =0 (4.70a)

e (p) = —(=1)"€" . (p) (4.70b)
ey (p)es . (p) = =050 (4.70¢)
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0000
w 0100

> etk)er (k) = 00 1 0 (4.70d)

ool 0001

Then a spin 1 massive neutral vector field is

= > [ @webe gt paper) @

oc=-1,0,1

and we can compute the commutator

[¢(+)’“(Z‘), (b - Z /dp 6“ e—izTp /a\]; H,uzz(p)e—izp

o=—1,0,1
(4.72)
with the projection
v o v PP
I (p)= > ep)er’(p) = —g" + T (4.73)
o=—1,0,1
orthogonal to p
puI1" (p) = p, 11" (p) = 0. (4.74)
Using i0*eTP* = £pre % the commutator can be written
oro”
640 6] = =i (g4 D) Ay @)
m?
We also see that the vector field is transversal
0t (x) =0 (4.76)
and each component satisfies the Equation of Motion (EOM)
(O+ m2) ¢ (x) =0. (4.77)

Unsurprisingly, a spin 1 massive charged vector field is again constructed by
introducing the charge conjugate creation operators in the negative energy
part

= Y [ @wa b ealeeT) @
o=-1,0,1

and we find

R Y ) FNCE N (R )




Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 63

4.3.1 Parity, Charge Conjugation and Time Reversal

In the case of charge conjugation, there is no change from the scalar fields

C ()0 = "¢ (a). (4.80)

Howver, in order to understand the behaviour of vector fields under parity
and time reversal, we need to determine the behaviour of the polarization
vectors. From the definition

et(Pp) = A", (Pp)es(k) = P* A" (p) Phex(k) = —P"e(p) (4.81)
~ o)

g

and therefore
P¢!(z) P~ = —n*P* ¢" (Px) (4.82)

where we had again to chose the same phase for particle and anti-particle.
From the definition, we also have

(1) 7€, (Pp) = Peq(p), (4.83)

which nicely cancels the phases in the creation and annihilation operators
required by (3.60):

T¢"(x)T™ = *P* ¢"(—Pr). (4.84)

4.4 Massive Spinor Fields

In the caseof spin-1/2 particles, there is a very elegant method for construct-
ing Lorentz group representations.

4.4.1  Dirac Algebra
The Clifford algebra of Dirac matrices or v matrices
V7] = 29" 1 (4.85)

can be used to construct a representation of the Lorentz group, independent
of the representation of the Clifford algebra. Indeed, define the six elements

1
ot = 5[7“)7“]_ , (486)
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then (cf. exercise)
[0, 47| =21 (v"¢"" — 7" g"") (4.87)

and (cf. exercise)
(0" 0?7 = 2i(g"o" — g'7a"P — Pt + g"7 o) | (4.88)

i.e. we have found a representation of the Lorentz algebra up to a normal-
ization factor

1
D(M™) = —50™. (4.89)

We can perform the computations following (2.141b) and (2.141a) backwards
to find

D(A)Y*DYH(A) = A" (4.90a)
1 1
D(A)ia"”Dfl(A) = Ap“A0”§ap". (4.90b)
We can also write
D(AM)1D'(A) =1 (4.90¢)

and conclude that 1 transforms like a scalar, v* transforms like a vector and
oM transforms like a rank-2 tensor. We will therefore use the metric to raise
and lower indices

Yo = Gy’ (4.91)
and the summation convention. Note that (4.85) implies
2 i\ 2
() =1=—-(y")". (4.92)
Thus we can define
pB=r"=p" (4.93)
to get
BB =7""" =4° (4.94a)
By BT =90 = = (4.94b)
as well as
Bopt = —g" (4.95a)

o f7t = gt (4.95b)
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i.e. B represents parity:

D(P)=p=1". (4.96)
Defining the object
75 =177 = —ien ey = vy = 4,6pr VT (4.97)
we can use (4.85) to prove
[v5, 7] =0 (4.98)

and s transforms as a pseudo scalar

[0, 5] =0 (4.99a)
BB~ = —7s, (4.99D)

as was to be expected from the definition using the e-tensor. Note that
(5)" = =Y =1 (4.100)
The axial vector v ~vs

o] (7075) B = =40 (4.101a)
I5; (fyify5) B =g (4.101b)

completes the sex of 16 Dirac matrices

1 1 “skalar” (4.102a)

o 4 “vector” (4.102b)
ot = % v, 7"]_ 6 “tensor” (4.102¢)
s 4 “axial vector” (4.102d)
75 = 17091243 1 “pseudo scalar” (4.102e)

and it will not come as a surprise that the smallest faithful representations
of (4.85) use (anti-)hermitian 4 x 4-matrices.

4.4.2  Feynman Slash Notation

Below, we will use components of four vectors as coefficients in linear com-
binations

py* =p"° = p'yt = p*y* = (4.103)
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so often, that it warrants to introduce a shorthand, the Feynman slash
b=t = P (4.104)
In this notation, the Dirac algebra (4.85) can be specified equivalently as
Va,be M : ¢, ], = 2ab=2a,b". (4.105)

As a consequence, we can write

P =5 W+ i =1 (1.106)

4.4.3 Dirac Matrices
| Lecture 12: Wed, 29.11.2017]

From (4.85), we see that any matrix realization of 4° has real eigenvalues v/1
and of 7 imaginary eigenvalues /—1. Therefore

'yOT =A0 (4.107a)
Nl =y (4.107b)
Y g (4.107¢)
Introducing the Dirac adjoint
T =410 (4.108)

for any sum and product I' of Dirac matrices, this can be written compactly

1=1 (4.109a)
N = At (4.109b)
ol = ghv (4.109¢)
Vs = Vs (4.109d)
Y5 = —"7s- (4.109¢)

Since the Lorentz group is not compact in the direction of the boosts, their
representations are not unitary. However, from (4.109¢) we have

. t .
,70 (%Uuu) ’70 _ _%O-MV (4.110)



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 67

and therefore

DI (AN’ = D(A™Y) = D71(A). (4.111)

Therefore if a spinor ¢ transforms according to
v — D(A)y (4.112)
the adjoint spinor v transforms according to
U = YTDI(A) = 919090DH(A) = 614D (AN £ I DTI(A).  (4113)
This suggests to introduce a Dirac adjoint also for spinors
§ = pi? (4.114)

because it transforms as B B
Y — PpD7HA). (4.115)

For the realization of the charge conjugation operation below, we will
also need an operator that relates y-matrices with their complex conjugates.
Since we know the behaviour under hermitian conjugation, we can use trans-
posed matrices instead of complex conjugates. Thus we will look for a charge
conjugation matriz C' with the properties

cict=1 (4.116a)
CyC™t = —#T (4.116b)
CoC™t = —gmT (4.116¢)
CrsC™t = 5T (4.116d)
Cy'ysC™" = (y"ys)" . (4.116¢)

We can not expect the form of the matrix to be independent of the repre-
sentation.

Dirac Representation

In the Dirac representation, the matrices v and 0% are (block-)diagonal

N (é _01) (4.117a)
0 (Oi %) (4.117h)

—0

e = (2 é) (4.117c)
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0 ot

0i _ -
o =1 (O’Z 0) (4.1174)
3 k
o =3 e (Uo fk) (4.117e)

k=1

and it is best suited for small momenta. A suitable charge conjugation matrix

1S
[0 o2

cl=ct=Cc"=-C. (4.119)

Note that we can write C' = iv?4°, but this will not always be the case in
other realizations.

0 -1
0

-1
0

(4.118)

— o O O
o O = O
o O O

with

Chiral Representation

In the chiral representation, the matrices v° and o** are (block-)diagonal

o [0 -1
30 = (_1 . (4.120a)
V= (—ai o> (4.120D)

1 0
5 = (0 _1) (4.120¢)
oY =i (% 0 ) (4.120d)

. 3 ok 0

ol — Zeijk (o ak) (4.120e)
k=1

and it will turn out to be best suited for light particles. Note in particular,

that the boost generators o are block-diagonal, which is not the case in the

Dirac representation. Also note that other variants of the chiral representa-

tion are used, where the signs of 7°, v5 and ¢ are flipped.

A suitable charge conjugation matrix is

0 -1 0 0
02 0 1 0 0 0

C 1(0 02)_ o o0 o 1l (4.121)
0 0 —10
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which again satisfies

cl=ct=c"=-C, (4.122)

and can be written C' = iy?y°.

Majorana Representation

In the Majorana representation, we will find C' # iy?4° (cf. exercise).

4.4.4 Dirac Fields
A charged Dirac field

(@) =30 / dp (w2 (p)eo (p)e™ + v2(p)d! (p)e™) (4.123)

with the customary notation d,(p) = ¢5(p) for the charge conjugate creation
and annihilation operators. The anticommutator is then

@) ") =

+

S [ (00 @ 7 1o o) ere)  (d120)

but we still have to choose the coefficients u(p) and v (p).

In order to do so sensibly, we need to commit to a representation of
the Dirac matrices. We will use the chiral representation (4.120), since all
Lorentz generators are block diagonal there. The block diagonal form of the
rotation generators o makes it clear that we are dealing with the direct sum
of two spin-1/2 representations. For particles, we can write

Uy

w(k)=| Y (4.1252)

U_

0
uy (k) = — (4.125Db)
and for anti-particles

or(k) = | OF (4.126a)



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 70

Ut
uw=|"|. (4.126b)
0
such that
1 1
5012u¢(k’) = §uT(k) (4.127a)
1 1
5012%(/{:) = —§u¢(k‘) (4.127Db)
1 1
501%(/@) = —§UT(/g) (4.127¢)
1 1
5<f12v¢(/lc) = §v¢(/{). (4.127d)

Note that opposite spins for anti-particles are consistent, because v3(p) ap-
pears in front of annihilation operators, while v%(p) appears in front of cre-
ation operators.

Remember that § = ~" realizes the parity operation. In the chiral repre-
sentation, it exchanges the upper and lower pairs of indices. Thus, in order
to have simple transformation rules under parity, we can choose u4 and v
as eigenstates of [

1
ur(k) = v | ) (4.1284)
0
0
uy (k) = v/m _01 (4.128b)
1
0
vy(k) = vim | (4.128¢)
1
1
ok =vim | ] (4.1284)
0

where the signs of the eigenvalues and the normalization have been chosen to
obtain a simple EOM and to make the anti-commutator vanish for spacelike
distances. Indeed,
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(i — m) () =
> / dp ((F— m) we(p)co (p)e™™ — (B -+ m) vy (p)d} (p)e?)  (4.129)

o="1,}

and we obtain the Dirac equation

(i —m)(z) =0 (4.130)
iff

(p —m)us(p) =0 (4.131a)

(p+m)v,(p) =0. (4.131b)

For the reference momentum k = (m, 0), this means

m (7° = 1) us(k) =0 (4.132a)
m (v° + 1) v, (k) =0 (4.132b)

with
(1F7°%) = (ill ill> , (4.133)

justifying our choice for u(k) and v(k). Furthermore

> up(k) @ue(k) =m (1+79°)7" =m(,°+1) =f+ml  (4.134a)
o="1{

Z ve(k) @ vl (k) =m (1=9°)7"=m (y° —1) =f —ml. (4.134b)
o="T,)

Since we have formed the dyadic products as ¢ ® v instead of ¥ ® ¥, we
may use the standard transformation properties

D(A(p))kD~'(A(p)) = ¢ (4.135)
for the boost from the reference momentum to obtain
> ue(p) @ Ug(p) = p+m (4.136a)
o=l
S v (p) © T (p) = = m. (4.136b)
o="1,{

Note that on the mass shell p? = m?, the matrices

_Ep+m

I (p) 5

(4.137)
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are orthogonal projections

(Mx(p))* = T (p) (4.138a)
0 (4.138b)

as can be seen using p* = p*> = m®. Returning to the anticommutator (4.124)
and replacing ! by ¢, we find

[ta(2), &B(y)h = /dp (P + M)ape P + (P — m)ase? ™)
= (i) +m), 1A —y), (4.139)

which vanishes for spacelike distances. Going to equal times

[wa (:E)a @5 (y)}

— 00T~ ) (4.140)

T0=Y0

= 17050010 (2 — y)

+,20=Y0

we find again canonical commutation relations

Gal@) Uhm)] = dasd* (@) (4.141)

+,0=Yo0

The right-hand side must be real here because of the anti-commutator.

4.4.5 Parity, Charge Conjugation and Time Reversal

| Lecture 13: Tue, 05.12.2017|

Parity

From the definition of the coefficient function as LT's

us(p) = D(A(p))uc (k) (4.142a)
Vs (p) = D(A(p))vs (k) (4.142Db)

and using the realization of parity the Dirac algebra

D(A(Pp)) = BD(A(p)B~" =7"D(A(p))?° (4.143)

we find
us(Pp) = BD(A(p))Buo (k) (4.144a)
0,(Pp) = BD(R(p)) Bu (k) (4.144b)
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In our chiral representation

7 g (k) = uq (k) (4.145a)
70y (k) = —v, (k) (4.145b)
and therefore
o (Pp) = 7 uq(p) (4.146a)
Vo (Pp) = = vs(p) (4.146b)

This time, assigning opposite intrinsic parity to particle and antiparti-
cle n¢ = —n*

Pc,(p)P™ = 1n"c,(Pp) (4.147a)
Pdi(p)P~! = —n*d}(Pp), (4.147b)

we obtain nice transformation properties under parity
P(x)Pt =) / dp (0"ts (p)ca(Pp)e™™ — v, (p)df,(Pp)e™)
=3 [@ (rua(Preap)e ™ — (P ()

=> / dp (17 o (p)co (p)e ™ F + 1777 v, (p)d (p)e?F?) , (4.148)

g

1.e.

Py(x) Pt = "%y (Px). (4.149)

Charge Conjugation

Moving on to charge conjugation?®

Ceo(p)C = £, (p) (4150n)
Cdl(p)C! = ¢l (p) (4.150b)

and choosing £¢ = £*, we obtain

cor(@e =3 [d (€uoda(pe ™ + €03 o)cl(r)e)

2We're temporarily using C for the operator in Hilbert space to avoid confusion with
the charge conjugation matrix C.
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L5 Lot (2), (4.151)
B

with a suitable Dirac matrix I', provided the complex conjugation of u(p)

and v(p) gives a suitable result. Using ’yOT = 4% in our representation, we
find

o = (1) = (1°07) " = 4" T = —50C e (4152)

Therefore . i '
(%a’”) = VOC%JWC’_WO (4.153)
and with
D*(A) =+ CD(AN)C™14° (4.154)

we can indeed compute u*(p) and v*(p). From (4.121) and (4.128), we confirm
by explicit calculation, that we have chosen u(k) and v(k) real and satisfying

C g (k) = —v, (k) (4.155a)
C g (k) = ug (k). (4.155b)
Thus
Uz (p) = 1"CD(A(P)C 7 uq (k) = —7"Cs(p) (4.156a)
v5(p) = 7"CD(A(p))C ™7 v, (k) = =7 Cu, (p) (4.156b)
and consequently
C(z)C ! = 70yt (2). (4.157)

Time Reversal

Since time reversal is represented by an anti-unitary operator, we need again
the complex conjugate coefficient functions. Using the charge conjugation
matrix, one can show®

T(x)T™! = —(*ysCp(—Px) . (4.158)
3Ct, e.g., [3], p. 2271
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4.4.6  Transformation of Bilinears
Given a 4 x 4-matrix M, we can construct bilinears in the Dirac fields
() Mp(x) = ¢H ()" Mip(z) = Y ¢ (@)1 Mpyth7 (). (4.159)
a,B,y
Since the fields transform as

U, a)(z)U (A a) = DA YY(Az 4+ a) = DY A)(Az +a)  (4.160a)
U(A, a)(x)U (A a) = w(Ax +a)D ' (A™) = (Ax +a)D(A)  (4.160b)

the bilinears transform as

U(A, a)(x)My(x)U" (A, a) = P(Az + a)D(A)M D (A)h(Ax + a) .
(4.161)
Obviously, the composition of M in terms of products of v-matrices deter-
mines the transformation properties of such bilinears.
For charge conjugation

cyC ! = oyt (4.162a)
C&Cfl _ (chfl)Jf,_yo _ <_£*VOCwTT)T")/0
= T Ct = —gyTCT (4.162b)

we find

C?Z)ch_l _ @Z}TCTM*}/OCIbTT fern;ons! —¢TCT70TMTC77Z}
= O C O MTCOY = ¢TI MTOY = 9O MOy, (4.163)
———
0
-
and conclude from (4.116) that vector and tensor bilinears are odd, while

scalar, pseudo-scalar and pseudo-vector bilinears are even under charge con-
jugation.

