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8.1 Inclusions

Consider once more the C*-algebra Mj of 2 x 2-Matrices M (ag, @) parame-
trized by four complex numbers (ag, @), using the Pauli matrices with

M(CL(),C_D zaol—i—ﬁé’ (].)

The states on My can be parametrized by three real numbers & with |@| < 1
and )

wg : M — Etr(Mp(l,&')) (2)
using p(ap, @) € Msy. The pure states are those with |d@| = 1.

Consider also the C*-algebra M; = C of 1 x 1-Matrices m(a) = a and the
direct sum

M e My C M, (3)

with the inclusion maps

Le: My ® M = M,

m(a) ® m(d’) — (8 2) = %M(a +d, (a—d')e) (4)

for |e] = 1.

NB: iff the general formulae become too messy for your taste, you can restrict
yourself in the following to the special case €= (0,0, 1).

1. Show that ¢z is a C*-algebra homomorphism.

2. Show that wes = wg o te is a state on M; @& M;. Give a concrete
representation in the chosen basis.

3. Give necessary and sufficient conditions on € and & for wg 5 to be pure.

4. Construct the cyclic representations (Hea, Tz g, Qea) of My @& M; from
we s in the special cases

a=(0,0,0) (5a)

a=(0,0,1) . (5b)
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5. Give the concrete matrix realizations of
Tea(m(a) ®m(a’)) . (6)

6. Which representations are irreducible? Determine the invariant sub-
space(s) for the others.

7. Verify that
7Tg,5;:7'('5gOLg (7)

with 7wz from problem 7.1.

8.2 Circle

Consider the algebra C(S!) of bounded complex valued continuous functi-
ons f : 8! — C on the unit circle. Perform the GNS construction of a
representation for the following linear functionals w : C'(S*) — C:

[ s £(0 (sa)
fes / d¢ (sb)

8.3 Gaussian Integrals

Starting from

déd +n
Po= [ S nw e ) )
and 1
W(EmW(E,n) =e2 @ IW(E+ & n+1) (10)
show that Y
Por(W(E,n) Py = 1= P, (11)

by a suitable variable transformation and evaluating two (identical) Gaussian
integrals.



