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The BCS Model

13.1 Bogolyubov Transform

Show that the BCS-Hamiltonian in the form

H =

∫
dx

(
1

2m
(∇ψ∗(x)) (∇ψ(x))− µψ∗(x)ψ(x)

)
+

∫
dxdy

(
∆(y)ψ∗1(x)ψ∗2(x+ y) + ∆̄(y)ψ2(x+ y)ψ1(x)

)
+ const. (1)

is brought to the form

H =

∫
dp ω(p) (c∗1(p)c1(p) + c∗2(p)c2(p)) (2)

with

ε(p) =
p2

2m
− µ (3)

ω(p) =

√
ε2(p) +

∣∣∣∆̃(p)
∣∣∣2 (4)

where ∆̃ is the Fourier transform of ∆, by the Bogolyubov transformation

ψ̃1(p) = u(p)c1(p)− v̄(p)c∗2(−p) (5a)

ψ̃2(p) = v̄(−p)c∗1(−p) + u(−p)c2(p) (5b)

with

u(p) =
∆̃(p)√

(ω(p)− ε(p))2 +
∣∣∣∆̃(p)

∣∣∣2 (6a)

v(p) =
ω(p)− ε(p)√

(ω(p)− ε(p))2 +
∣∣∣∆̃(p)

∣∣∣2 (6b)

and by ajusting the free constant to set the energy in the Fock ground state
to zero.
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13.2 Gap Equation∗

Derive an equation for the condensate of Cooper pairs

φ(z) = (Ω, ψ2(z)ψ1(0)Ω) (7)

assuming that the Fourier transform of Hint.(y, y
′) is approximately constant

and show that it has a non-trivial solution if the interaction is attractive.
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