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GNS Construction

7.1 Spins

Consider again the C∗-algebra M2 of 2× 2-Matrices M(a0,~a) parametrized
by four complex numbers (a0,~a), using the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1)

with
M(a0,~a) = a01 + ~a~σ . (2)

As you have shown in problem 5.1, the states on M2 can be parametrized
by three real numbers ~α with |~α| ≤ 1 and

ω~α :M2 → C

M 7→ 1

2
tr(Mρ(1, ~α))

(3)

using ρ(α0, ~α) ∈M2. The pure states are those with |~α| = 1.

1. Perform the GNS construction of cyclic representations (H~α, π~α,Ω~α) =
(Hω~α , πω~α ,Ωω~α) in the special cases

~α = (0, 0, 0) (4a)

~α = (0, 0, a) (with |a| < 1) (4b)

~α = (0, 0, 1) . (4c)

2. Give the concrete matrix realizations of

π~α(M(a0,~a)) . (5)

3. Show that (4c) leads to an irreducible and (4a) and (4b) to reducible
representations. Determine the invariant subspace(s) in the latter cases.

4. Try to repeat the above problems in the general case

|~α| < 1 (6a)

|~α| = 1 . (6b)
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