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We provide a full derivation of Laughlin’s Jastrow-type wave functions for quantized Hall states subject to
periodic boundary conditions using an operator formalism. The construction includes the quasihole and the
technically more challenging quasielectron excitation, which was left as an open problem in the classic paper by
Haldane and Rezayi [Phys. Rev. B 31, 2529 (1985)].
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I. INTRODUCTION

Laughlin’s theory of the fractional quantized Hall effect [1]
has been arguably one of the most influential development in
theoretical condensed matter physics in the past decades. It
has been generalized to other rational filling odd-denominator
Landau level fractions through a hierarchy of fractionally
quantized Hall states [2–5], but also to even denominator filling
fractions through inclusion of p-wave pairing correlations
[6–8]. The fractionally charged quasiparticle excitations of the
odd-denominator states are the first realizations of particles
obeying fractional statistics [9,10] in two space dimensions
(Abelian 2D anyons), while the quasiparticles in the paired
odd-denominator states and their generalizations obey nonAbelian statistics [6,11–13] (non-Abelian 2D anyons). The
concept of non-Abelian statistics, which now plays a preeminent role in the field of quantum computation [14,15],
was actually discovered in paired Hall states [6], where it is
understood in terms of unpaired Majorana fermions [11,16]
at the quasiparticle vortex cores. Wave functions similar to
the Laughlin and Read-Rezayi series [17] of quantized Hall
states describe the exact ground states of an integrable spin
one-half chain model [18,19] and its generalizations to critical
models for higher spin chains [20,21]. These models have led
us to understand Abelian [22,23] and non-Abelian anyons in
one dimension [20]. The concept of topological order [24–26]
was introduced in the context of the Abelian chiral spin liquid
[27–30], which is a spin liquid in which bosonic spin flip
operators are described by a Laughlin-Jastrow-type Hall wave
function.
Laughlin’s wave functions [1,31], as originally proposed,
describe circular droplets of fractionally quantized Hall fluids
in the open plane, the geometry Laughlin had used for early
numerical work. For the definite confirmation of its correctness, Haldane eliminated the boundary by reformulating the
theory on a sphere in a magnetic monopole field [2,32,33],
and then showed numerically that the energy gap in the
excitation spectrum remained intact as the Hamiltonian is
continuously varied from screened Coulomb interactions to the
parent Hamiltonian for the Laughlin states. The third important
geometry is the torus or periodic boundary conditions, the
only among them with a nonzero genus (g = 1), and hence
the only one in which the topological degeneracies originally
discovered by Haldane and Rezayi [34] are observable. These
degeneracies have then been interpreted as a manifestation
of topological order, a concept introduced by Wen [24,25] to
describe order in quantum Hall and spin liquid states. All of
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this has been understood in the early years and has now been
well established for decades.
There is one small, technical aspect in the formulation
of Laughlin’s theory, however, which was not resolved by
the masters. Wave functions for the Laughlin states and the
quasihole excitations were given by Haldane and Rezayi [34],
but formulating the technically more challenging quasielectron
excitation was left as an open problem. The formulation of
ground states and quasiholes was subsequently generalized to
include Pfaffian states on the torus [35], but then again, the
quasielectron excitations were not addressed. Furthermore,
an elegant formulation of quantized Hall wave functions in
terms of conformal correlators was developed [6,36,37]. While
quantum Hall ground states were generalized to the torus
for composite fermions and the Haldane-Halperin hierarchy
through conformal field theory [38–40], and could be extended
to include quasihole and quasielectron wave functions, an
explicit formulation of Laughlin’s quasielectron wave function
has so far only been reported in the open plane [41].
Presumably, there are two reasons for this. First, it is highly
nontrivial from a technical point of view. Haldane and Rezayi
[34] devoted a paragraph to the problem in their classic paper,
but the form of an ansatz they suggest is already inconsistent
with the results we present below. Second, it does not seem
to be of tremendous importance, as our understanding of
fractionally quantized Hall liquids is rather complete, and
the number of questions we might wish to address at this
stage is limited. To mention two possible applications, one
could compare Jain’s composite fermion quasielectron (and
hierarchy) wave functions to Laughlin’s construction in a plane
without boundaries. This would provide a complementary
view to similar investigations on the sphere [42], where
the result reflects the different clustering properties of the
Jack polynomials describing both states [43]. Furthermore,
modular invariance arising in the context of the calculation of
Hall viscosity [44] might be investigated with the toroidal
Laughlin quasiparticle wave functions at hand and shed
further light on similarities and differences to alternative
approaches [40].
Viewed from a broader perspective, however, it is best not
to judge the importance of solutions to problems before we
have obtained them. In solving a problem, and in solving a
hard problem in particular, we may learn something which
might turn out useful in a different context later on. With this
in mind, we now revisit Laughlin’s theory on the torus and
present a complete formulation.
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The paper is organized as follows. In Secs. II and III,
we review the ladder operator formalism for Landau level
quantization, quasiperiodic boundary conditions, and singleparticle states on the torus in symmetric gauge. Following
Haldane and Rezayi [34], we then construct Laughlin’s wave
functions for the ground states and quasihole excitations of
fractionally quantized Hall liquids on the torus in Secs. IV and
V. In Sec. VI, we finally construct Laughlin’s quasielectron
wave function to the torus. In the conclusion (Sec. VII), we
compare our result for the quasielectron wave function to the
quasihole wave function of Haldane and Rezayi and speculate
why the problem of constructing the quasielectron has not been
solved previously.

