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Dirac meets Majorana

We will study the Dirac algebra relations

[γµ, γν ]+ = γµγν + γνγµ = 2gµν · 1 (1)

and their consequences.

6.1 Poincaré Algebra

Show that

[σµν , γρ]− = 2i (γµgνρ − γνgµρ) (2a)

[σµν , σρσ]− = 2i (gµρσνσ − gµσσνρ − gνρσµσ + gνσσµρ) (2b)

using only the Dirac algebra relations (1) and the definition

σµν =
i

2
[γµ, γν ]− =

i

2
(γµγν − γνγµ) . (3)

6.2 Contraction Identities

Prove the contraction Identities for Dirac matrices

γµγµ = 4 · 1 (4a)

γµ/aγµ = −2/a (4b)

γµ/a/bγµ = 4ab · 1 (4c)

γµ/a/b/cγµ = −2/c/b/a (4d)

and compute

γµ/a/b/c/dγµ (5a)

γµσκλγµ (5b)

γµσκλ/aγµ (5c)

using only the Dirac algebra relations (1).
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6.3 Majorana Representation

1. Show that the matrices

γ0 =

(
0 σ2
σ2 0

)
(6a)

γ1 =

(
iσ3 0
0 iσ3

)
(6b)

γ2 =

(
0 −σ2
σ2 0

)
(6c)

γ3 =

(
−iσ1 0

0 −iσ1

)
(6d)

form a realization of the Dirac algebra (1).

2. Compute the pseudoscalar element γ5 of the Dirac Algebra.

3. Compute the generators of rotations σij = i[γi, γj]−/2.

4. Compute the generators of boosts σ0i = i[γ0, γi]−/2.

5. Show that

C =

(
0 −iσ2

−iσ2 0

)
(7)

is a charge conjugation matrix and show that C 6= iγ2γ0 in this repre-
sentation.

6. Can you identify a special feature of this representation? Hint: look at
the explicit form of the Dirac equation (i/∂ −m)ψ = 0.
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