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2× 2-Matrices

3.1 Norm

Which of the maps M2 → [0,∞)

M 7→ | detM | (1a)

M 7→ | trM | (1b)

M 7→ sup
ij
|Mij| (1c)

M 7→ sup
v∈C2,‖v‖=1

‖Mv‖ (with ‖v‖ =
√
|v1|2 + |v2|2) (1d)

define a norm on the algebraM2 of complex 2×2-matrices? Which turnM2

into a C∗-algebra?

3.2 Spectrum and Resolvent

Use the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(2)

to parametrize a general complex 2 × 2-matrix M ∈ M2 by four complex
numbers (a0,~a):

M(a0,~a) = a01+~a~σ = a01+a1σ1+a2σ2+a3σ3 =

(
a0 + a3 a1 − ia2
a1 + ia2 a0 − a3

)
. (3)

1. For which (a0,~a) ∈ C4 is M(a0,~a)

(a) normal,

(b) isometric,

(c) unitary,

(d) self-adjoint,

(e) positive?
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2. Determine the resolvent set rM2(M(a0,~a)) and spectrum σM2(M(a0,~a))
for all (a0,~a). Handle exceptional cases.

3. Test the general results for the spectrum of normal, isometric, unitary,
self-adjoint and positive matrices.

4. Compute the resolvent

Ra0,~a : rM2(M(a0,~a))→M2

z 7→ (z1−M(a0,~a))−1
(4)

as a 2× 2-matrix (i. e. perform the matrix inversion explicitely!).

5. Compute the projections

P
M(a0,~a)
C =

∫
C

dz

2πi
Ra0,~a(z) (5)

for “interesting” C explicitely. Are there qualitatively different cases to
consider?
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