For our purposes, it will be convenient to write the ladder
operators as
√
(8)
(a,b) = 2l e−S (∂z̄ ,∂z )e+S ,


√
1
1
(a † ,b† ) = 2l e−S −∂z + 2 z̄, − ∂z̄ + 2 z e+S , (9)
2l
2l

II. LANDAU LEVELS, LADDER OPERATORS, AND
MAGNETIC TRANSLATIONS

1
1
1
φn,m (z) = √ √ (a † )n (b† )m √
e−S ,
n! m!
2π l

To describe the dynamics of charged particles (e.g., spinpolarized electrons) in a two-dimensional plane subject to a
perpendicular magnetic field B = −Bez , it is convenient to
introduce complex particle coordinates z = x + iy and z̄ =
x − iy [45,46]. The associated derivative operators are

where we omitted z̄ from the argument of the wave functions
as a choice of convention. Here n + 1 denotes the Landau level
index, and m − n the angular momentum
√ around the origin.
With the particle position given by z = 2l(a + b† ), we find
for the states (11) in the LLL

∂z = 12 (∂x − i∂y ), ∂z̄ = 12 (∂x + i∂y ).

1
φ0,m (z) = √
zm e−S .
(12)
m+1
2 π m! l m+1
These states describe narrow rings centered around the origin,
with the radius determined by


∂
!
2
= 0,
|φ0,m (r)| 
∂r
r=rm
√
which yields rm = 2m l. Since there are also m states inside
the ring, the areal degeneracy is

(1)

Note that Hermitian conjugation yields a − sign,
(∂z )† = −∂z̄ .

(2)

The single particle Hamiltonian is obtained by minimally
coupling the gauge field to the canonical momentum,

2
e
1
p+ A ,
(3)
H =
2M
c
where M is the mass of the particle and e > 0. For our purposes, and in particular for the formulation of the quasielectron
excitations on the torus, it is more convenient to work in
symmetric gauge A = 12 B r × ez , rather than in the Landau
gauge used by Haldane and Rezayi [34].
√
With the definition of the magnetic length l = c/eB and
the ladder operators [46–49] describing the cyclotron variables




√
√
1
1
(4)
a = 2l ∂z̄ + 2 z , a † = 2l − ∂z + 2 z̄ ,
4l
4l

where S ≡ |z|2 /4l 2 . Since the canonical angular momentum
L = r × p = (b† b − a † a)ez

commutes with the Hamiltonian (5), we can use it to classify
the vastly degenerate states within each Landau level. A
complete, orthonormal set of basis states is

number of states
m
1
=
=
.
2
area
π rm
2π l 2

(5)

where ωc = eB/Mc is the cyclotron frequency. The kinetic
energy of charged particles in a perpendicular magnetic field
is hence quantized like a harmonic oscillator (Landau level
quantization). The lowest Landau level (LLL) consists of those
states annihilated by a. We introduce a second set of ladder
operators describing the guiding center variables,




√
√
1
1
b = 2l ∂z + 2 z̄ , b† = 2l − ∂z̄ + 2 z .
(6)
4l
4l
They likewise obey [b,b† ] = 1 and commute with the cyclotron ladder operators,
[a,b] = [a,b† ] = 0.

