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5. Problemset “Quantum Algebra & Dynamics”
November 16, 2018

States

NB: the notions of positive linear functional and state will be introduced in
the lecture on Wednesday, November 21, 2015.

The space of continuous linear functionals w : A — C on the
C*-algebra A is denoted A*.

We can define a natural norm on A* by

lwlf = sup  Jw(A)] . (1)
AeA ||All=1

A linear functional w : A — C on the C*-algebra A is called positive, iff
VAe A:w(A™A) > 0. (2)
A positive w : A — C with ||w|| = 1 is called a state.

5.1 Spins

Consider again the C*-algebra My of 2 x 2-Matrices parametrized by four
complex numbers (ag, @), using the Pauli matrices
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Define a family of linear functionals
Wap,d - MQ — C (4)
M (bg, b) — tr(M (by, b)p(ag, @))

for suitable p(ag, @) € M. Derive the conditions on (ag, @) for wg, z to be ...

1. ... continuous?

2. ... positive?

3. ... astate?

4. ... maximal in the sense that w,, s can not be written

Wag,a = PWy, 5 + (1 = p)wey,z (5)
with 0 < p <1 and Wy & and w, & states?
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5.2 Circle

Consider the algebra C(S') of bounded complex valued continuous functi-

ons f : S' — C on the unit circle.

1. Show that || f|| = sup |f(z)| turns C(S') into a C*-algebra.

2. Define linear functionals w : C'(S') — C via

27rd¢
w(f) = [ SLWI ).
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What are the conditions on w : S* — C for w to be ...

. continuous?

. a state?

)

b) ... positive?
)
) ... maximal in the sense that w can not be written

w=pw + (1 —plws

with 0 < p < 1 and wy, states as in (6)?

3. Are there states w : C(S') — C that can not be written as in (6)?

4. If yes, give examples and repeat the second subproblem!



