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Photons

8.1 Prolegomena

Show that the non-interacting real scalar field

φ(x) =

∫
d̃p
(
a(p)e−ixp + a†(p)eixp

)
(1)

satisfies the equations of motion in the Heisenberg picture

d

dt
φ(t, ~x) = i [H,φ(t, ~x)] (2)

with the normal ordered Hamiltonian derived in section 5.2.1 of the lecture

H =

∫
d̃p p0a

†(p)a(p) . (3)

8.2 Hamiltonian

Consider the gauge-fixed Lagrangian density for photons in Feynman gauge

L = −1

4
FµνF

µν − 1

2
(∂µA

µ)2 (4)

and the fields

Aµ(x) =
3∑

σ=0

∫
d̃p
(
uµσ(p)aσ(p)e−ixp + vµσ(p)a†σ(p)eixp

)
(5)

with polarization vectors at the reference momentum k

uµσ(k) = vµσ(k) = εµσ(k) = δµσ (6)

and creation- and annihilation operators with canonical commutation relati-
ons [

aσ(p), a†σ′(p
′)
]
−

= −gσσ′(2π)32|~p|δ3(~p− ~p′) (7a)

[aσ(p), aσ′(p′)]− =
[
a†σ(p), a†σ′(p

′)
]
−

= 0 . (7b)
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1. Determine the momenta πµ conjugate to Aµ (has been done in the
lecture).

2. Determine the Hamiltonian H with a Legendre transform.

3. Express the Hamiltonian H in terms of the aσ(p) and a†σ(p) and normal
order it, if necessary.

4. Do the Aµ(x) satisfy the equations of motion in the Heisenberg picture

d

dt
Aµ(t, ~x) = i [H,Aµ(t, ~x)] ? (8)

8.3 Prolegomena 2

Consider the quantum mechanical Hamiltonian

H =
1

2m
p2 +

ω2

2m
q2 + λq (9)

with a external real perturbation λ that commutes with everything. Deter-
mine the eigenvalues and eigenstates of H.

8.4 External Fields

Add an interaction

HI =

∫
d3~xφ(x)j(x) (10)

with a square integrable external scalar and real source j(x) to the Hamil-
tonian H of the first problem. Inspired by the third problem, determine the
eigenvalues and eigenstates of H +HI .
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