(7)

(11)

(13)

The magnetic flux required for each state,
2π c
= 0 ,
e
is hence given by the Dirac flux quantum. We can write the
most general single particle state in the LLL as
2π l 2 B =

ψ(z) = e−S g(z),

†

which obey [a,a ] = 1, we may rewrite (3) as


1
†
,
H = ωc a a +
2

(10)

(14)

where g(z) is an analytic function of z.
Since the Hamiltonian (5) does not commute with translations, but only with translations supplemented by gauge transformations, we introduce the magnetic translation operator


1
t(ξ ) ≡ exp √ (ξ b − ξ̄ b† ) .
(15)
2l
It obviously commutes with (5), but Baker-Hausdorff,
ex+y = ex ey e− 2 [x,y] for [[x,y],x] = [[x,y],y] = 0,
1

implies



1
t(ξ1 )t(ξ2 ) = t(ξ1 + ξ2 ) exp
(ξ̄1 ξ2 − ξ1 ξ̄2 ) ,
4l 2

(16)

and ξ̄1 ξ2 − ξ1 ξ̄2 = 2i(r 1 × r 2 )z , magnetic translations along
different directions t(ξ1 ) and t(ξ2 ) commute only if the area
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spanned by ξ1 and ξ2 in the plane contains an integer number
Nφ of magnetic Dirac flux quanta, i.e., (r 1 × r 2 )z = 2π l 2 Nφ .
This condition reflects Dirac’s quantization condition for
magnetic monopoles, which implies that the magnetic flux
through any closed surface is given by an integer number of
Dirac flux quanta.
III. SINGLE PARTICLE STATES ON THE TORUS

We impose periodic boundary conditions (PBCs) by
t(ξα ) ψ(z) = eiφα ψ(z), for α = 1,τ,

(17)

where ξ1 and ξτ are two nonparallel displacements in the
complex plane, and φ1 and φτ are boundary phases. Since
the boundary conditions require that t(ξ1 ) and t(ξτ ) commute,
the parallelogram spanned by ξ1 and ξτ must contain an integer
number of flux quanta, which we call Nφ .
Due to the magnetic field, the wave functions subject to
(17) are not strictly periodic, but only quasiperiodic,


1
(18)
ψ(z + ξα ) = exp − 2 (ξα z̄ − ξ̄α z) eiφα ψ(z).
4l
We set the principal displacements ξ1 = 1 and ξτ = τ , with
Im(τ ) > 0, and call the region bounded by the four points
z = 12 (±1 ± τ ) the principal region. This fixes the magnetic
length according to
2π l 2 Nφ = Im(τ ).

(19)

principal region (PR). With the theorem of residues, we obtain

f  (z)
1
dz
2π i PR f (z)

1
=
d(ln f (z))
2π i PR
  −1−τ 

2
2
1
f (z)
=
d ln
2π i − 12 + τ2
f (z + 1)

 1−τ 
2
2
f (z)
d ln
+
f (z + τ )
− 12 − τ2
 1−τ
2
2
1
=
d(iπ Nφ (2z + τ ) − iφτ ) = Nφ . (26)
2π i − 12 − τ2
The function f (z), and hence also the wave function ψ(z),
has hence as many zeros as there are Dirac flux quanta in the
principal region.
The most general form for f (z) is hence
Nφ

f (z) = eikz

ψ(z) = e−S f (z) ez

/4l

2

.