4.5 Massless Fields

In the case of scalar particles, nothing changes in the limit m — 0, because
the representation of the little group is trivial. In the case of spin-1/2 Dirac
particles, there is also no problem in taking the limit m — 0, it will only
turn out that there appears new conserved QN, chirality, corresponding to
the handedness of the particles.
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However, in the case of spin 1 vector particles, there must be terms pro-
portional to 1/m in the polarization vectors €/(p), because they appear in
the commutators of two fields via the polarization sum

v o y o, PP ,
™ (p)= Y ep)es’(p) = —g" + gt (4.737)

o=-1,0,1

Thus the limit m — 0 is not well defined in this case.

It turns out?, that the ‘bad’ polarization vector can be decoupled consis-
tently, but only if the transformation property of a massless vector field A*(x)
is generalized to

U(A,a)A*(2)U YA, a) = A A (Az + a) + 0"w(z, A) (4.164)

and physical observables can be shown to be unaffected by gauge transfor-
mations

At (z) — A¥(x) + 0M'w(x) . (4.165)

How to achieve this will be discussed in chapter 5.4.

iCt, e.g., [3], p. 2461t
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— 55—

LAGRANGE FORMALISM FOR FIELDS

So far, we have managed to construct non-interacting local quantum fields,
that are covariant under L'T's and causal in the sense that they (anti-)commute
for spacelike separations. Interactions can be added as integrals of local poly-
nomials in the fields and their derivatives. In order to develop some intuition
for sensible interactions, we can start with the classical limit A — 0.

5.1 Classical Field Theory

Configuration space: linear space of all functions ¢
¢o:M—C"

x— ¢(x) (5.1)

or rather of all distributions, since we often encounter singularities, e.g. in
the Coulomb potential of point charges. Mathematically, the space of all
(tempered) distributions is the dual of the space of smooth testfunctions,
that (fall off faster than any power for |x| — o0) have compact support:

¢ O®(M)" — C

Frrotn =Y [de fwot). (5:2)

The dynamics of the fields ¢ is governed by first or second order Partial
Differential Equations (PDEs), e. g. the Klein-Gordon equation

(O +m?)p(z) =0 (5.3)

or the Dirac equation

(i —m)y(z) =0 (5.4)
with appropriate Cauchy data for ¢(x) or ¢(x) and dy¢(x) on a spacelike
hypersurface, e. g. xg = 0.



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 78

5.1.1 Action Principle, Euler-Lagrange-Equations

Since the study of coupled nonlinear PDEs is complicated and in particular
symmetries are not manifest for multi-component fields, it helps to derive
the EOM from an action principle:

S(1,- 60 Z/d“ (OO =0 (55)

for all variations {0¢;}i=1.. , that vanish together with their partial deriva-
tives sufficiently fast at spatial and temporal infinity. The resulting Euler-
Lagrange equations are

£(¢1,...¢n,x) =0. (5.6)

In order to not run into problems with causality, we shall assume that the
action can be written as the integral of a local Lagrangian density

S(¢1,- . bn) = /d4iv L{0(2)}5:10u05(%) 30> 1000005 (2) s - )

(5.7)
where L is a polynomial of the fields and their partial derivatives of finite
order’. Then the variations can be computed

0S(P1y. ey on) =
Z/d4 ( ({#5(@)}5,{0ud5(2) }jps - - ) Oi()

oL

8@@( )<{¢a( )}j7{aﬂ¢j(‘r)}j#7'")56#9252'(1’)+...>. (5.8)

Using
00, ¢i(w) = 0,0¢5(x) , (5.9)

integration by parts with Gauss’ theorem

[t =~ [at @ure)o@+ [ dow) fwt
o (5.10)

IAllowing arbitrary high derivatives would break locality, as can be seen
from e%dr ¢(z) = ¢(z + a).
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and the boundary conditions

im0,y - O $i(w) = 0 (5.11)
we find
0S(¢1, . 0n) =
Z/d4$ (a(ff ) ({5 (@)}, {005 (x) s - - )
aﬂaaﬂ@( )({%( )} {0u05(@) s - - )

oL
+ 3;@/W ({05(2)}, {005 (2) i - - ) + - ) 6¢i(x), (5.12)

oL
SO0, 00,) = s () 10,60 )
oL
~ Oy (8 400,
oL

+ 5uaum ({¢i (@)}, {0u0(2) s ) +... = 0. (5.13)

For example the Lagrangian density for a single real field ¢

£(6(x), 0,0(x)) = $0,6(x)06(a) — sm*(x)o(x) ~ V(6())  (514)

leads to
6S oL oL

= —0o(x) - cb( )= V'(¢(x)), (515)

i.e. the Klein-Gordon equation with interactions

(O+m?) ¢(z) + V'(¢(z)) = 0. (5.16)

This means that we get second order PDEs as field equation from Lagrangian
densities that contain at most first order derivatives of the fields. In fact, all
interesting field equations are first or second order in time and space, since
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higher orders lead to problems with causality. Therefore we will restrict
ourselves to Lagrangian densities that contain at most first order derivatives
of the fields from now?.

Form now on, we will write par abuse de langage L both for the La-
grangian density as a function of the fields and as a function of the space-time
point:

L(z) = L ({9 ()}, {0u05 () }j0) - (5.17)
The partial derivatives of L£(x) are therefore to be understood as
oL oL
m(l’) = 9o(x) ({5 (@)}, {0u¢i (@) }in) - (5.18)

5.1.2 Charged Fields
| Lecture 14: Wed, 06.12.2017]

So far, we have only written Lagrangian densities for real fields ¢*(z) =
¢(z) that describe neutral particles. Complex fields can be described by their
and imaginary parts

6(2) = = (6:(0) + i0n(a) (5.19

S

with identical masses

ﬁ=fj@@@W@—%%ﬂ—VQm+wmw@wr4@VﬁD

(5.20a)
or by the complex field and its complex conjugate

L= 0,806 —m>¢*d— V(. 6°) . (5.20b)

It’s easy to show (cf. exercise) that the two ways lead to equivalent EOMs,
provided the variations d¢ and d¢* are formally treated as independent in
the derivation of the Euler-Lagrange equations.

Dirac fields can be described by the Lagrangian density

L= (i) —m) (5.21)
and treating the variations 69 and §¢® as independent. Indeed
oL oL

2Note that integration by parts makes terms that contain two first order derivatives
equivalent to terms that contain one second order derivative.



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 81

and

oL oL — - cq T -
0= % — aum = —m?/J — (‘3u11/ry“ = — (1auw’yu + mw) . (523)

We will write the latter equation also as
=
w(i@ +m> ~0, (5.24)

with the arrow denoting that the derivative acts to the left. If one is unhappy
about the unsymmetrical treatment of 1) and ¢ in (5.21), one can use

L= 3 (09(0u0) — (Bu0)"s) — mi (5.25)

instead. It’s again easy to show (cf. exercise) that the two ways lead to
equivalent EOMs.

5.1.3 Canonical Formalism

Second order PDEs can always be reformulated as a larger system of first
order PDEs. For example the classical canonical dynamics for one real Klein-
Gordon field

5= / dt L(#) (5.26a)
L(t) = / &7 L () (5.26b)
L) = 20,0@00(0) - @) - V@) (5:260)

with canonically conjugate momentum

05 oL

") = S @ = o ) = 9@ (5.21)

and an Hamiltonian from Legendre transformation

H(t) = / :td3f<7r(x)80¢(:v)—£(x))

_ / &7
xo=t

The EOMs

(72(2) + Vo(2)Vo(e) + m?*(@) + V(#(x))) . (528)

N | —

o(t,7) = {o(x), H(t)} (5.29a)
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#(t,7) = {n(z), H(t)} (5.29D)

with Poisson brackets at equal times®

o =3 far (GFenien—Tengen)

are equivalent to the EOMs derived from the Lagrangian.

The first order in time canonical equations of motion (5.29) have a unique
solution, if initial conitions for the field ¢ and the momentum 7 are given on
a space-like Cauchy surface.

5.2 Quantization

5.2.1 Canonical Quantization

Promote fields to operators in a suitable Hilbert space (more precisely: op-
erator valued distributions) and replace Poisson brackets by commutators

[64(t, @), 7;(t, )] = 10;;0°(F — §) (5.36a)

3Equivalent definition: denote the space of all (nonlinear) functionals of ¢ and 7 with

C=C>®R?) x C®°(R3) — C. (5.30)

Then the binary operation
{,}:CxC—=C

5.31
(f,9) = {f. 9} >3
is an antisymmetric derivation, i.e.
{f,9} =—{9. 1} (5.32a)
{f.gh}t =g{f,n} +{f.g}h (5.32b)
{f,ag+ Bh} = a{f,g} + B{f h} (5.32¢)
for a, B € C, and we define
{o(t,7),7(t,§)} = 6°(F - §) (5.33a)
{o(t, 1), 0(t,9)} = {n(t,2),7(t,5)} = 0. (5.33b)
The Poisson braket also satisfies the Jacobi identity
{f.{g,n}} +{g.{h, [}} +{h,{f.g}} =0 (5.34)

and consequently forms a Lie algebra.
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[¢z (t’ f)? ¢j (ta ?j)] = [ﬂ-i(t7 f)’ 71-j(ta g)] =0. (536b)
In perturbation theory one splits the Hamiltonian
H=H,+V (5.37a)

Hy = Z / Otd?’:z?‘% (R2(@) + Vo()V6(x) + mPd(x))  (5.37h)

and the linear Heisenberg picture EOMs resulting from Hj (“free wave equa-
tion”)

d . ,
3O T) = i[Ho(t), (2. D) (5.382)
St ) = i [Ho(t), w(1, ) (5.38)

are solved by the free quantum fields constructed in chapter 4:
éi(x) = / dk (ai(k)e_“” +a3(k)ei’m) (5.392)
ri(@) = —i / Tk (a,(k)e ™ —al(R)e™) (5.30D)

Unfortunately, matrix elements of the Hamiltonian
— k»O
Ho=3 /d’f 5 (ai(/f)al(@ + a?(kr)ai(k:)) (5.40)

are not at all well defined, if attention is payed to operator ordering. Already
the vacuum expectation value

g

o0 =3 [T | @a®al il + ol b
Z = (k,ilk, i) o< 3(k — F) =

(. i . s

(5.41)
This problem can be solved by normal ordering

Hy = Ho— O[Hl0) = Y [ bl (Kjas(h (5.42)

without changing the canonical EOMs, because the commuting constant (0| Hg|0)
does not contribute to commutators.

Since the classical theory can not predict operator ordering, we will hence-
forth always assume normal ordering, i.e. writing all creation operators to
the left of all annihilation operators.
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5.8 Noether Theorem

As in classical mechanics, the existence of a continuous one-parameter group
of invariances of the action leads to conserved quantities.
Consider an infinitesimal transformation of the fields

¢i(z) = ¢i(z) + 0¢i(z), (5.43)

where d¢; may depend on x explicitely or implicitely via fields and their
derivatives, that leaves the action invariant

Z / d*z 5 sz )0 () = (5.44)

not only for solutions of the EOMSs, but for all field configurations. Then the
Lagrangian density is transformed into a total derivative

0L = 0,A". (5.45)
Noether’s theorem tells us that
oL
P = 0, —— — A¥ 5.46
j Z ¢ 90,0 (5.46)
is a conserved current
04" = (5.47)

for all field configurations that solve the EOMs. The proof of Noether’s
theorem is a straightforward application of the Euler-Lagrange equations

oL oL
T _ I
0,0] El:(a 5175+ 8, “aauqu) 9, A
= § :<58“¢Zaa o+ ) — A =6L— 9N =0, (5.48)

assuming that at most first order partial derivatives of the fields appear in
the Lagrangian density L.
Given any conserved current j, we can construct a conserved charge

Q= &) (5.49)

as long as there are no contributions from spatial infinity

d = 2 —
4@ _ d*7 95" (x) = / d*7Vj(r) = / dd(z) j(x) — 0.
dt To=t To=t zo=t,|Z|—00

(5.50)
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This current can be written

- oL A . o
o o (Sog ) e (S

and we obtain immediately®

{0, Q} = 0.

5.3.1 FEnergy Momentum Tensor

Consider a translation

L(z) = L(x+a)=L(x)+ 0, (a"L(x)) .
Ar(z)

This corresponds to field transformations
oi(x) = ¢i(x + a) = ¢i(x) + a”0,¢i(x) + . ..
——
:6a¢z(x)
and we find conserved currents j, for any given four vector a

oL
T VO i gt
Ja EZ a V@aa“i a'L.

Choosing four unit vectors a# = 6% for v =0, 1,2, 3, this reads

. oL
]ff = Z@@W - 555 = @Mu-

i
introducing the conserved energy momentum tensor

oL
Y v v
e Za @aam gL

1

with
0,0 =0.

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

Since there are four independent conserved currents, we also have four inde-

pendent conserved charges

. / $FO%(z).
xo=t

4 Assuming that §¢; and A don’t contain 7;

(5.59)
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The temporal component of these is nothing but the Hamiltonian

H=r :/m_tdgﬁ@m Z/ &' (8%’860@ )
:Z / &z (m0°¢; — L) (5.60)
i xro=t

and the spacial components

correspond to the total momentum of the field configuration.

Additional material (not discussed during the lectures):
For example, the Lagrangian density for a neutral scalar field

L= 20,60% — Jm*6? ~ V(6) (5.62)
leads to the energy momentum tensor
Ot = 9"¢pd"¢ — %gﬂ”maw +59"m 207 + 9"V (9) (5.63)
with
O = 9900 — 10,606 + L’ +V(9)

= %a%a% + %%% + %m2¢2 +V()=H (564)

the Hamiltonian density.

5.3.2  Internal Symmetries

‘Lecture 15: Tue, 12.12.2017

Suppose that we have a multiplet of fields {¢;}; transforming under a repre-
sentation R of some Lie group with generators {7, },:

dadi(w) =1 [R(TL)];; 65() (5.65)

or compactly

() = iTag(z) . (5.66)
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Such symmetries, which commute with all Poincaré generators of spacetime
symmetries, are called internal symmetries. There is a theorem by Haag,
Lopuszanski and Sohnius, that shows that, except for supersymmetries, all
allowed symmetries of a QFT are a direct product of Poincaré symmetries
and internal symmetries. If the Lagrangian density is a singlet under these

transformations

0L =0,
we obtain conserved currents

L

oL )
ja 51 6¢laaﬂ 1 EZJ [R( a)]z] ¢] aa;ﬁéz laauﬁb a

i

and conserved charges

=iy [@no) (BT, 0(2)

with Poisson brackets

{Qaa Qb} = IZ fachc

using the structure constants [T, Tp] = 1) . fobeTe.

For example, the Lagrangian density for a charged scalar field

L=0,0"0"¢—m*¢"¢ —V(5"0)
is invariant under phase rotations

b — % =o¢+ind+ ...
PF — e %" = ¢F —iag* + ...

and the corresponding Noether current is

0L i OL
90,0 90,0*

jt =00

the electromagnetic current.

— gt — i = —ip* P,

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72a)
(5.72D)
(5.72¢)

(5.73)
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5.4  Gauge Principle

We have seen that constant phase rotations

(z) — ¢(x) (5.74)
leave the action
L=00,6"0"p —m?¢*¢ — V(¢ 9) (5.75)
invariant. If we demand invariance under the more general position depen-
dent phase-rotations, a.k.a. gauge transformations,

o(x) — 9@ p(z) (5.76)

with a coupling constant ¢ added for later convenience, we see that ¢*¢
remains invariant, but the terms involving derivatives behave differently

Oud — €9 (0,0) + (9,69%) ¢ = 9% (8,6 +ig (8,0) @) = €9 (0, + ig0,x) ¢ .