(20)

These states are related by a simple gauge transformation
from Landau to symmetric gauge to the eigenstates used by
Haldane and Rezayi [34] [see Eq. (1) of their paper]. It is
further convenient to introduce the operator
t˜(ξ ) ≡ e

+S

−S

t(ξ )e


1
= exp ξ ∂z + ξ̄ ∂z̄ − 2 ξ̄ z
2l


1
= exp − 2 ξ̄ (2z + ξ ) exp(ξ ∂z )
4l

+∞

ϑa,b (z|τ ) =

t˜(1) e
t˜(τ ) ez

2

/4l 2

= ez

=e
2

/4l 2

z2 /4l 2

2

eπi(n+a) τ e2πi(n+a)(z+b)

(28)

and satisfy the quasiperiodicity relations
ϑa,b (z + 1|τ ) = e2πia ϑa,b ( z |τ ),

(29)

ϑa,b (z + τ |τ ) = e−πiτ e−2πi(z+b) ϑa,b ( z |τ ).

(30)

The latter formula implies
ϑa,b (z + nτ |τ ) = e−πiτ n e−2πin(z+b) ϑa,b ( z |τ ).
2

(21)

,

(22)

eiπNφ (2z+τ ) ,

(23)

the PBCs (17) for ψ(z) as specified by (20) imply
f (z + 1)
= eiφ1 ,
f (z)
f (z + τ )
= e−iπNφ (2z+τ ) eiφτ .
f (z)

(27)

n=−∞

(24)
(25)

As Haldane and Rezayi [34] have pointed out, (24) and (25)
can be used to calculate the numbers of zeros of f (z) in the

(31)

Substitution of (27) into (24) and (25) yields that k and the
zeros zν are subject to the boundary conditions
(−1)Nφ exp(ik) = eiφ1 ,
⎛
⎞

where we omitted the term involving ∂z̄ . (This is possible
because t˜(ξ ) acts throughout this paper only on a function of
z, not z̄.) With
z2 /4l 2

2 2

where k is a real parameter |k|  π Nφ , all the zeros zν are
located in the principal region, and ϑ 12 , 12( z |τ ) is the odd Jacobi
theta function [50]. The theta functions are defined in general
for a,b = 0, 12 by

For our purposes, it is most convenient to write the eigenstates
as
2

ϑ 1 , 1(z − zν |τ ),
ν=1

(32)

Nφ

(−1)

Nφ

exp(ikτ ) exp ⎝2π i

zν ⎠ = eiφτ .

(33)

ν=1

For fixed values of the boundary phases φ1 
and φτ , (32) and
(33) possess a total of Nφ2 solutions for k and ν zν ; no further
restrictions for the allowed choices of the individual zν result.
Of all these distinct solutions, however, only Nφ yield linearly
independent states. This is physically obvious, as there are only
Nφ independent states in the LLL. It can also be seen from a
simple mathematical consideration, as we will elaborate now.
The abstract property we require of f (z) is to be analytic in
z and have exactly Nφ zeros in the principal region. Given one
such solution f (z), its ratio f˜(z)/f (z) with any other solution
f˜(z) is a meromorphic truly periodic function on the torus, with
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at most simple poles at Nφ prescribed points [namely the zeros
of f (z)]. It is a general theorem of complex function theory
(a special case of the Riemann-Roch theorem) that the space
of such functions is Nφ dimensional, including the constant
function [51]. Hence there are only Nφ independent states.

These equations are extremely similar to (24) and (25), and
imply via

1
d(ln F (Z)) = m
(44)
2π i PR

IV. LAUGHLIN’S GROUND STATES

that F (Z) has exactly m zeros in the principal region.
In analogy to (27), the most general solution for the single
particle states

Generalizing the formalism developed in the previous
section, we write the most general N particle state in the LLL
as

m

F (Z) = e

N

ψ[z] = e−S f [z]

e

zi2 /4l 2

,

(34)

where [z] ≡ (z1 ,z2 , . . . ,zN ),
N

e−|zi |

2

/4l 2

,

where K is a real parameter |K|  π m, and all the zeros Zν
are located in the principal region. Substitution of (45) into
(42) and (43) yields that K and the center-of-mass zeros Zν
are subject to the boundary conditions

(35)
(−1)Nφ exp(iK) = eiφ1 ,


m

i=1

and f (z1 ,z2 , . . . ,zN ) is a completely antisymmetric (symmetric) function of the zi ’s for fermions (bosons). It is subject to
the PBCs

where

ti (ξα ) ψ[z] = eiφα ψ[z], for all i, α = 1,τ,

(36)



1
†
ti (ξ ) ≡ exp √ (ξ bi − ξ̄ bi )
2l

(37)

effects a magnetic translation of particle zi . As in the previous
section, the PBCs imply
f (z1 + 1,z2 , . . . ,zN )
= eiφ1 ,
f [z]
f (z1 + τ,z2 , . . . ,zN )
= e−iπNφ (2z1 +τ ) eiφτ .
f [z]

(39)

N

ϑ 12 , 12(zi − zj |τ )m ,

(−1)Nφ exp(iKτ ) exp 2π i

(46)
= eiφτ .

Zν

(47)

ν=1

and φτ , (46) and
For fixed values of the boundary phases φ1 
(47) possess a total of m2 solutions for k and ν zν . As above,
only m of these solutions yield linearly independent states. We
can see this either from the equivalence of the problem to (32)
and (33), or directly from the mathematical argument indicated
there. The m-fold degeneracy of the Laughlin 1/m state on a
closed surface with genus one is a topological quantum number
which characterizes the topological order of the state.

(38)

The characteristic feature of Laughlin’s Jastrow-type states
at Landau level filling fraction ν = 1/m is that a test particle
z1 sees exactly m zeros at the locations of all the other particles
z2 , . . . ,zN . With Nφ = mN , this requirement fixes the location
of all but m zeros in each of the coordinates. Following Haldane
and Rezayi [34], we are led to try an ansatz
f [z] = F (Z)

(45)

ν=1

i=1

e−S =

ϑ 12 , 12(Z − Zν |τ ),

iKZ

V. QUASIHOLE EXCITATIONS

The generalization of this formalism to include a quasihole
excitation at position η in the complex plane follows without
incident. While in many applications it is sufficient to view
η as a parameter, there are some which require to view it as
a dynamical variable. An example of an application of the
latter type is the hierarchy of quantized Hall states, where the
quasiparticle excitations themselves condense into LaughlinJastrow-type fluids [2–4].
We hence set up the formalism as general as possible, and
write the wave function with one quasihole as

(40)
N

i<j

ψη [z] = e−S fη [z] eη

where

2

2

/4ml 2

2

ezi /4l ,

(48)

i=1
N

Z≡

zi

(41)

where

i=1

N

e−S = e−|η|

is the center-of-mass coordinate. Substitution of (40) into (38)
and (39) yields
F (Z + 1)
= (−1)Nφ −m eiφ1 ,
F (Z)
F (Z + τ )
= (−1)Nφ −m e−iπm(2Z+τ ) eiφτ .
F (Z)

(42)
(43)

2

e−|zi |

/4ml 2

2

/4l 2

,

(49)

i=1

and Nφ = mN + 1. Since the quasihole carries a fraction of
1/m of an electron
√ charge, the effective magnetic length for
the quasiholes is m times the magnetic length l seen by the
electrons. In analogy to the ground state, the PBCs (36) for
(48) imply the conditions (38) and (39) for fη [z].
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Since the quasihole excitation amounts to an isolated zero
seen by all the particles, we consider an ansatz
N

In analogy to our elaborations in Sec. III, we introduce an
operator
t˜η (ξ ) ≡ e+S tη (ξ )e−S

= exp ξ ∂η + ξ̄ ∂η̄ −

N

fη [z] = Fη (Z)

ϑ 12 , 12(zi − η|τ )
i<j

i=1

where the center-of-mass coordinate now includes the quasihole,
 

m

η
(51)
Fη (Z) = eiK(Z+η/m)
ϑ 12 , 12 Z + − Zν τ ,
m
ν=1
With Z once again given by (41), we find that (38) and (39)
for fη [z] are satisfied if K and the center-of-mass zeros Zν are
once again subject to the boundary conditions (46) and (47).
Regarding the quasiperiodicity in the quasihole coordinate
η, we begin by introducing ladder operators for the quasihole
coordinate,
√

2ml e−S ∂η e+S ,


√
1
†
−S
− ∂η̄ +
η e+S ,
c = 2ml e
2ml 2
c=

or

2

2

2

2

(58)
2

2

t˜η (mτ ) eη /4ml = eiπNφ (2η+mτ ) eη /4ml ,

(59)

we find that
tη (m) ψη [z] = (−1)Nφ +m−1 eiK ψη [z],

Nφ +m−1 iKτ

e



m

exp 2π i

Zν ψη [z].
ν=1

With the boundary conditions (46) and (47), this implies that

(55)