(5.77)
If there was only the first term, then also 0,¢*0"¢ would be invariant, but
including the second, we obtain

09 0" — (9,0 —ig (Ouax) ¢7) (0”9 +1g (0"a) §)
= 0,0"0"¢ +1g (0,0") ¢ (") — igd™ (0"9) (Ouax) + g° (D) (0"r) ¢"¢
= 0,0"0" 6 + gju (0"a) + g* (Oua) (0"a) "¢, (5.78)
where the appearance of the current
= —ig* o, (5.73)
is not an accident. Thus
0L = gju (0"a) + g* (ua) (") 7, (5.79)

which can not be written as a total derivative.

5.4.1 Covariant Derivative

The reason for the non-invariance of the terms involving derivatives is that
they don’t transform covariantly

8t = (B, + 19 (8,0)) 6 # €0, (5.800)
or
Oy — el9e (0, +1g (0,0)) e Y eigaaue_igo‘ +ig (0,00) # eigaa#e—iga ,
(5.80Db)

where 0, is to be treated as an operator that acts on everything on its
right hand side, unless protected by parentheses®. This can be resolved by

e 0,f = [0, - + 0, = (Duf) + fO,.
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introducing a covariant derivative D, that transforms as
D,¢ — €9°D,¢ (5.81a)

or ‘ .
D, — €9 D, 6719 (5.81D)

where D, is also treated as an operator. In order to achieve this, the shift
by ig(0,a) must be compensated somehow. This suggests to introduce a
vector field A, with the transformation property®

A, — @9 (A, + (9,0)) e 9% = A, + (9,0) (5.83)
and to define
D, =0, —igA,, (5.84)
where the shifts compensate. Obviously
L= (D) D'¢ —m?*¢*¢ — V(4" 9) (5.85)
is then gauge invariant, i. e. invariant under the simultaneous transformations
¢(z) &9 ()
#(2) | & | emwe () (5.86)
Apu(z) Au(z) + Oua(z)

by construction, but we are still left with the problem of interpreting A,,.

5.4.2  Field Strength

The best interpretation of A, is by introducing a dynamics and treating it as
the field of a vector particle. For this we need a Lagrangian that is quadratic
in first order partial derivatives of A, and invariant (up to a total derivative)
under gauge transformations

A, — A+ 0. (5.87)

6 Actually, the expression
Ay, — €9 (A, + g (0,a))e 9 (5.82)

would be correct even if o and the components of A, were not just commuting numbers,
but generators of a non-abelian Lie group. The resulting non-abelian gauge theories are
discussed in the courses Advanced QFT and Theoretical Particle Physics. In the present
lecture we will restrict ourselves to the abelian case.
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Define the field strength

F,

I

v = !i] [DM? D,,] = !l] [8M - igA,“ 0, — igAy} = auAu - aVAu (588)

and we see that it is gauge covariant by construction, even invariant

F., —i [eiaDHe_ia, eiaD,,e_ia] =e[D,,D,)]e ™ =e"F,e*=F,,.
(5.89)
One can also see this by explicit calculation

F, = 0,4, — 0,A, = 0,A, — 90,0 — 0,4, — 9,0,0
—0,A, — 0,A, = I,

w s

(5.90)

because the partial derivatives commute. We can then propose a gauge in-
variant Lagrangian density

1
L= _ZFMVFMV + (Du¢)* Dﬂ(b - m2¢*¢ - V(¢*¢>
= 3 (BuAD A — 0,40 ) + 0,670 — 6"
+ 91 (070,0) A+ AN~ V(676) (5.9

and discuss the resulting EOMs.

5.4.83 Minimal Coupling

In general, we can construct gauge invariant Lagrangian densities by taking
a Lagrangian density for matter fields that is invariant under rigid transfor-
mations, replacing

Oy — D, =0, —igA, (5.92)
everywhere” and adding the kinetic term for the gauge field

1
La=—7FuF" (5.93)

to the Lagrangian density.

"Taking care to write (D,¢)* instead of D, ¢*!
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5.4.4 Fquations of Motion
We find Euler-Lagrange equations for the matter field

0= 9 oL oL

hBog g~ On (D) —igAD G+ m’o+ VI(6'0)0

=D, (D*¢) + m*¢ + V'(¢*¢)¢
= (O+m?) ¢ — igpd, A" — 2igA"0,¢ — > A, A d + ¢V'(¢*¢)  (5.94a)
and for the gauge field

oL oL
0=0 90,4, 0A,

= —0,F" —igp*D"¢ +1ig (D"¢)" ¢
— _OA” + 9 A + gJ” (5.94)
with the “covariantized” current
Tt = —i¢* Dl = —ig"D’é +1 (D) & = —id* P — 2g A" S h.  (5.95)

This current turns out to be the Noether current for the rigid transformations

6@\ ([ ol
¢*(x) | = | e o*(x) (5.96)
Au(z) Au(z)
for which 0L = 0 and
oL . oL . e
T = b + 00" g =10 (D) 16" Do = —ig Dly.  (5.97)

Takin the divergence of the EOM (5.94b) for the vector field
0= —-0,04" +0,0"0,A" + 40, J" = g0, J" (5.98)

we see that it is only consistent, if J* is indeed conserved.
In the limit g — 0, the EOMs (5.94) become homogeneous

0. F* =D0A” — 0"9,A* =0 (5.99a)
(O+m*) ¢=0, (5.99b)

corresponding to a free scalar field of mass m and a vector field A*. If we
separate the latter as before into a spin-0 part 0*y with x a scalar field and
a spin-1 part we find a tautology for y

00"y = 0"9,0" . (5.100)
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If we impose the subsidiary condition d,A" = 0 on the spin-1 part, we see
that each component is a free massless field. If we wanted to describe a
massive field, we would have to add a mass term to the Lagrangian density

2

m
Ly, = TAMA“ (5.101)
which is not gauge invariant, because
6L, =m*A, 0" (5.102)

is not a total derivative. Thus we expect a gauge filed to be always massless.

5.4.5 Maxwell Equations
In general, the EOMs for the antisymmetric gauge field strength F** = —F"#

can be written®
9, F" = g5 (5.1042)
€0 FP7 =0, (5.104b)

where the second equation follows trivially from the commutativity of partial
derivatives and the definition of F*” in terms of A*.

| Lecture 16: Wed, 13.12.2017

It is useful to separate the temporal and spacial components

3
Z 7% (5.105a)

3
Z a_ = (5.105D)

: ]

> eoijp 5 =0 (5.105¢)

1,5,k=1 —€ijk

8Using the language of differential forms, these equations read

dF =xdxF =3 (5.103a)
dFF =0 (5.103b)

and the second is solved by F' = dA.
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3 3 3
0

o . )
w0k = F* ok =—FF ko =—F" =0 5.105d
> o g+ 3 o P+ 3 g (5.1050)

and to introduce the notation

M = pF = O (5.106a)
3
F7 ==Y €pB* (5.106b)
k=1
. 0 0 :
0 = pV S R 1
Jjo=pV e o 0 (5.106¢)
Then (5.104) and (5.105) turn into
VE = gp (5.107a)
OF - - .
_E + VX B= gj (5107b)
VB =0 (5.107¢)
0B - .
E‘FVXE:O, (5.107d)

i.e. Maxwell’s equations. Therefore, the six independent components of the
antisymmetric rank-2 field strength tensor

0 —-E' —E* —F3
E' 0 -B* B?
E? B3 0 -B!
E* —-B? B! 0

P o= (5.108)

can be interpreted as the electric and magnetic field strengths of classical elec-
trodynamics with the Noether current acting as electric charge and current
densities. The gauge invariance is just the gauge invariance of electrody-
namics, when potentials ® and A are introduced to solve the homogeneous
Maxwell equations. The Lagrangian density can be expressed

L=y 1a
L= §E — EB , (5.109)
which is a Lorentz scalar, despite the appearance of E and B.

The gauge principle turns out to be a very concise way to construct
classical electrodynamics and it should be helpful in the construction of QED
as well. However, we still need to face the problem of constructing massless
vector fields of spin-1.
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5.4.6  Spinor Electrodynamics

Repeating the exercise for Dirac spinors, we obtain a Lagrangian density

L= _EF"”FW + b (i) —m) o (5.110)

and EOMs
O F" = g3 = gy (5.111a)
(ig —m) Y = —gAy. (5.111b)

5.4.7 Canonical Quantization

Trying to set up a canonical formalism, we encounter a problem: the conju-
gate momenta

B 00, A

contain one component 7° that vanishes identically by construction

™ _FOM = FMO (5112)
T =0, (5.113a)
which is of course incompatible with canonical poisson brackets

{Au(@), 1 (W)} poyo = —Gud (T =7 +... #0 (5.113b)
and CCRs

[Au(@), 1 (W) jo_yo = —iguw0° (T = 7) + ... #0. (5.113c)

Treating 0, A" = 0 as constraint, we can add

1
Lyi = —— (0,A") (5.114)
2€
as gauge firing term to the Lagrangian density
1 1
L=—FuF" - % (9, A")° (5.115)

Classically, the term L, can be viewed as a Lagrange multiplier for the
subsidiary condition d,A* = 0. In the quantum theory, we will show that
observable quantities are independent of the parameter ¢. Indeed,

9L 9Ly 1
T 00,40 99,A0 ¢

A, (5.116)

o
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which only vanishes after we impose the condition d,A* = 0 on physical
states in the very end. The simplest case, known as Feynman gauge is the
choice ¢ = 1, for which

1
L= —3 (0,A,0"AY — 0, A,0" A" + 0,A*0,AY)
1
= —5(9#141/3“14” + total derivatives. (5.117)

describes four independent massless neutral scalar fields.

Nevertheless, four independent fields are two too many for electrody-
namics, where the photons have only two independent polarization states.
However, simply enforcing d,A* = 0 as an operator equation runs afoul of
non-trivial commutation relations for 7.

The way out of this conundrum is to allow

0, A" # 0 (5.118)
in a big Hilbert space that may contain unphysical states, but to require
(@LA“)H) |physical) =0, (5.119)

i.e. that the positive energy, a. k. a. annihilation, part of J,A* annihilates all
physical states, not only the vacuum. Adding the adjoint, this is equivalent

to
(physical|d,, A*|physical’) = 0. (5.120)

We can consistently require this because the EOM for the gauge field in the
presence of Ly is

OA” — 5%18”@/4“ = gJ" (5.121)

and taking the divergence

1
004" = 90,7 =0 (5.122)

we see that 0,A" is a free scalar field, even if coupled to a conserved current.
Thus it can be decomposed into independent creation and annihilation parts.
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Feynman Gauge

For simplicity, we will choose & = 1 from now on. The general case can
be handled similarly, except for £ — 0, where special constructions [%] are
required. The Lagrangian density and conjugate momenta are

1 1
L=— FuF" = (9,A")° (5.123a)
™ =m = —9,A" (5.123b)
= —m = Fy; . (5.123¢)

The commutation relations for four independent component fields

[Au(x)> Al/(y)]— = —ig,wA(ﬂf - y) ) (5-124)
[Au(@), Au(Y)]_ 4oy, = [An(@), iA(Y)]_, —,, =0 (5.125a)
[Au(@), B AL W) oy = —19w0° (T — 7) (5.125b)
are compatible with
[Au(@), ™ (Y)]_ e = i6,/0°(& — 7)) (5.126)
[Ao($)7 @ (?Jﬂ —zo=vo [Ao (), 30Ao(y)]_,a;0:y0
+ D [Ao(@), 4], = 10°(F — ) (5.127a)
=1 ;O
and
[Ai@), 7 W)]_ o, = [Ail2) P A)]_, _, = [Ail0),0° A7), _,
=0

= [Ai(), 00 A;(y)] =10;;0%(F — ¢). (5.127hb)

—20=Y0

The commutation relations (5.124) are realized by massless vector fields

W) =Y [d ()oaee ™ + @) (512
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with polarization vectors at the reference momentum k
(k) = vl (k) = e (k) = & (5.129)

and creation- and annihilation operators with CCRs

a0 ®).ab )] = —gor2m)28 (7)) (5.1300)

a0 (). 4 ()] = |ab(p). ol ()] =0, (5.130b)

where the sign of the time-like commutator is dictated by the Lorentz covari-
ance of the commutation relations (5.124).

Gupta-Bleuler Formalism

We have not yet addressed the issue of the two superfluous polarization states.
Furthermore, if we compute the norm of the states

ﬁ®=/@ﬁ@@@0% (5.131)

we find

)

=ﬁw/@U@ﬁ,wmm

a(p)al, (1)

(Folf.o) = [dpddt f0)° ) (0

i.e.
(f,0[f,0) <0, (5.133)

which is impossible in a proper Hilbert space. The positive energy part

of O"A,,
(8, A") = —12 / dp pue(p)ag (p)eP* (5.134)
contains only ag(p) and as(p), as can be seen from
p/ﬁeg(p) = kjueg(l{:) =w (500 - 503) (5135)
for the reference momentum k = (w, 0,0, w). The condition

(8, A" | physical) = 0 (5.136)
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is thus equivalent to

Vp,p® = 0 (as(p) — ao(p)) |physical) = 0. (5.137)
Note that
[a:a(p) — ag(p),al(p))| =0 (5.1384)
as(p) = ao(p), a}(p')| = 0 (5.138b)
[as(p) —ao(p), aj(p') — ah(p)| =0 (5.138¢)
[as(p) — ao(p), a(p') + ag(p’): = 2(2m)%2|p|6°(p — ) (5.138d)

and physical states are created by the operators a! (p), al(p) and al(p)—af (p),

with all states constructed with at least one aj(p) — af (p) having zero norm

and vanishing matrix elements with physical states

(physical| (al(p) = ab(p) )| ) = (©|(as(p) - as(p)) [physical)” = 0.
(5.139)
we can therefore factor these states from the physical Hilbert space

Honsical = {\xp) € H : (0,AM D | 1) = o} / (8,4M ) H (5.140)

leaving only two physical states per momentum, both corresponding to transver-
sal polarization vectors and having positive norm.
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—0—

S-MATRIX AND CROSS SECTION

| Lecture 17: Tue, 19.12.2017|

The probability amplitude for measuring the state |outgoing, t) after prepar-
ing the state |incoming,t) is

Ajincoming—outgoing = (OUtgoing, t|incoming, t) , (6.1)

where the preparation has been performed at ¢ — —oo and the measurement
is performed at t — 4+00. Therefore, in order to compute

Ajncoming—outgoing = (OUtgoing, +-00|incoming, +-00) , (6.2)

we need to be able to compute |incoming, +00) from |incoming, —oco). Ac-
cording to the rules of QM, time evolution is linear and unitary. Thus there
has to be a unitary operator S

lincoming, +00) = S |incoming, —oo) (6.3a)
ST =88T=1,
the S-matriz. Furthermore, we will find a prescription for computing S from
a given Hamiltonian or Lagrangian density.
Note that we have to be careful when labelling the states |incoming, )

and |outgoing, t) with (YNs that are not conserved by the interactions. If we
prepared a state in the distant past, we can expand it in states

\P17a1,p2,&2, ceey in;t>

corresponding to non-interacting particles with momenta and QNs {p;, a; };
in the limit t — —oo. Similarly, there are states

|p1, a1, p2, g, ... ;0ut; t)



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 100

corresponding to non-interacting particles with momenta and QNs {p;, «;};
in the limit t — 400. These states belong to the same Hilbert space, but in
general

[p1, 00, P2, g, -5 i0E) F# Py, @, pa, (g, Lot E) (6.4)

because momenta and QNs may be distributed among the particles differently
in the past and in the future. We may only assume that the vacuum state is
unique

|0; out) = |0;in) = |0) (6.5a)

and that one-particle states are not affected by the interaction
|p, a;out) = [p, a;in) . (6.5b)

Note that the one-particle states may be stable bound states of elementary
particles, but not unstable resonances.

In addition, we shall assume asymptotic completeness, i.e. that both sets
of asymptotic states span the whole Hilbert space.