(56)

From (50) with (51), we can readily derive
fη+m [z]
= (−1)m(N+1) eiK ,
fη [z]

2

(53)

magnetic quasihole translations along different directions
tη (ξ1 ) and tη (ξ2 ) commute only if the area spanned by ξ1 and
ξ2 in the plane contains m times an integer number Nφ of
magnetic Dirac flux quanta (or equivalently, an integer number
of “quasihole flux quanta” m0 , where 0 is the Dirac flux
quantum).
From both these considerations and (51), we conclude that
in general, we do not expect the quasihole wave function to
be quasiperiodic under translations by 1 and τ , but only under
translations by m and mτ . As a side note, we can achieve
quasiperiodicity by quasihole translations of either 1 and mτ
or m and τ , if we arrange the center-of-mass zeros with equal
spacing along one of the meridians of the torus,
(ν − 1)τ
Zν = Z1 +
.
m

2

t˜η (m) eη /4ml = eη /4ml ,

tη (mτ ) ψη [z] = (−1)

Since



1
tη (ξ1 )tη (ξ2 ) = tη (ξ1 + ξ2 ) exp
(ξ̄1 ξ2 − ξ1 ξ̄2 ) ,
4ml 2

(57)

where we omitted the term involving ∂η̄ (knowing that it will
only act on functions of η, not η̄). With

(52)

where S is given by (49). [Note that for the purposes of defining
the operators, we could have just as well taken S = |η|2 /4ml 2 ,
as the terms depending on the zi ’s cancel in (52) and (53).] c
and c† obey the commutation relation [c,c† ] = 1 and trivially
commute with a, a † , b, and b† . We define the magnetic
translation operator for the quasihole coordinate


1
tη (ξ ) ≡ exp √
(54)
(ξ c − ξ̄ c† ) .
2ml

(ν − 1)
Zν = Z1 +
m


1
ξ̄
η
2ml 2


1
ξ̄ (2η + ξ ) exp(ξ ∂η ),
= exp −
4ml 2

ϑ 12 , 12(zi − zj |τ ) , (50)
m



m
fη+mτ [z]
m(N+1) iKτ −iπNφ (2η+mτ )
= (−1)
e e
exp 2π i
Zν .
fη [z]
ν=1

tη (mξα ) ψη [z] = eiφα (−1)m−1 ψη [z], for α = 1,τ,

(60)

with ξ1 = 1 and ξτ = τ . For fermions, m is odd and (−1)m−1 =
1. As we (magnetically) translate the quasihole with charge
e∗ = e/m m times around one of the meridians of the torus,
the ground state wave function acquires the same phase as it
acquires when we translate an electron with charge −e once
around.
The example of arranging the center-of-mass zeros according to (56) lends itself well to illustrate the connection between
translations of the quasihole once around one of the meridians
of the torus and the topological degeneracy of the Laughlin
states on higher genus surfaces. As both cases mentioned above
are analogous, we only elaborate the first one, where
(ν − 1)
.
(61)
m
If we (magnetically) translate the quasihole by 1, the centerof-mass zeros transform according to
Zν = Z1 +

Zν → Zν−1

for ν > 1,

Z1 → Zm .

(62)

Magnetic translation of the quasihole by 1 will hence only
yield a phase in the wave function,
tη (1) ψη [z] = (−1)N+1 eiK/m ψη [z].