6.1 Schrodinger Picture

The state |in,t) is the solution of a Schrédinger equation with asymptotic
initial condition

i% lin, t) = H(t) |in, ) (6.6a)
tli{n lin, ) = |in, —o0) . (6.6b)

This Schrodinger equation can be solved by introducing a unitary Schrodinger
picture time evolution operator Us(t,ty) that satisfies

d

i Us(t,to) = H()Us(t, to) (6.7a)
Ug(to,to) == 1 (67b)
UL(t, to)Us(t, to) = Us(t, to)UL(t, to) = 1 (6.7¢)
Us(t, 1"\ Us(t' to) = Usl(t, to) (6.7d)
and we find
S = Ug(oo, —o0) = lim Us(t,to) (6.8)
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When the Hamiltonian H is time independent, we simply have
Us(t,to) = e H(t=t0) (6.9)

The total Hamiltonian ¢s always constant for autonomous systems, but we
will need the general case later.
However, for constant Hamiltonians, the naive limit

S = lim e A (t-t) (6.10)
t——+o0
to——o0
is not well defined because of the undamped oscillations. One way to solve
this problem would be to adiabatically switch off the Hamiltonian with a
dampening factor for ¢ — +oo. But this not the correct solution, because
even non-interacting one-particle states constructed in chapter 4 contribute
undamped oscillatory factors

|p,a;t) = e P l=lo) |5 a ) (6.11)

6.2 Interaction Picture

We should rather take advantage of the fact that we have already solved the
dynamical problem for the asymptotic states. Indeed, we can expect

U(t,to) — eiHotefiH-(tfto)efiHoto — eiHotefthethoefiHoto — QT(t>Q<tO) (612)
with the Moyller operator
Q(t) = efltg=1Hot (6.13)

to have a well defined limit for £ — oo and tg — —oo, provided H, describes
the asymptotic dynamics for t — oo and H — Hj is negligible for asymptotic
states, typically because the free particles are widely separated for ¢ — +o0
and the interaction has a finite range.

The Mgller operator §2(t) can be interpreted as first evolving a state
from ¢t = 0 to time ¢ using the dynamics derived from the Hamiltonian H,
and then evolving back to ¢t = 0 using the dynamics derived from the Hamil-
tonian H. If Hy is the Hamiltonian describing the noninteracting asymptotic
states and H is the full Hamiltonian, then

O(—c0) = lim Q) (6.14)

t——o00
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t — 400

(s out] = ('] Q(c0)

(V']

< t— —o0
)

Figure 6.1: Schematic action of the Mpller operators and the S matrix.

transforms a noninteracting state to the interacting state with matching
quantum numbers (energies, momenta, angular momenta, charges, ...) in
the past. Then

Qf(c0) (6.15)

performs the corresponding transformation for the outgoing state and
S = Qf(00)Q(—o0) (6.16)
is the correct S matrix in the space of noninteracting time-dependent states
(cf. figure 6.1).
The time evolution operator U(t,to) in (6.12) satisfies the differential
equation
d : . .
i Ut to) = €0 (H — Ho) e7 (7 0leitlot
= oot (H — Hy) e Hoteitote1H-(t=to) o =iHoto — I (1)U (¢, 1) (6.17)
with the time dependent interaction Hamiltonian

Hi(t) = e (H — Hy) e ot = lfot fe=tHot _ 1 (6.18)

The group properties (6.7) remain valid

LU 1) = H U 10) (6.192)
Ulto, to) = 1 (6.19b)
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Ut(t, to)U(t, to) = Ut to)UT(t, 1) = 1 (6.19¢)
U, YUt to) = Ult, o) (6.19d)

and we can compute the S-matrix by solving the differential equation (6.19).
The interaction Hamiltonian (6.22) can be obtained by subtracting the bilin-
ear pieces Hy in H that describe the time evolution of the asymptotic fields

o(t, T) = Ml p(0, F)e oV (6.20)

and inserting these time dependent fields in place of the time independent
Schrodinger picture fields into

H = H,— /d3f£1(¢(, 7)) (6.21)

Hy(t) = —eiflot / BT L1(6(0, F))e Hot = / BEL(H(t,T)).  (6.22)

6.3 Perturbation Theory

Unfortunately, the exact solution of (6.19) can always never be found. In-
stead, we will use perturbation theory by writing

H=Hy+\H; = Hy — A/d?’fc, (6.23)

and expanding U in powers of \. The differential equation with initial con-
dition (6.19) is equivalent to the integral equation

t
U(t,to) - 1 - 1)\/ dtl H](tl)U(tl,to) y (624)
to

which admits the recursive expansion
Ult, to)
:1—1)\/dt1 H[ tl /dtg / dtlH[ t2 H](tl)U(tl,t[))

to

:1—1)\/dt1HI tl /dtg/ dtlH[ tg H]<t1>

to

t t3
—l—i/\3/dt3/ dtg/ dty Hy(ts)Hy(t)Hi(t) + O(\Y) . (6.25)
to to to
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The nth order term is obviously

t tn
(—iA)" / dt, / ST / Aty Hy (b)) (6 1) -+~ Hi ()
to to

= (—m)n/t Hdti (H O(tis1 —ti)> Hi(ty)H(th_y)--- H(t1), (6.26)

where we have avoided the notation [[;_, H;(t;), because operator ordering
is important and the time must be decreasing from left to right.
We can introduce time ordering of time-dependent operators

TIA@)B{)] =0t —t)A#)B({') £ 0(t' —t)B(t)A(t), (6.27a)
and also of of local operators
T [A(2)B(y)] = ©(x0 — yo)A(x) B(y) = O(yo — x0) B(y)A(x),  (6.27b)

where the lower sign is to be used if and only if both A and B are fermionic.
The generalization to n-fold products is obvious and amounts to ordering
operators decreasing in time from left to right, keeping track of signs from
fermions. Note that (6.27b) is only well defined for local causal fields that
(anti-)commute at space-like distances, because the time-ordering is only
unambigous for time-like distances. Note that

T [A(z)B(y)] = £ T [B(y)A(z)] , (6.28)

i.e. all operators (anti-)commute under the time-ordering symbol.
Using this notation, the nth-order term (6.26) can be written more com-
pactly as

(_i?)n /tﬁ dt; T

L

ﬁHI(ti)] =T [<_jj>n ﬁ (/tdt/ Hf(t’))] , (6.29)

i= i=1 \Wto

where the n! in the denominator cancels the multiple counting of the same
term from n! permutations of the n operators under the time ordering. Now
we can write the whole time evolution operator as Dyson series

Ult,to) = T [exp (—m / 't H,(t’))] (6.30)

to

and the S-matrix

S=T {exp (—iA /dtHI(t)>] =T [exp (iA /d“xﬁf(x))] . (6.31)
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Note that (6.30) has a very simple interpretation as a solution of (6.19). The
initial condition U (tg,ty) = 1 is obvious, because the integration domain in
the exponent vanishes. Since the Hamiltonians are bosonic and commute
under the time ordering and operators from to upper limit of the integration
domain are always moved to the left hand side

d d N L
IEU(t’tO) =T [1a exp (—1)\ /todt H(t ))}

-7 |:exp (_m /t:dt’ Hl(t’)> )\Hl(t)]

_H(B)T {exp (—m / ar Hl(t’)ﬂ — NH (O)U(t,10) . (6.32)

to
In the next chapter, we will derive the Feynman rules for the efficient per-
turbative evaluation of matrix elements of (6.31) order by order in A.

6.4 Poincaré Invariance

| Lecture 18: Wed, 20. 12. 2017

Acting on the asymptotic states from chapter 3 with the asymptotic repre-
sentation Uy of the Poincaré group, we find

<Q17ﬁ17(h7527 see |U61(A,0)5U0(A,0)|p1,0417p27062, s >
= <AQ1761,AQQ,BQ, s |S|Aplao/1aAp2aa/27 . >
= (1, 51,92, Bas - . . |S|p1, 1, D2, v, .. .)  (6.33a)

and

<q17ﬁ17qQ7527 s |U61(17a)SU0<1,O,>|p1,Oél,p2,O(27 o >
_ eia(Zipi_Zz‘Qi> (q1, 51,92, B2y ... |S|p1, 1, pa, o, . . )
= ei(b <QI7/817QQ7527 s |S|p1,0z1,p27042, o > (633b)

because the probability amplitudes must not change when the same Poincaré
transformation is applied to the initial and final states. From (6.33a), we infer

Uy H(A,0)SUG(A,0) = S, (6.34a)

while for (6.33b), we must also consider the action on wave pakets, where
the a-dependence does not cancel in the modulus, leading to

Zpi - Z%‘ =0 (6.34b)
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and

Uy '(1,a)SUs(1,a) = S. (6.34c)
All together, we have overall momentum conservation and
Uy (A, a)SUy(A,a) = S (6.35)

The Dyson series for the S-matrix in the interaction picture

S=T {exp (i)\ / d'a El(x))} (6.31)

satisfies (6.35), if £ is both a scalar
UA,a)Lr(2)U YA a) = L1(Ax + a), (6.36a)
making the exponent invariant upto operator ordering, and local
[Li(z), Li(z))]_=0 if (z—2')* <0, (6.36b)

making the operator ordering independent of the inertial system.

6.5 Cross Section

It is customary to extract the “no-interaction” piece from the S-matrix
S=1+1iT (6.37)
and the overall four-momentum conservation allows us to write

(fITNi) = (2m)*6* (g — i) (fIT13) . (6.38)

where the factors i and (27)* are conventional. Obviously the ¢* makes

the square of the transition matrix elements ill-defined for plane waves as
eigenstates of the four-momentum

|Ais g2 o “6M(py — i)t (py — pi)7 4 ... o< “64(0)” + ...

and we have to look at wave packets as normalizable states instead.

In practical application we will only consider 2 — n scatterings and
1 — n decays of unstable particles', therefore we may be more explicit in
the description of the initial state.

INote that there is a tension between “unstable” and thr limit ¢ — —oo in th definition
of the S-matrix ...
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A normalizable state of two distinguishable scalar particles can be written

\91792> = /Cﬁ@ 91(]91)92(]92) ‘p17p2>

= &171&;9291(]71)92(]?2)@1(191)@%(1?2)\0>- (6.39)

The corresponding wave packets

@@wa/%eﬂwm» (6.40)

are solutions of the Klein-Gordon equation. Assuming that the final state | f)
is a four-momentum eigenstate with eigenvalue p; and ignoring the part of the
initial state that is unaffected by the scattering and will therefore typically
not be observed, we have

(f1S]p1,p2) = (27)454(” —p1 — p2)i (f|T|p1, p2) (6.41)
and
(15191, 92) = (27T)4i /Cﬁfm 54(pf —p1 — D2)91(p1)g2(p2) (f| T |p1,p2) -
(6.42)
Then
‘<f|S’91792>’2 =

(277)8 /Cﬁ&;h(ﬁ&?& QT(Ql)QS(CI2)91(P1)92(p2)

54(19]“ -1 — QQ)54(pf —DP1— le(f’T‘Q1, Q2>* (f’T|p1,p2)

N
-~

=64(py—p1—p2)0*(q1+g2—p1—p2)
= [ate [ dpdpadada @7 0005 00 01)g2(02)
(277)454(171‘ —p1—p2) (fIT|a, Q2>* (f|T|p1,p2) (6.43)

and if we assume that the wave packets g; are narrowly peaked around a
momenta p;, such that (f|7|p1,ps2) is slowly varying where the g; are not
vanishing

(I T|p1,p2) = (fIT|p1.p2) = (fIT a1, g2) (6.44)
we find for the transition probability

[(fIS]g1, g2)|” = /d4fﬂ 151(2)* |G2(2) * (27)*6" (s — p1 — ) [FI T 11, p2) -
(6.45)
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Then the integrand can be interpretated as a well defined transition proba-
bility density, i.e. a transition rate per volume

uﬂﬂmggfz/&x%wﬁxw (6.46)

and the factor “(27)*5%(0)” appearing in the naive squaring of the matrix
element is revealed as the volume of space time that we would recover for
plane waves with constant g;(z).

The Fourier transforms of the g; that are narrowly peaked in momentum
space lead to an approximate probability current density

. s NS~ )~
gt =g} (x) 00 Gi(w) ~ 2p"(gi(x)|" (6.47)

Assuming that particle 2 is massive, we can go into the rest frame of the
momentum peak

—,

P2 = (ma,0) (6.48)
and find the target density
na(z) = 2ma|ga(w)|?. (6.49a)
On the other hand, the flux density of incoming particles 1 is
Ji(w) = 291 |G ()] (6.49b)

Normalizing the transition probability density by the target density and in-
coming flux density we find

P91,92—>f($) o 1

— = — 2m)4ot — D1 — P2 T |p1, pa 2 6.50
7 (@) a(o) 4!ﬁ1!m2( )'0 (py — D1 — P2) [{f|T D1, D2)] (6.50)

and using

(131]52)2 —mim3 = (ﬁ? + m%) mi — mim3 = pims (6.51)

this expression can be expressed in a Lorentz covariant form

Py (@) _ ! (27) '8 (o — B — B2) [{AIT 11, B) -
n@)nae) gy f(pypa)? — mim3

(6.52)
Parametrizing the final state |f) by momentum eigenstates and using the
proper Lorentz covariant densities of final states in Fermi’s golden rule, we
obtain the differential cross section
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doasn(p1, P23 G152, - -, Gn) =
1

n

[ dai(2m)*s* (s — p1 — p2) K, - - . @l Tlpr. p2) -
2 . 2,2
4\/(p1p2) mims3 i=1

(6.53)

The cross section for a finite phase space volume A is obtained from the
differential cross section (6.53) by integration

UQ%n(plap% A) = /dUQHn(pDPQ; q1,492, - - - 7qn) (654)
A

and corresponds to the rate of events observed in A divided by the flux of
incoming particles.

In the special case of 2 — 2 scattering, the phase space is the surface of
the unit sphere with area element d{2 = d cosfd¢ and in the center of mass
system with

p1+p2 = (E,0) (6.55)

we find
doaye

d€, 32m2s
with 0, and ¢, fixed by four-momentum conservation.
The formula (6.53) remains essentially valid for other particles in the ini-
tial and final state, but we have to take care of additional quantum numbers
and indistinguishable particles in the final state.

(cos b1, ¢1) =

g
|—El| (a1, 2| T|p1, p2)|” (6.56)

1. if there are additional quantum numbers (spin, polarization, charges)
in the final state that are in principle distinguishable, but are not
observed, the corresponding cross sections are added up

2. if there are additional quantum numbers (spin, polarization, charges)
in the initial state that are in principle distinguishable, but are mixed,
the corresponding cross sections are averaged

3. if there are indistinguishable particles in the final state, we must not
double count identical contributions. There are two ways to ensure this

(a) restrict the phase space, e. g. in the case of two photons, integrate
one over one hemisphere, the other over the other

(b) apply a symmetry factor

1

Do (6.57)
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where the product runs over all species k particles and ny is the
number of indistinguishable particles of species k in the final state
under consideration.

Usually, the second approach is more convenient.

6.6 Unitarity

The unitarity of the S-matrix implies

1=59=Q+iT) A +iT) =1+i(T - TN +T'T (6.58)
o T'T =i (T"—T) (6.59)
> (FIT ) (n|TVi) =i ((FITT]i) = (fIT13)) - (6.60)

Again, we have to be careful with the d-functions from momentum conserva-
tion and find with (6.38)

> 264 (pu — i) (FIT ) (u|T1i) =1 ((IT']D) = (AITID)  (6.61)

n

or

> @m)' 6 (pn —p) (|T1S) (I TN = 1 (GITIH" = (f1T1i) . (6.62)

n

Note that these relations are always violated if T" is computed in perturbation
theory, because T'T involves terms of higher order in the coupling than 7'
and T'.

6.6.1 Optical Theorem

In the special case of forward scattering, we obtain the optical theorem

> 2m)*0 (= p) (0| T1E)” = 1 (G T — (fIT1i)) = 21m (i|T|é) , (6.63)

n

that relates the imaginary part of the forward scattering amplitude (i|T|i)
to the total cross section

! S (@016 (o — ) (1| Tl ) 2

4\/(171272)2 - m%m% n

02—>X(p17p2) =

(6.64)
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The intuitive interpretation that the imaginary or absorptive part of the
forward scattering amplitude must match the total cross section into other
channels to maintain conservation of probability.

Again this mixes different orders in perturbation theory. Assume that

T=0(\). (6.65)
then 77T = O(A\?) and we find
Im (i| T)i) = O(A\?). (6.66)

Thus if we compute T" only to first order, we know that (i|7|¢) is real, but
then S = 1 4 iT can not be unitary.

In the plane wave basis, the sum in (6.63) involves integrals over momenta.
It turns out to be more helpful to introduce a partial wave basis with good
angular momentum quantum numbers J to replace the integrals by discrete
sums. Then one obtains matrix equations that can be diagonalized by angular
momentum conservation resulting in partial wave unitarity conditions

Im T (s) = kinematical const. - |T(s)| (6.67)

that imply bounds on numbers.
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—

FEYNMAN RULES

| Lecture 19: Tue, 09.01.2018

Now we can move on to rules for the computation of the matrix elements
<QI7 v an|S|p17 v Jpn> -

<q1, e Gm|T {exp (i)\ /d4m cl(x)ﬂ

where £;(z) can be expressed in terms of creation and annihilation operators
of the fields involved. Let’s use

pl,...,pn> (7.1)

L=Ly+ Ly (7.2)

with
Ly = % O — %2¢2 (7.3a)
L= —%qﬁ?’ (7.3b)

for a neutral scalar field with asymptotic representation

P(z) = /51; (a(p)e ™ +al(p)e™) . (7.4)

In order to get a nonvanishing result, we need a contribution containing

m creation and n annihilation operators. Obviously this is only possible in

this case with an even or odd power of interactions if n 4+ m is even or odd,

respectively, because using the commutation relations can only change the

number of creation and annihilation operators by an even number.
Therefore, we find for 2 — 2-scattering
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<Q17QQ|S|]917P2> = <Q1,Q2|P17p2>

- %@)z / d*zyd*zy (g1, | T [0*(@1)0%(2)] |p1, p2) + O . (7.5)

This can be evaluated directly, but it there is an equivalent, but more simple
general approach.

7.1 Two-Point Functions

Obviously, we will need to evaluate many time-ordered products of field op-
erators, the simplest of which is

Ga(x —y) = (0T [¢(x)(y)]|0)
= O(z0 — y0) (0lp(x)¢(y)[0) + O(yo — o) (0[4(y)p(x)[0)
= 10(z0 — yo) AN (z — 9) +1O(yo — 20) AP (y — z). (7.6)

It turns out that this can be written compactly in momentum space. First
note that the step function has a representation as the boundary value of an

analytic function
dw e—iwt
O)=—- lim [ —

—0+ | 27w+ i€’

(7.7)

where the limit € — 04 (i.e. € — 0 with € > 0) will be implied in all formulae
from now on. The formula (7.7) can be verified using the residue theorem
with a semicircle in the lower halfplane for ¢ > 0 and a semicircle in the
upper halfplane for ¢ < 0. Note that

d dw 1 d

—O(t)=— [ = —_
dt®( ) 27 w +iedt

. dw .
—iwt __ —iwt —
e W = /_27r e i), (7.8)

as required. Now, using

E(k) =\/k2+m?=E(-k) >0 (7.9)

we can write

i@(xo)A(+) (x) + i@(—xo)A(+)(—x)
dwo—~ 1 . ) . .

- _ —dk —iwxg—ikz iwzo+ikx
oW (@ te )

_ i/dwd?’k: 1 _ 1 (e_i(w+E(E))x0+iE:E‘ i ei(w—i—E(E))xo—iEﬂ?)
(2m)* 2B (k) w + i€
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w=tho—E(F) i/dkodg’/; 1 1 N 1 T
2m)* 2B(k) \ ko — E(k) +ic  —ko — E(k) + ic

dk 1

1 1 —ikx
N 1/(27T)4 2B (k) (ko —B(K)+ie Ko+ E(K) — ie) ‘

/ d'k 1 —ika
=1 1 = : (§]
(2m)* k2 — (E(K) — i€)?

[ dik 1 .
=i - _ e ikx
(2m)* k2 — m2 + 2ieE(K))?

eF>o0. [ d'k 1 i
B 1/(%)%2_7”2“6@ . (7.10)

i.e.
d4k e—ik:(x—y)
(2m)* k2 —m? +ie

Galir — ) = OITp@)o(w)10) =i [ (7.11)

Note that

d*k —k2+m?
0 2 —; —ikx
O+ Galo) = [ e

: d4k: —ikx __ _1 4 T
:_1/%)4@, = is'(2), (T.12)

as required by

(O, +m?) (0] T [¢(x)p(y)]|0) = —id*(z — y) (7.13)

in contrast to
(O +m?) (0] (x)d(y)[0) = 0. (7.14)

In order to understand (7.13), consider

o o

o:2 T [p(x)o(y)] = 022 (©(z0 — yo)o()o(y) + O(yo — x0)d(y)d(x))

= a%o ((5(:60 —Y0)0(x)p(y) + O(xg — yo)aixoﬁb(fc)(?(y)

— 3o — )o(y)(x) + Oy — xo>¢<y>a%¢<x>)

2o—10)[6(2),(y)]=0 O 0 0
e (@(:co = 10) 5, 9)0(y) + Oyo - xo>¢<y>—¢<x>)
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2

= 500 ~ 1) ()6 )O 0 yo>§—wg¢<w>¢<y>
82

S0 — 7)) () + Oy — 00 (0)

o (x), (7.15)

1.e.

0, T [6(2)é(3)] = 8(zo — 90) {a%m:r), ¢<y>} T [C(@)o))
T [Oo(@)o(y)] - id*e — ). (7.16)

7.2 Wick’s Theorem

In section 5.2.1, we have used normal ordering of polynomials in the fields
in order to make the free hamiltonian well defined. Here we introduce the
notation :...: for normal ordering

:aia}aka;: = :I:a}a;aiak , (7.17)

where the sign keeps track of the number of fermionic permutations required
to move all the annihilation operators to the right.
We can use the simplest form of the Baker-Campbell-Hausdorff formula

eleB = eAtBTalABl {1 [A,[A, B]] = [B, A, B] (7.18)
and its inverse
GATB _ g AgB o~ 31AB] for [A,[A, B]] = [B, [A, B]] (7.19)

to normal order exponentials of linear combinations of fields
o ( [a0)50) = exp ([0 w10+ [d060wit)
— e ([atd @) e ( [de o i)
o (5 [y i) 690000 i)
— exp ( / dz 6(z) j(x))  exp <% / dady j(2)AD) (2 — y) j@)) C(7.20)

Indeed, expanding to second order in j
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% / dady j(2)j(y)é(z)bly) =

5 [ Attty i@i):o@o): + 5 [dndty @A -y, (121

comparing coefficients or taking functional derivatives' and taking the limit j —
0 afterwards

o()d(y) = () (y): +iAP (z —y) (7.24)
and computing the vacuum expectation value
(0]¢(2)o(y)|0) =iAD (@ —y). (7.25)

Analogously, time ordering and normal ordering of free fields can also differ at
most by a function that commutes with every field. Therefore the difference
must be equal to its vacuum expectation value, i. e.

T [p(z)o(y)] — :o(z)9(y):
= (0(T [p(x)9(y)] — :6(x)d(y):)[0) = (O] T [p(x)9(y)][0) (7.26)

T[o(x)o(y)] = o(x)o(y): + (0 T [p(x)o(y)] |0) - (7.27)

We can again use exponentials to take care of the combinatorical factors

v o ( [ateo(a)jio) | = e ( [at oo )ox
exp (5 [y o) 1T )0 10) 1)) - (725)

Comparing coefficients or taking functional derivatives® we find

T[1] = :1: (7.29a)

INB: (7.24) has some subtleties: comparing coefficients in j or taking functional deriva-
tives w.r.t. j gives us only the symmetrical combination

5 (0@)6() + p)o(@) = B(o): + 5 (A @ —y) + AV —2)) , (1.22)

2
but we can rewrite the LHS as
5 (6()0) + D)o(e)) = o)) + 3 (D), 6(x)]

= 6(2)0() — g Al — 1) = 6()o) — SAD (@ —y) + TAD (y—x) (7.23)

to obtain (7.24).
2This time the LHS is symmetrical and needs no special treatment.
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T [¢(z1)] = :¢(z1): (7.29Db)
T [¢(z1)9(x2)] = :0(z1)@(x2): + (O] T [p(z1)@(22)] [0)  (7.29¢)
T [p(z1)P(22)d(x3)] = :d(x1)P(22)d(x3):
+ (0] T [p(z1)d(22)] |0) ()
+ (0] T [¢(z1)(23)] [0) :(22):
+ (0] T [@(w2)P(23)] [0) :¢(21): (7.29d)
T [p(z1)9(z2)d(x3)d(24)] = :0(21)P(22)P(23)P(74):
+ (0] T [¢(z1)(22)] [0) :0(23)d(24): + perm.
+ (0] T [@(z1)@(22)] |0) (O T [¢(25)p(4)] 0)

+ permutations (7.29¢)

This way, we have obtained Wick’s Theorem that allows us to express the
time ordered product of fields as a sum of normal ordered product with all
pairs of operators replaced by their contractions

1

P(z1)P(2) = T [Pp(21)P(22)] — :0(71)P(22): = (O[T [(w1)@(2)][0) , (7.30)

T [0(x1)d(2) p(w3)P(x4)] = :9(21)P(22)(3)d(4):

+:¢<x1>¢<x2>¢<x3>¢<x4> 6(21) D)6 (23) D) +:0(21) B(w2) D (3) Bl4):

T2 (21)D(@2) (@) d(0): + D@1 () d(3)(a) : + (1) (22)(x3)d(za):
| ] | ! 1 [ [ |

+ 6(21)P(22)(13)D(24) + D(1) D) D (3)B(4) + P(21)(2)P(3)(4) .

(7.31)

7.2.1 Generalizations

| Lecture 20: Wed, 10.01. 2018

There are obvious generalizations of Wick’s theorem:

e [f there is more than one field, including the case of charged fields,
Wick’s theorem holds, but only non-vanishing contractions (7.30) have
to be taken into account.

e [f there are fermions involved, the appropriate signs have to be taken
care of.
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In addition, we can also evaluate time ordered products of normal ordered
products

T o) ... o) (Tns) - (Tns): -] - (7.32)

Again, Wick’s theorem holds, if we ignore contractions (7.30) within the same
normal orderd product. This allows us to compute time ordered products of
normal ordered powers such as

T [:ng(xl): :¢2(x2):] = :¢%(21)P*(22):
1 I 1 I
+ 4:9(21) (1) p(22) P(22): + 20(21)9(21)P(22)P(22)  (7.33)
without running into the obviously ill-defined®

a)ia) = OO0 = [ Gy 0o (739)

7.3 Graphical Rules for S-Matrix Elements

The application of the normal ordered annihilation and creation pieces to the
incoming

$D() p) = / dke = a(k)al (p) |0)

= [ dke ** [a(k),at(p)] |0) = ¢ P* |0) (7.36a)
/ po=1/P>+m?
and outgoing states of free particles
(gl ¢'7) () = & (0] (7.36b)
qo=+/ 2+m?

yields only the corresponding plane waves. In the expansion of the S-matrix

elements
<q1, oy qm|T {exp (i)\/d4x :Ef(m):>]

<I¢($1)¢($1)¢(x2)<i|5(w2) = (0IT [(1)(22)][0)* (7.34)

will turn out to be ill-defined as well, but we will deal with this problem later.

pl:"'apn> (737)

3Note that
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using Wick’s theorem, we obtain contributions only from those terms with ex-
actly n annihilation and m creation operators and all other fields contracted.
For example

/d4:1:1d4:)32 (g1, @2| T [:0°(21)::0%(22): ] | p1, p2) =

/d $U1d T2 <Q1>Q2‘¢ (1) <Z5( (x1)¢(+)(x2)¢(+)(x2)‘pl,p2> X

(0]T [¢(x1)P(x2)]|0) + permutations
_ /d4x1d4x2 / 4% i e—ik(:cl—xz)eiqlwleiqlee—iplxge—imm
(2m)* k2 — m? + ie
+ permutations

- / <§7:>€4 (2m)"0" (k=1 =42) (27)"6" (k—p1 —p2)

1
k%2 —m? +ie

+permutations
i
p1+ p2)? —m? + e

= (2m)'6 (p1r +p2 — 1 — C_IQ)( + permutations, (7.38)

where we find the expected overall momentum conservation and a propagator
i
(p1 +p2)?2 —m? +ic

(7.39)

Since there are 3! ways to connect a propagator and two distinct external
particles to the three fields in a ¢3(x)-term, the permutations cancel the
factors of 1/3!'in £;. The possibility to exchange the integration variables x;
and x5 cancels the factor 1/2! from the expansion of the exponential. Finally,
the interactions can be connected to all pairs of external particles

‘2

B d*z,d*a, (g1, 2| T [:Lr(z1): L1 (x2):]|p1, p2)

= (2m)'0 ' (p1 +p2 — @1 — @) %

(—2) ( i N i N i )
(p1+p2)2—m2+ie (¢ —p1)2—m2+ie (g —p2)? —m?+ie
(7.40)

and we obtain the T-matrix element

1 1 1

T=-X\ — + — + .
((Pl +p2)2—m?2+ie  (qn—p1)?—m?+ie  (qn —p2)? —m? +ie
(7.41)
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which can be represented by the diagrams

q2 D2 q2 D2 q2 b2
+ G —p + a—p . (742)
P11+ D2
q1 y4 q1 b1 q1 y4

The three diagrams in (7.42) are commonly referred to as s-, t- and u-channel
contributions, according to the Lorentz invariant Mandelstam variables

s=(p1+p2)’ = (0 + @)’ (7.43a)
t=(1—a)* =P — @) (7.43b)
u=(p— @)= (p2—a), (7.43c)
that are related by
s+t+u=p;+ps+qi+a¢. (7.44)

A general contribution is represented by a graph consisting of interaction
vertices as nodes connected by propagators or external lines representing
external particles as edges.

7.8.1 Momentum Space

We can express the general rules directly in momentum space. For this, we
observe that each interaction vertex contributes a integral over all of space

time
/d4xi e

and the fields in each interaction all contribute a factor

e:l:ixq; Pn

either from the action of the operator on an external particle or from the
momentum space representation of a contraction

v DR / Wk irs T, (7.45)
— ——e M !" :
! k ? (2m)4 k? —m? + ie
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Thus the integral turns into a momentum conservation J-function at each

interaction vertex
/ diz; — (2m)'6? <Z pn> . (7.46)

It is easy to see that momentum conservation at each vertex implies over-
all momentum conservation. The corresponding J-function which can be
extracted to obtain the iT-matrix.

If the graph is a tree graph, i.e. contains no closed loops, momentum
conservation at each vertex fixes the momentum of each propagator uniquely.
On The Other Hand (OTOH), if there are closed loops, e. g.

q2 k D2

(7.47)

% p1+pe—k P

the momentum conservation at the vertices does not constrain the loop mo-
mentum, k in (7.47), at an integral’ over the whole momentum space

remains.

7.3.2 Combinatorics

If there are n fields corresponding to identical particles in a given vertex,
there are n! ways to attach the propagators that must all be counted, but
give the same contribution. Therefore it is customary to write

L= % " (7.48)
so that the resulting vertex factor is just i\. In the case of diagrams like (7.47),
this leads to an overcounting, because the an exchange of the two lines in
the loop leaves the diagram unchanged. Therefore the diagram has to be
divided by the size of the automorphism group of the graph, e.g. 2! in the
case of (7.47).

4More often than not, these integrals will not converge and we will be forced to perform
renormalization to handle the divergencies.
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7.3.8 Vertex Factors

In general, the vertex factors what remains after removing the fields from
the corresponding term in iL;. The combinatorical factors can be obtained
unambigously by talking functional derivatives w.r.t. the fields. If i£; con-
tains derivatives 0, they are to be replaced by —ip,, with p the incoming
momentum of the field on which the derivative acts.

7.3.4  Charged Fields

In the case of charged fields, we must distinguish incoming anti particles

a“'(p) |0)

from particles
a*(p) |0)
and act with ¢f(x) on the former and ¢(z) on the latter. For the outgoing

particles, the roles are reversed.
Also, we must distinguish

(@) (y) = (0T [6(x)ot (1)]]0) (7.492)
from
¢! (2)o(y) = (0|T [¢'(2)e(y)] |0) (7.49D)

and add an arrow to the corresponding edges

X1 o—ﬁ—o T2 = ¢($1)¢T($2) = <0‘T [¢($1)¢T($2)] ‘0> :

7.8.5 Spin

In the case of particles with spin, we have to take into account the coefficient
functions, e.g. u and v for spin 1/2

0(e) = 3 [@ (wolp)ealple ™ + ()@ . (750)

Then _
P (@)l (p) [0) = |0) ug(p)e™™” (7.51)

etc. and
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k 1
T e—a—eo T2 & )(x)(ng)

(ot el - ki R 13

Additional material (not discussed during the lectures):
There is one subtlety that we have to discuss

(0| T [Wa(2)a(y)]|0) = O(z0—yo) (0]¢a(x)Ps(y)|0) —O(yo—z0) (0]1hs(y)va(x)|0)
=mm—m/%%@W@fWWL@%—m/%%@m@www
(7.53)

i.e.

(0|T [¢(x)¥(y)]]0)
= O(z0 — yo) [ dpu(p)alp)e P@Y) — O(yo — ) /513 v(p)v(p)e? V)

= O(wo — o) [ dp (p+m)e” ") — O(yo — o) /873 (p — m)eP@=)

= 0w — )9+ m) [Tpe 7 + 00— au) 9+ ) [Apete

= O(x0 — y0) (i@ + m)IAT (x — y) + O(yo — x0) (i@ + m)IAF (y — x)
= (i@ +m) (©(zo — yo)iA* (x — y) + O(yo — x0)IAT (y — x))
+Y00(z0 — yo) A™* (x — y) —Y00(z0 — yo) AT (y — )
= (ig + m)Ga(z — y) +706(r0 — yo)A(xr — y) = (i@ + m)Ga(z —y) (7.54)
Aa)], _, = 0. (7.55)

In a momentum space computation of
0(ra) [T+ e~ O(-z0) [T~ mye (736)

one needs to be careful when substituting from p = (E(p), p) to (po,p) with the uncon-
strained integration variable py. In essence, one needs to add a momentum space repre-
sentation of v (xg—1o) A) (z—y) to the first term and that of —yod(zo—yo) AT (z—y)
to the second term, knowing that they cancel.
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B~ S
QUANTUM ELECTRODYNAMICS IN
BORN APPROXIMATION

| Lecture 21: Wed, 17.01.2018)|

Recall the gauge invariant Lagrangian for a charged spin-1/2 field and a

photon .
L= —ZFWFW — —5 (0, AR +4b (i) — m) 1. (8.1)

We split it in the quadratic free part and an interaction part

1

Ly = —Z—lFWF“ % (a AR 4 (i) — m) (8.2a)
Lr=eppy. (8.2b)

8.1 Propagators and External States

We may simplify the calculation of the propagator for the photon field by
looking at the free equation of motion for the field

(gWD+( Jaa) Y(z) =0 (8.3)

and the corresponding equation for the propagator

(~om0+ (1= §) 00, ) OIT LA (0 = 6,55 1), (80

where the sign has been fixed so that the spatial components behave like
scalar fields for ¢ = 1. We can now make the ansatz

OTIADA W0 = [ 55 (D) + Kb, D) ) (55)
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since there are only two ways we can build rank-2 tensor from a single mo-
mentum vector. Then

5
k26 Dy (k) +k2k, k? Do (k) — (1 . %) ki k? Dy (K2)— (1 - E) K2k, k” Dy(K2)
(8.6)
i.e.
k*Dy(k*) = —i (8.7a)
Mpxﬁy-@_%)pgﬁy-Q_%)Mpﬂwyﬂ) (8.7h)
with the solution
Di(k?) = -7 jr - (8.82)
Do) = (1= ) Di(K?), (8.8)

where we have again use the analogy with the scalar case to Thus we find
the propagator

OT (AN = [ (g + (- )i
a v (2m)* k2 + e " k2 + ie ’
(8.9)
for the photon field with a arbitrary gauge parameter £ that must cancel in
physical results.
The action of the field operators in the normal ordered S-matrix on the
external particle and anti-particle states is

(@) [p,ose) = [0 >e P, (p) (8.10a)
(p,ose” [ (x) = e ( ) (0| (8.10b)
(@) poset =\ > 775, (p) (8.10¢)
(p, o5 ™[0 () = €0, (p) (0] - (8.10d)

=>4, (0
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= T, 5 (p)0 6 (p) = €0, () 00 (p)  (8.11)
af

and we see that incoming antiparticles contribute a v on the left side of the
expressions, while incoming particles contribute a u on the right side of the
expressions. Analoguously for outgoing particles and antiparticles.

8.2 The Feynman Rules

Using the customary convention, that incoming particles and antiparticles
are drawn on the LHS and outgoing particles and antiparticles on the RHS
of diagrams, the comprehensive set of rules for the computation of i7" in
spinor QED is

[p.oje”) ——e  =u,(p) (8.12a)
—>— (p,oie | =1, (p) (8.12b)
p,ose’) —e—e  =10,(p) (8.12¢)
—— (p,g;et| =v,(p) (8.12d)
[k, A7) ~~ne = (k) (8.12¢)
o~ (B Ay = el(k) (8.12f)
) < p =i P : (8.12g)

(-owra-0g8s) @
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Y
A, =ieyt (8.12i)

(8

where the overall momemtum conservation factor (2m)*6*(>" qout — D Pin) is
to be factored out.

The strength of the interaction e is a free parameter that can take any real
value. If there is more than one species of particles, e can be replaced by e);
with a different charge for each species without spoiling gauge invariance.
Note that there is only one vertex and one propagator per species, which
accounts for particles and antiparticles at the same time. There is not a
second vertex with opposite charge for the antiparticles. The antiparticles
are taken care of by the direction of the momentum flow relative to the arrows
in the propagators.

Also note that it is essential that the species of particle never changes at
the vertex.

8.3 e u —eu

The simplest example is the elastic! scattering of two distinguishable par-
ticles, taken to be an electron e~ and a muon p~. There is only one tree
Feynman diagram

‘p270—27ﬂ_> <QQ,T2,,U_‘

(8.13)

p1,01,€7) (q1,m1,€e”

and the corresponding expression for i7" reads

<—¢”+«1—§>M%u>

k2 + e
(8.14)

. _ . _ . 1
1T = Ury (ql)le’%uucrl (pl)u7'2 (QQ)1€7Vu02 (p2) k2 + ie

IElastic’ is the term for scattering where target and projectile just change their mo-
mentum and are not modified or excited internally.
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with £ = ¢; — p;. Noting that

ki (q1) e (p1) = tr(q1) (1 — P1) o (1) = Ur(q1) (M —m) us(p1) =0,

(8.15)
which is the momentum space version of current conservation
& (D) (@) =0, (8.16)
we find the {-independent amplitude for polarized scattering
1 _ _
T=e¢ Uy (1) Vutho, (1) Try (G2) 7"ty (P2) - (8.17)

(n —p1)? +1ie

This can be squared to obtained the transition probability. Instead, we will
look at the sum or average of polarizations

SR

polarizations

1 2

(@1 — p1)? + e

> @ (@)Wt (1)) Ty (1) Yot (1) X

T1,01=1
2

D (U (@2)7 s (D2)) Ty (42) 7" Uy (2) - (8.18)

To,00=1

Using

(@ (@) 7u0(p)" = (ul (@) 9070 (p))" = ub ()7 Adu-(q)
= ul (P)107ur (q) = o (P)Vuu-(q) . (8.19)

we find
> (@ (@utio(p) 0 (@) We(p) = D Uo(p)Vutir ()t (9) 7010 (p)

= > tr (yuttr (q) @ Ur () Wtto (p) @ o (p)) = tr (, (f + m) 70 (P + m))

T,0=1

(8.20)

from (4.136)
D to(p) @ Ue(p) =p+m. (8.21)
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8.3.1 Trace Theorems

It turns out that we can compute the traces from the Dirac algebra (4.85)
without committing to a concrete realization.
From the cyclic invariance of the trace

tr (ABC) = tr (BCA) (8.22)
we conclude
tr () = 5 tr (i + ) = 52patr (1) = 4pg (8.23)
or, equivalently
tr (7. 7) = 49 (8.24)
tr () = 41y (5.25)

Also

tr () = tx (W) = tr (rsbys) = — tr (drsis)
==t () = —tr (), (3.26)

h tr (@) = 0. (8.27)

The same argument works for any product of an odd number of Dirac ma-
trices. Finally (for our purposes)

tr (df¢d) = 4 ((ab)(cd) — (ac)(bd) + (ad)(cb)) (8.28)

and therefore

tr (’7u (d+m)v (p+m)) =tr ('qufyufb) +m? tr ('VMVV)

= 4(qupy — GuPq + @wpp) + 4m g = 4 (¢.00 + @wpp + (M* — pa)gyw)
(8.29)

8.3.2  Squared Amplitude

Now it is a straightforward exercise to compute

SRt

polarizations

1 2

(1 —p1)? +1ie




Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 130

tr (v (g1 + me) Y (P2 +me)) tr (7" (d2 +mu) 7" (P2 + M)

16e4

= 2
= iy & (D F P (07— i) g)

(6595 + gsphy + (M2, — paga)g™)
32¢?
(@ —p)ite”
((102)(0102) + (P142) (P2q1) — (Prar) M, — (p2g2)mZ 4 2mZms)

8et
=5 o (32 +u? — 4(u + s)(mg + mi) + 6(m§ + mi)g) ., (8.30)
using

2pipa = (p1 +p2)® —pi —p3 =5 — mg — i (8.31a)
212 = (q1 + 612)2 - Q% — q% =85— mg — mi (8.31b)
2011 = —(p1 — q1)° + pi + ¢ = —t +2m] (8.31c¢)
222 = —(p2 — @)° + P53 + @3 = —1 + 2m} (8.31d)
2p1g2 = —(p1 — CJ2)2 + pf + qg = —u-+ mg + mi (8.31e)
2021 = —(p2 — 1) + 3+ ¢f = —u+m’ + mi . (8.31f)

From kinematics (cf. exercise), we know that
s<t<0 (8.32)

and t = 0 corresponds to forward scattering. Therefore we may assume t < 0
and take the limit ¢ — O:

2 .2 2 2 2 22
Z |T]2:8e48 +u 4(u—|—s)(m;2—|—mu)+6(me+mu) .

(8.33)

polarizations

8.3.8 “Old Fashioned” Perturbation Theory
| Lecture 22: Tue, 23.01.2018

Note that there are two contribution in nonrelativistic second order pertur-
bation theory

1
out| Hy|¥) ———— (V| Hy|in) |
> (outl119) g (I
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Impo A

VT o

] +V/pP+m?  Repo

Figure 8.1: Integration contour in the complex py-plane for the Feynman
propagator.

one corresponding to the virtual photon being first emitted by the electron
and later absorbed by the muon and the other to the opposite sequence of
events

i i H H

e e e e
Both of these terms are taken care of simultaneously by the Feynman prop-
agator. This can be seen by performing the pg-integration in the propagator

&Pp e [dpo 1
CP iz [ L0 —ipoao 8.35
/(27?)3e /27Te PR —p? —m?+1ie (8:35)

where the e-prescription corresponds to the contour depicted in figure 8.1.
Due to the exponential e~0%  the contour can be closed with a semicircle
at infinity on the lower halfplane for x5 > 0 and on the upper halfplane
for xg < 0.

Thus we pick up the residue at py = ++/|p]> + m? for zy > 0 and the
residue at pg = —+/|p|?> + m? for xy < 0. This means that positive energy
contributions are propagated into the future, while negative energy contri-
butions are propagated into the past.

The violation of energy conservation in the sum over all virtual interme-
diate states in nonrelativistic perturbation theory is replaced by the violation
of the mass-shell conditions p? = m? in the propagators of internal lines in
Feynman diagrams.




Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 132

8.4 ete” — utu”

For the production of muon-antimuon pairs in the annihilation of electron-
positron pairs, we have again a single tree level diagram

‘p+,0’+,6+> <q+’7—+”u+‘

(8.36)

‘p_,O'_,e_> <Q—77——7:u_‘
and a similar expression for the scattering amplitude

. _ ) _ . i kHEkY
(T = 00, (e 00, e, () (—0 + (0 O )

k? + ie k? + ie
(8.37)
with k =p, +p_ =q. + q_. Again
k7 (p1)utie (p-) = 0 (8.38)
and we find?
o2
T'= — o, (p+) vt (p-)0r_(4-)7"00, (¢+) - (8.39)
with
2 +u? — 4t +u)(m? +m?) + 6(m? + m?)?
ST =set (t +u) i ) + 6L W (s.40)
polarizations 5
using
s=(ps +p-)°" = (¢4 +q-)° (8.41a)
t=(q- —p-)*= (a4 —ps)° (8.41b)
u=(¢- —p+)* = (qr —p-)*. (8.41c)

We notice that this is the same expression as (8.33) with s and ¢ interchanged
or equivalently subject to the cyclic shift s = u — ¢ — s.

2NB: k2 :524mi > 0!
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8.4.1 Crossing Symmetry

The relation between (8.33) and (8.40) is not an accident. Comparing the
Mandelstam variables (8.41) with (7.43)

s=(p1+p)° = (1 + @) (8.42a)
t=p—q)’ = —q) (8.42D)
u=(p1— @) =P —q), (8.42¢)

we observe that flipping the lines leaving the diagrams and inverting the
fourmomenta simultaneously

P1 -
Pt | T8 (8.43)
1 —P+
42 q-
results in a cyclic shift
s (p1+ p2)? (- —q4)? u
tl=1(@—-p)?| = |-+p)?|=|s], (8.44)
u (g2 = p1)? (g- —p-)? t

that leads to
s24+u? w4 t?
2z e
It is hardly surprising, because in (8.10) we have seen that e P®u,(p) and
e'P*y, (p) arise from acting with ¢(x) on external states, while e'P®@,(p) and
e~ P2y, (p) arise from acting with 1 (x) on external states. Therefore we can
treat antiparticles as particles with reversed fourmomenta.

The corresponding relations among amplitudes are called crossing rela-
tions. Note, however, that the amplitudes are not the same, they are rather
analytic continuations of each other because the physical regions for s, t
and u are different.

(8.45)

8.5 e e —e e

If we're scattering electrons on electrons, a. k. a. Mgller Scattering, there is a
second Feynman diagram with the outgoing electrons interchanged. Accord-
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ing to Fermi statistics, we must subtract these diagrams in order to ensure
antisymmetry

\p2,02> <QQ,7'2\ \p2,02> <Q2,TQ\
\p1,01> <Q177'1\ \p1701> (CI1,7'1\
(8.46)

The overall sign is not observable and can be chosen by convention. The
¢-dependence cancels again and the scattering amplitude is

I=%L-1L (8.47a)
2
(&
t= et (@), (1) n (02)7 o, (P2) (8.47D)
2
(&
Tu = 3 U (42) ity (1) Tr, (1)1t (P2) (8.47¢)

In the squared amplitude, we will not only have the squares of the individual
diagrams, but also interference terms

T]? =T, - T.]" = |TL] - T, - T,T, +|T.]". (8.48)
The interference terms produce more complicated traces, as can be seen from

T, =
64

27 Uon (P1) V0 Ury (42) oy (P2)7" 10, (91 (1) 7ty (P1) s (02)7" 1o, (P2) - (8:49)

@
=gy (P1) Vv Ury (92)Try (q2)7HUoy (P2) Ty (P2) VY Ury (91)8r (91)Vutoy (P1)

and the sum over polarizations

> T =t (ulde + )y (e + ma)y” (d+ me)y( + )

polarization
(8.50)
appears to contain traces of up to eight y-matrices. Fortunately, four of
these can be removed by using the contraction identities and we only need to
compute traces of four y-matrices, as before. The final result is remarkably
simple

s24+u? s+t 287
> TP =8¢t ( Tt E) +O(m?). (8.51)
polarizations
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Since there are two identical particles in the final state, we have to apply the
symmetry factor 1/2! in order to avoid double counting in the differential
cross section.

86 ete —ete”

Bhabha Scattering is the crossed process of Mgller scattering

‘P+70+> <CI+>T+‘ \p+,0+) <Q+a7+‘
p—,0-) (g 7| [p-,0-) (q—, 7|
(8.52)

and we get again a relative minus sign and the summed squared matrix
element.

2 +u? 2+ 20
> TP =8¢t ( Tttt )t O(m?) (8.53)
polarizations

8.7 Compton Scattering

| Lecture 23: Wed, 24.01.2018

In the scattering of photons on electrons, a.k.a. Compton Scattering, the
incoming photon can connect to the incoming electron or to the outgoing

electron. Since the diagrams are related by crossing of bosons, they are to
be added.

[k ) ool kA ', o'l

p. o) (KX p,o) (K, X|

(8.54)
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The scattering amplitude can be written

o i . . v
iT = U (p)iey, pay p—— e g (p)ey” (K)ex ()

AN 1 . *,UV /
+ Uy (p )16%¢ By T—— ie167,,%,(10)@’, (K")e (k) (8.55)

i.e., writing ¢* = y"¢;,, which is different from (¢)*,

T = —a,(p) <¢§/(k’) (p v;]}:l: m)¢a(k)  ¢a(k) (P _5;9; m) ¢ (K) o (p)
(8.56)
using
(p+ k)? —m* = 2pk (8.57a)
(p— k) —m? = —2pk’ (8.57b)

since p? = p> = m? and k* = k> = 0. Using the Dirac equation for u(p) and
the tranversality of €, we find

P+ K +m)da(k)us(p) =
IA(k) (=P — § +m)us(p) + 2pex(k) + 2kex (k)
= —¢x(k)Fus(p) + 2pex(k) (8.58)

and
=K +m)¢5 (K )us(p) =

3 (K) (=p + K +m) us(p) + 2pey, (K') — 2K e, (K)
= {5 (K)Fue(p) + 2pes, (K) . (8.59)

Furthermore, we may choose our gauge such that

per (k) = pey (k') = 0 (8.60)
to find
S N S R

Summing over the spins, but keeping the photon polarizations

Z |T|2 _ 64 tr ((%i’(kl)¢)\<k)k + ?/)\<k)¢/§\’(kl)k/> (]75 + m)

2pk 2pk’

spins
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(%ﬁ’x(k)ﬁfi/(k’) K¢ (K)dx(k )> (}é’—i—m)) . (8.62)

2pk 2pk’

which still contains terms with up to 8 Dirac matrices. However one can use
the Dirac algebra

46 = —Pd + 2ab (8.63a)
dd = a* (8.63b)

together with
=kK"=0 (8.64a)
(ex(k)* = (ex (k)" = —1, (8.64b)

transversality, energy-momentum conservation and our choice of gauge (8.60)
to avoid traces of more than four Dirac matrices.

8.7.1 Ward Identity

Using an unphysical polarization vector ¢(k') = k' for the outgoing photon
in the Compton amplitude, we find

1
isl + k_/ —m+ 1€¢)\(k)u0<p)

— g (p)fa(k)

T = i ()
1
p—H —m+ie

K'uo(p) (8.65)

using momentum conservation p + k = p’ + k. Then we can use the Dirac
equation in the form

U (P)F = o (p) (" + F — m) (8.66a)
Kue(p) = — (b — ¥ — m) us(p) (8.66b)
to find
T = =i ) (F + ¥ = m) e (B 1)
1 ,
+ et (1) (K )]é e e P F - m)us(p)

= —€" U (p)¢ A (K)o (p) + €t () {2 (K)us(p) = 0, (8.67)

i.e. that the amplitude for producing unphysical photons with polarization
vector €(k) = k vanishes, iff all other external particles satisfy the equations
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of motion. This is called the Ward Identity and can be shown to hold for all
processes and can be maintained in higher orders of perturbation theory.

It is important that the Ward Identity does not hold diagram by diagram,
but only for complete scattering amplitudes. Thus it can be used to guard
against some sources of errors.

Note that the Ward Identity is nothing but the statement that matrix
elements of the current operator are conserved

" (out|:(z)y, ¥ (x): |in) = 0. (8.68)

In fact, in the case of QED treated here, we do not need to put the other
photons on the mass-shell or to require physical polarizations for them. This
is not the case for more general (non-abelian) gauge theories, but will be
useful in the next section.

8.7.2 Polarization Sum

A possible expression for the polarization sum for a photon with momentum &
is given by

| Ty T
ST R (k) = T (k,0) = —g* + TS S TP(Re) (8.69)
C

o=-—1,1

with any fourvector ¢ such that ck # 0. Indeed, using k? = 0, the sum is
transversal

k1" (k,c) =0 (8.70)
and for £ = (w,0,0,w) and ¢ = (1,0,0,—1) we find

0000
. 0100
ke =10 0 1 o (8.71)
0000

Other choices for ¢ correspond to different gauge choices.
Using the Ward identity (8.68), we observe that the term

kuc, + kuc,
ke

gives no contribution to the polarization sum and we can make the more

convenient choice
> k)t (k) = —gu - (8.72)
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We can use the simplified for more than one photon in QED only because
the Ward identity for one photon does not require a physical polarization
for the other photons. This is not true for non-abelian gauge theories with
self interactions among gauge bosons and more complicated procedures are
required.

8.8 Pair Creation and Annihilation

The processes ete™ — vy

\p+70+> <k2,)\2\ \P+>U+> <k2,>\2\
+ JJJJ
‘p—ao-—> <k17>\1‘ ‘p—70-—> <k17)\1‘
(8.73)

and vy — ete”

‘k27)‘2> <p+70-+‘ ‘k27>\2> <p+70-+‘
N
\k1,>\1> <P—70—\ \k1,/\1> <P—>U—\
(8.74)

can be obtained by crossing Compton scattering.
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— 09—

RADIATIVE CORRECTIONS

9.1 Example

In ete™ — puTp~ there is, among others, a contribution with a fermion loop

(9.1)
If we isolate the loop
T20) = Aup) ~~E Yy~ Aul-)
:ez/d4k tr (3. (k +m)y (K +p+m)) 9.2)
(2m)* (k2 —m? +1ie) (k+p)2 —m? +1ie) "

we observe that we have to learn how to evaluate integrals of rational func-
tions of fourmomenta over all of R*.

9.2  General Tensor Integrals (1-Loop)

‘Lecture 24: Tue, 30.01.2018

The most general integral with a single loop can be written as a linear com-
bination of tensors
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T;Sﬁt)g...yM(plvp% -y PN—1;Mg, My, . .. 7mN—1) =
/ d4q QuiGps - - - G
(2m)* (¢ —mi +ie) (g +p1)? —mF +ie) -+ ((¢ + py-1)* — mi_y + i)
(9.3)
and can be represented graphically as
Ps — D2 P2 —nN
q+Dps3 q+p
TN = py — ps P (9.4)

PN-1 — PN-2 —PN-1

with the arrows just denoting the flow of momenta. For later convenience,
we generalize from 4 to D dimensions and extract a prefactor

T,ﬁ\QQ...uM(Phpza C s DN-13Mo, M, o1y Dy p) =
1672 ,_ =~
i ! DT;S]l\Qz...uM(plapza CyPN-1; M, M, M 1) =
“4*>D77
(2mp)*—P Qu19ps - - - Qpu

S [aP -
im? / e (> —m3 +ie) ((q + p1)> —mi +ie) - - (g + pn-1)? — m3_, +ie€)
(9.5)

There are notational conventions for one, two, three and four point integrals:

1
b TlglthwﬂM = Am,uz---uM (mO)a

(2) _ .
b TH1N2~~~P«M - BH1H2---MM (pl’ m07m1)7

(3) _ .
g T#1u2~~~ﬂM - C,LLULQ...NM (php?a mo, My, m2)7

(4) _ .
b T,uluz...uM - Dm,ug...,uM (pla P2, P3; Mg, My, M3, m3)

and in particular for the scalar integrals (i.e. M = 0)
A(mo) = Ag(mo),

i B(pl;mo,mﬁ = Bo(pl;mo,m1)7
(p17p2;m0am17m2) = CO(P17P2§m0,m1,m2)7

C
o D(p1,p2, p3; Mo, m1, Mg, m3) = Do(p1, P2, p3; Mo, M1, mMa, ms3) .
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9.2.1 Tensor Decomposition

The only vectors and tensors that can appear in the result are the external
momenta p; and the metric g. Since the integrand is totally symmetric,
the result must be totally symmetric as well and the totally antisymmetric
e-tensor can not appear. Therefore we can expand the tensor integrals in
covariants

B*(p1;mg, my) = pi By(p1; mo, my) (9.6a)
C#(p17p2;m0>m17m2) = pﬁLCl(plap%mo,mhmﬂ +p502(p1,p2;m07m1,m2)
(9.6b)

(9.6¢)

and

B" (p1;mo, my) = py'py Bi1(p1; mo, m1) + ¢"" Boo(p1;mo, m1) (9.7a)
C™ (p1, pa; mo, my, ma) = pipiCr1(p1, p2; Mo, M, Ma2)
+ (pips + phpY) Cra(p1, p2; mo, ma, ma)
+ P15 Caa(p1, p2; Mo, M1, my)
+ ¢" Coo(p1, p2; Mo, M1, m2) (9.7b)

(9.7¢)

9.2.2 Wick Rotation

The go-integration contour in the loop integrals can be deformed from the
dashed curves to the dotted curve

- —

without crossing poles or cuts. With the subsequent substitution

(q07 (j) — (iQ%v CTE) ’ (98)

the Minkowski- “length” becomes a euclidean length

=" -F=—())—-7=—q. (9.9)
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9.2.3 D—Dimensional Integration

In the following, we will assume

D
n >max{1,5} (9.10a)
a>0 (9.10D)

and attempt to continue analytically in D and a, if necessary. Using the
Wick rotation we can the rewrite the integral

I p—
(@) /q—a—l—le /dqo/ — —a—i—le)
/_ qo/ - —a+16 / qu/ ~GBo— 05 — a+1€)

= (=1)" 1/(& (9.11)

qp +a —ie)"

and introducing D-dimensional polar coordinates

Q
/quE—/dQD/ lge|”'d|ge| = = /dQD/ ¢2)* ' dgs  (9.12)
with
/ or%
dQ2p = (9.13)
r(3)
we find!
D -1
L e (¢%)*
I,(a) =(—1)" / d¢?
() ( ) F(%) 0 E(q%“f—a_lf)n
W% e x% 1
=(—-1)" (a — i€) 2 dx
r'(3) 0 (z + 1)
D
T2 D D D
— (—1)" iz "B, 2
Vigy o0 B (G- )
wool(n=%) o,
= (—1)"ir ) (a—ie)z™" . (9.14)

From the properties of Euler’s I'-function

1Ruler’s Beta-function:
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['(z) is analytical everywhere, except for simple poles at 0, —1, —2, ...

1/T'(z) is analytical everywhere

L(z+1) =2I'(2)

[(n+1) =n! for n € Ny

[(1/2) = V7

Laurent expansion at the origin

['(e) = % —ve + O(e) (9.15)

with vp = 0.5772. . .,

we can derive the analytical continuation of I,(a) in D and a and we find
that logarithmic UV, i.e. large energy and momentum, divergencies appear

as poles in e = 2 — % and quadratic divergencies UV as poles in 2 — D.

9.2.4 Scalar Integrals

Ao
Using these formulae, we find
(2mp)* P / D 1 Q@rp)*"
A =——— [d = I
o(mo) im2 1 ¢ —mi+ie im2 1(mo)

D—4

2 2\ €
B o [ M 2 2-D\ o (4mp

with the conventional definition

D=4-2. (9.17)

For D — 4,i.e. ¢ — 0, we can expand

(4;/;2)6 =1+e¢€ln 4;/;2 + O(€?) (9.18a)
Ile—1)= - i 1I‘(e) =—(1+e+0(&)) (% — e+ O(e))

S G —vg + 1) +0(e) (9.18D)
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and therefore

2

1
Ag(mo; D, p) = mj - + In(47) —i—ln% +1|+0()
N o 0
A
12
=m? (A +In— + 1) +O(e) (9.19)
my
By
| Lecture 25: Wed, 31.01.2018]
Similarly
(2mp)* P / D 1
Bo(p1; = d
oprimon ) = [ e (w0
(9.20)
but before we can use (9.14) we need to combine denominators using Feynman
parameters
1 ! d
— = / £ 5 - (9.21)
y Jo (L=8&z+&y)
Completing the square
1 JR—
(¢> —mg +ie) (g +p1)? — mi +ie)
| "
o (1= (?—mi+ie) +£((g+p)? —mi +ie)
1
d§

o (¢ +E2qp1 + E(p? — m2 + m2) —m2 +ie)?

_/1 d¢
-/ -
(g +&p)? — (€797 — (T — mf +mg) + mp) +ie

N—— N —~ 9
q a

:/1 S
o ((¢')?—a+ie)

we can substitute ¢’ for ¢ with unit Jacobian

1
—a(€) + ie)”

4-D 1
Bo(p1;m07m1) _ % /0 dé /qu' ((q,)Z
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= =2 [ ae ntate)
= (4m)T(e) /01 dé <€2p¥ — _mi; mg) & g _ig)e (9.23)

and we can again expand for € — 0:

—m?+md)+mi—ie
2
v

1 2,2 2
BO(pIQmO:ml) =A— / d¢ hlg & §(p1
0

+ O(e).
(9.24)

Observations:

e By(p1;mg, m1) depends on p; only through p? and we could write

By (p1;mo, m1) = Bo(pls mo, ma) (9.25)
e we have
By(p1;mo, m1) = Bo(pi;ma, mo) (9.26)

because we could have shifted the loop momentum ¢ — ¢ — p;.

9.3 Tensor Reduction

Observation: since

1 1 1
I o 2 2 2 2 2 2 2
g, ==lg+p) —mi]— = [ —mi] — = [pf —m] +m§] (9.27a)
N~ 2 ", 2 2 P
T§4N ) R ith denominator ch denominatog lower rank tensor .
N—1 N-1 N
TJ<M—1 ) TI(M—l ) T1E4—)1
v _ 2 2 2
9" = ¢ —mg + my (9.27h)
T(N) Oth denominator lower rank tensor
M N ~ VRN ~—
N-—-1 N
TJ<W—2 ) Tz(w—>2

all contractions of tensor integrals can be expressed by tensor integrals of
strictly lower rank and/or strictly lower number of denominators. Likewise,
contracting the expansion in covariants (9.6) results in linear combinations
of the coefficient functions. Therefore, we obtain a hierarchy of systems
of linear equations that can be solved recursively (provided we can avoid
singularities).
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9.31 B,

Notational shorthand
)47D

<f(%.-J>q=:gﬁzi;——t/HDQfO%-~) (9.28)

17T

and all +ie in the denominators implied.

qﬂ
B*(py; = py Bi(p1;mo, m) = '
(i 1) = BB o, ) <(q2—m%)((Q+p1)2—m?)>q
(9.29)

Since there is only one invariant B, a single contraction suffices. Contracting
both sides with p; ,

2 P14
p1Bi(p1;mo, m =< >
Bulprimo.m) =\ v e )/,

1 <((Q+p1)2 —mji) — (¢ —mg) — (] —m?+m%)>
2 (¢ —md) ((g+ p1)? —m3) .

“2 (=), 2 )
C2\¢-mi/, 2\(g+mpm)?-mi/,

P mi+mg < 1 >
2 (¢ —m3) (¢ +p1)? —mi)/,

_p?—ijrm%Bo

1 1
= §A0(m(2)) - §A0(m?) (p1;m0,m1)  (9.30)
1.e.
1
B1(P1;m0,m1) = 2—]92 (Ao(mg) - Ao(m%) - (P% - m% + m%)Bo(pl;mo,ml)) .
1 (9.31)
9.3.2 B,

Expand in available tensors with new scalar coefficient functions:

B (p1;mo, m1) = pi'py Bi1(p1; mo, ma) + g Boo(p1; mo, ma)
q'q” > (
= . (9.32)
<(q2 —mg) ((g+p1)>—mi)/,

In the following
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will be implied. We need two contractions for two invariants: first with g"”

2 2 2
2 (q® —mg) +mg 2
p>By, + DB :< >—Am+mB 9.34a
e PN -md) (g +p)2—md)/, olm) +mBo (9.34a)

(note that ¢"”g,, = D) and

pl,yp%Bll + p1,Boo =

% <(qu—ym%)>q - % <((q +p1q)y2 —m7) >q

. p% - m% + m(Q) < Qv >
2 (¢ =mg) ((g+p)?—mP) /,

IR VR S SR
2\ (¢)?—m? y 2 v

1 2 9 2
_ §p1,qu(m1) _ I%ﬁmo

pl,uBl (934b)

where we have made use of symmetric integration

(9.f(q%)),=0. (9.35)
Thus we obtain a linear equation for Byg and Bii:
D p% BOO _ Ao(ml) t m(ZQ)BOQ (9 36)
1 p% Bll %Ao(ml) — p—lfm21+m0 Bl ’ .

with solution

Aog(my) +2miBy + (p? — m2 +m3) B,

Boy = .
00 2(D — 1) (9.37a)
By = .37b
! 2(D — )pt (5:370)
and divergent pieces
1
By = — 45 (p} — 3(mg +m7)) A + finite (9.38a)

1
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9.3.3 C,

C“(plap% mo, My, mz) = plfcl(plvp% mo, My, m2)+p502(p1,p2; mo, My, mz)

q" >
= . (9.39
(T arr—a), 0%
A simple exercise yields
<01> 1 < P p1p2> o
Cy 2 \pip2 D3

(Bo(pg;mo,mz) - BOE(

2. (22 2
0\M1» 05 1) — PO

pP1—Pp

(p1 — p2)%ma, ma) — (p3 — m3 +mg)Co

The divergent part of By is independent of masses and momenta

By = A + finite, (9.41)

therefore the divergencies cancel in (' 5.

9.3.4 Gram Determinants

| Lecture 26: Tue, 06.02.2018

However, whenever the Gram determinant

p% pPip2 ... DiDn
2
pep1r Py ... P2Pn
G(p17p27"'7pn) = . . . . (942)
PaP1 PnP2 .. D2

vanishes, the expressions for the invariants become ill defined. This is easily
understood geometrically, because it means that the momenta are not lin-
early independent. Fundamentally, this is no problem, because the values
on the singular submanifolds can be obtained by continuity. Unfortunately,
this complicates the numerical evaluation significantly and other, potentially
better behaved, methods are being studied.
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9.83.5 Vacuum Polarization

Returning to the fermion loop

2, () =— A.(p) m{:}w Au(—p)

_ez/ dlq  trly(d+m)y (d+p+m)
(

2m)* (¢* — m? +ie) ((¢ + p)? — m? + ie)

(9.17)
and performing the traces

tr [y, (¢ +m) v (4 +p+m)]
= tr [y d] + tr (] + m® tr [y
= (QQMQV - q2g,ul/) trl + (%Lpu + quu - qu,uu) trl + m2guu trl

= (20uq0 + @upv + Putv — (€ + qp — m*) gu) tr 1

trl
- <2q,uqu + qupPv + quU) tr1— ((QQ - m2) + ((q + p>2 - m2) - p2) g,uVT )

(9.43)

we find (4ie implied, again):

S (p) = & trl 2449y + 4uPv + Pudy
" ™ 4 \(¢?=m?)((¢+p?—m?)/,

+$%W{<w+ﬁiwﬂk+<@5%ﬂk

p2
+<w—m%w+Mwa>q

atrl
=0 (2B, (p; m, m) + p, B, (p; m, m) + p, B,(p; m, m))
atrl
e G (Ao(m) + Ag(m) — p*By(p: m, m))

atrl
= — 1 (29w Boo(pym, m) + 2ppy Bui (p; m, m) + 2pupy Boo(ps m, m))

atrl p?
- ;TQW (Ao(m) - 530(19; m, m)>
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atrl

= ;T (pﬂp’/ (2311(p7 m, m) + 2Bl (pa m, m))

+ G (2Boo(p; m,m) — Ag(m) + p;Bo(p; m, m))) (9.44)
Useful decomposition
Sy (p) = (guu - %) Sr(p?) + %EL@Q) (9.45)
with

2

Yr(p?) = %% ( Boo(p;m,m) + %Bo(p;m,m) - Ao(m)) (9.46a)

atrl
ZL(pQ) =i (2300(29; m,m) + 2292(311(]7; m,m) + Bi(p;m,m))
P
+ gBo(p; m,m) — Ao(m)) (9.46b)
and ultimately
1 2

Sr(p?) = oo (<p2 o+ 2m) Bo(p; m, m) — % — 2m®Bo(0; m, m))
(9.47a)
Yr(p?) =0 (9.47b)

(see exercise) using Ag(m) = m?By(0; m, m)+m? etc. This is not an accident,
but the result of gauge invariance? and required for the consistency of the
theory.

Remark #1

What is tr17?

e in fourdimensional Dirac algebra, the smallest faithful representation
is also fourdimensional, thus tr 1‘ poy =4

e in D-dimensional Dirac algebra, the smallest faithful representation is
2LP/2]_dimensional, thus tr1 = 2P/2]

2Provided we use a gauge invariant regularization scheme such as dimensional regular-
ization.
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In any case,

trl=4+0(D —4) (9.48)
and any difference can be absorbed in the definition of
1
A= - +1In (47) . (9.49)
Remark #2

What is the Feynman rule

~ P~ (9.50)

corresponding to

L= —EFWF“”? (9.51)
Up to boundary terms
Lr=-SF, v = 59,4, (944 — 9" A
1= =P " = =504, ( - )

- gA“ (Og™ — 9"8") A, — gAH ("p” — p°g") A, (9.52)

this is proportional to the transversal vacuum polarization
Q@

E/“/(p) = 37T

A (p°9uw — pupy) + finite. (9.53)
Thus, we can add the counter term
Lot = —— AF,, ™ (9.54)
o 6 M

to the interaction Lagrangian in order to obtain a finite correction for the
photon propagator:

Since we can also write

A
LO + ﬁc.t. = _IAFHVF“V (956)
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with 5
ZA=1+5ZA:1+3—O‘A, (9.57)
N

adding the counterterm amounts to a remormalization of the photon field
with the factor

57
V71 =\1407Z, = 1+—A+O( =1+

In order for this to work, we also have to renormalize the gauge fixing pa-
rameter &

3ﬂA+O( a?).  (9.58)

Za

Les = 27

(a AR = (0, AM) = —— (a AR)? (9.59)

26

2%
with Ze = Za.

Remark #3

Naively, on would expect that

Suln)~ 5 [ (9.60)

diverges quadratically as a function of the upper limits in momentum space.
A more careful consideration reveals, however that

a dt¢ 1
Zuu(p) ~ g (pQg;w - pupu) /(27)4 E, (961)

where the additional powers in the denominator are dictated by dimensional
analysis. Therefore the vacuum polarization diverges only logarithmically.

Remark #4
| Lecture 27: Wed, 07.02. 2018

One can compute the series

M{:}w A O~ + (962)

Dy (k) = DO (k) + D) (k)(—1) 27 (k) D) (k) + ... (9.63)

ov

as



Thorsten Ohl 2018-02-07 14:05:03 +0100 subject to change! 154

with
DY) (k) = DO (k) + DS (k) (9.64a)
DO (1. —ig + i:;fiye 9 64b
1% ( )_ W ( . )
(0,L) _ ikuku
D, (k) é—W T (9.64c)
Then
5 ik, k, oo KUKP
DI (k)5 (k) = _£(l€2j_—i€)2 (g P— 12 ) Yr(k*) =0 (9.65)
and
—ig + it kY ke
D(O,T) EYSVP (k) = pv k2+ie vp » k?2
O (k) =~ B (g = S0 50
. ko kP
_lg P +1 é“ =
= o (k) = DD (RZ(K). (0.66)
Therefore
s , i
DN (k) DE) (k) = DD (k) ()27 (k) 15— = =DV ()T (K?)
(9.67)
with the vacuum polarization
Yr(k?)
(k) = =3 (9.68)

The series becomes

D, (k) = D(O’T)(k)+D§3;L)(k:)—D(O’T)(k)H(k2)+DL%T)(/-c)HQ(k;Z)Jr. .. (9.69)

- puv nyv
and can be resummed as a geometric series

DS (k)

Dy (k) = THTI(R)

0,L
+ DOP (k). (9.70)

We wee that the pole remains at k> = 0 and the photons remains massless!
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9.3.6 Self Energy

The divergent contribution to the electron’s self energy
iB(p) = —»&—» (9.71)

consists of a piece proportional to p and a piece proportional to m1

o a :
X(p) = EA}& — ;Am + finite . (9.72)

Remark #1

The divergent piece can be absorbed in a counterterm of the form

£c.t. == Clﬁlﬁw - CZ”“&P ) (973>

but since ¢; # ¢,, a renormalization of 1) and ¢ does not suffice. Instead, an
additive renormalization of the mass m — m + dm is also required.

Remark #2

The mass renormalization of massless electrons vanishes. Unlike the case
of photons, this is not enforced by gauge invariance, but by the discrete s
symmetry

Y — Y59 (9.74)
of the Lagrangian for m = 0.

9.3.7 Vertex Correction

The divergent piece in the vertex correction

iA.(p ) = (9.75)

b p

is proportional to ey,
Au(p.p) = Z%Ae% + finite (9.76)
s

and can be absorbed by a counterterm of the form

Lo = cep A (9.77)
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9.3.8 Photon-Photon Scattering

The one-loop diagram for photon-photon scattering

/

b2 Y%

(9.78)

b1 pll

appears to be logarithmically divergent

dtq 1
—_— — 9.79
/ (2m)* ¢* (579)
but gauge invariance dictates that the photon field A, must only appear in
the combinations F,, = 0,4, —0,A,, allowing to pull out one power of each

external momentum and dimensional analysis shows that we get four more
powers of the loop momentum in the denominator

dt¢ 1
1,12, Iv1, Vg
Py PSPy s / i (9.80)

rendering the loop integral finite. This we will not need a counterterm A*
that is not in the original QED Lagrangian.
9.4 Power Counting and Dimensional Analysis

Consider free fields for scalars ¢, spin-1/2 fermions 1 and vectors A,

P = / d'z G%‘b—g%—ﬁ - m?i&(x)) (9.81a)
5§ = [ats (Felin g vlo) - mda)to) ) (9.81)
St = / d*z _TlFW(x)FW(x) : (9.81c)

F(z) = ag;sf) - a’;l;(f) . (9.81d)

actions are dimensionsless. The mass dimension

dim(m) =1 (9.82)
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of the fields follows with

dim (d*z) = —4 (9.83)

dim (8%#) —1 (9.84)

dim (¢(z)) =1 (9.85a)

dim (¢(z)) = dim (¢(z)) = g (9.85b)
dim (4,(x)) =1. (9.85¢)

One can equivalently use the fact that the Lagrangian densities must have
mass dimension 4.

As a result, the high energy asymptotics of the propagators is p?dim—4

ipz - . +
/d4xe (0| Teb()(0) |0) = IZJLT% (9.86D)
/ diz e (0| TA,(2)A,(0)]0) = Z;i“i”e (9.86¢)

and the high energy asymptotics of integrands in Feynman loop diagrams is
determined by dimensional analysis.

This exercise allows us to determine the dimension of coupling constants.
Since the lagrangian densities have mass dimension 4 the coupling constant
of a vertex must have mass dimension

4 — #bosons — g#bosons — #derivatives. (9.87)

If a coupling constant has a positive mass dimension, adding the correspond-
ing vertex to a diagram requires more powers of momenta in the denominator,
making the diagram more convergent Vice versa, adding a vertex with a neg-
ative mass dimension will make the diagram more divergent This analysis can
be made precise by proving that the superficial degree of divergence w(G) of

a diagram G
dk
/ ?k:w@ (9.88)

w(G) =4+ (w,—4) - SEp—Eg—94, (9.89)

is given by
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where w, is the mass dimension of the vertex v and 4 > 0 is the number of
external momenta that can be factored out. As long as w, < 4 for all v, we
find

W(G) < 4 ;EF By, (9.90)

i.e. that all diagrams with 3Er/2 + Ep + § > 4 are superficially convergent.
Thus, we will never need a counterterm of dimension greater than 4 and the
renornmalization procedure with counterterms can be iterated indefinitely.

9.5 Renormalization

We have seen that it is possible to absorb all divergencies in renormalization
constants for the fields, couplings and masses. In QED, we write
Zs

P % (0, A" + Zo (i) — (m — 6m)) v+ Zyed A (9.91)

L=—73

with Z; = Z, as a result of gauge invariance.
We obtain finite predictions for physical quantities at D = 4 by adjusting
the renormalization constants to cancel all terms proportional to

1
A =— — g+ In(47) (9.92)
€

for € # 0 and taking the limit ¢ — 0. This introduces ambiguities, because
we have only fixed the infinite part proportional to 1/e this way. We still
have the freedom to perform additional finite renormalizations.

However, it turns out that we need this freedom in order to make sure
that the masses and couplings that appear in the predictions correspond to
the physical values.
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A

ACRONYMS

CAR Canonical Anticommutation Relation
CCR Canonical Commutation Relation
EFT Effective (Quantum) Field Theory
EOM Equation of Motion

LT Lorentz Transformation

PDE Partial Differential Equation

PT Perturbation Theory

OTOH On The Other Hand

QED Quantum Electrodynamics

QFT Quantum Field Theory

QM Quantum Mechanics

QN Quantum Number

SSB Spontaneous Symmetry Breaking
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S-matrix, 99
~ matrices, 63

affine, 26

annihilation, 46

anti commutator, 48

anti particles, 58

asymptotic completeness, 100

Bhabha Scattering, 135
Born rule, 5

Cartan generators, 18
Casimir Operator, 18
causality, 2

charge conjugate, 58

charge conjugation matrix, 67
chiral representation, 68
chirality, 75

Clifford algebra, 63
commutator, 46
commutator function, 56
Compton Scattering, 135
conjugate representation, 12
contractions, 117

counter term, 152
covariance, 2

covariant derivative, 89
creation, 46

crossing relations, 133

differential cross section, 108
Dirac adjoint, 66
Dirac equation, 71

Dirac field, 69

INDEX

Dirac matrices, 63
Dirac representation, 67
Dyson series, 104

Einstein summation convention, 20
energy momentum tensor, 85
events, 20

Fermi’s golden rule, 108
Feynman gauge, 95

Feynman rules, 105

Feynman slash, 66

field strength, 90

final, 109

Fock space, 45

forward scattering amplitude, 110
four vector, 20

free hamiltonian, 50

gauge field, 90

gauge fixing, 94

gauge transformations, 76, 88
generators, 11

helicity, 29, 41

interaction vertices, 120

internal symmetries, 87

intrinsic charge conjugation parity,
59

intrinsic parity, 59

irreducible representations, 17

little group, 36
Little Group, 29
local, 2
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local Lagrangian density, 78
loop momentum, 121
Lorentz transformation, 21

Mgller Scattering, 133
Mgller operator, 101
Majorana representation, 69
Mandelstam variables, 120
matter fields, 90

Maxwell’s equations, 93
metric tensor, 20
Minkowski space, 20

Noether’s theorem, 84
non-abelian gauge theories, 89
normal ordering, 83, 115
number operator, 47

observables, 4
optical theorem, 110

par abuse de langage, 80
parity, 13

Pauli-Lubanski vector, 29
Poincaré Algebra, 28
Poincaré Transformations, 26
positive mass shell, 34
probability amplitude, 99
propagators, 120

ray, 4
renormalization, 121, 153
rest frame, 29

scalar integrals, 141
Schur’s Lemma, 18
self energy, 155

shift operators, 18
states, 4
superselection rules, 5
supersymmetries, 87

tachyonic, 38

time evolution operator, 100
time ordering, 104
transversal, 62

vacuum, 38

Ward Identity, 138
weak interactions, 42
Wick’s Theorem, 117
Wigner rotation, 36
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