(63)

If we magnetically translate the quasihole via tη (τ ) by τ ,
however, all the center-of-mass zeros will by shifted,
τ
for ν.
(64)
Zν → Zν −
m
We hence obtain a different, topologically degenerate ground
state. From the real part of boundary condition (47), we see
that (64) implies K → K + 2π , and hence via (63) that the
new state is orthogonal to the original one. After m magnetic
translations by τ , we finally recover the original state modulo
a phase, as specified by (60).
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Even though we might have clarified some details and
increased the accessibility, all of the results presented so
far have been understood by Haldane and Rezayi [34], as
well as the community at large. The wave functions for
the quasielectron excitations on the torus we derive in the
following section.
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The challenge is now to identify the functions fη̄,∂η̄ [z,∂z ] such
that ψη̄ [z] is quasiperiodic under translations of any zi around
either meridians of the torus and of η̄ under m such translations
in either direction.
Regarding the zi ’s, the PBCs are still given by (36) with
(37). Since fη̄,∂η̄ [z,∂z ] contains derivative operators as well,
however, we have to replace (38) and (39) by

VI. QUASIELECTRON EXCITATIONS

Before we dive into the details of how to construct
Laughlin’s quasielectron wave function on the torus, let us
briefly recall the construction in the plane. Laughlin obtains
the quasihole by inserting one Dirac flux quantum adiabatically
in the direction of the background magnetic field at a position
η. In the process, all the electrons in the liquid acquire a shift
of  in the canonical angular momentum around η, and the
ground state evolves into
N

N

ψη [z] =

(zi − zj )m e−S .

(zi − η)

(65)

i<j

i=1

As m quasiholes at η would constitute a true hole with charge
+e in the liquid, the charge of the quasihole is +e/m.
The quasielectron, i.e., the antiparticle of the quasihole, has
charge −e/m and is created by inserting the flux adiabatically
in the opposite direction, thus lowering the angular momentum
around some position η by , or alternatively, by removing
one of the zeros from the wave function. To accomplish this
formally, we first rewrite (65) in terms of ladder operators:
N

ψη [z] =

√ †
( 2l bi − η)

(zi − zj )m e−S .

N

√
( 2l bi − η̄)

N

(zi − zj )m e−S
i<j

i=1
N

= e−S

 2

2l ∂zi − η̄

N

(zi − zj )m .

(67)

i<j

i=1

= t˜1 (τ ) fη̄,∂η̄ [z,∂z ] eR = eiφτ fη̄,∂η̄ [z,∂z ] eR ,
where t˜1 (ξ ) is according to (21) given by


1
t˜1 (ξ ) = exp − 2 ξ̄ (2z1 + ξ ) exp(ξ ∂z1 ).
4l

where S is still given by (49), f depends now on derivatives of
the coordinates zi and η̄ as well, Nφ = mN − 1, and we have
defined
2

2

/4ml 2

2

ezi /4l .

(73)

(74)
(75)

where S is still given by (49). [Again, for the purposes of
defining the operators, we could have just as well taken S =
|η|2 /4ml 2 , as the terms depending on the zi ’s cancel in (74) and
(75).] c̄ and c̄† obey the commutation relation [c̄,c̄† ] = 1 and
trivially commute with a, a † , b, and b† . We define the magnetic
translation operator for the quasielectron coordinate,


1
tη̄ (ξ ) ≡ exp √
(76)
(ξ̄ c̄ − ξ c̄† ) .
2ml
As for the quasihole, tη̄ (ξ1 ) and tη̄ (ξ2 ) commute only if the area
spanned by ξ1 and ξ2 in the plane contains m times an integer
number Nφ of magnetic Dirac flux quanta.
As in the previous sections, we further introduce an operator
t˜η̄ (ξ ) ≡ e+S tη̄ (ξ )e−S

= exp ξ̄ ∂η̄ + ξ ∂η −


1
ξ η̄
2ml 2


1
ξ
(2
η̄
+
ξ̄
)
exp(ξ̄ ∂η̄ ),
= exp −
4ml 2

(77)

where we again omitted the term involving ∂η (knowing that
it will only act on functions of η̄, not η). Acting on the factor
eR to the left of fη̄,∂η̄ [z,∂z ] in (69) yields

N

eR ≡ eη̄

√

2ml e−S ∂η̄ e+S ,


√
1
η̄
e+S ,
c̄† = 2ml e−S − ∂η +
2ml 2
c̄ =

These considerations suggest that for the wave function with
a quasielectron at η̄ on the torus, we may consider an ansatz
of the form
(69)

(72)

t˜1 (ξ ) translates both z1 → z1 + ξ and 2l 2 ∂z1 → 2l 2 ∂z1 + ξ̄ .
(Some care is required because the operators effecting these
actions do not commute.)
Regarding the quasiperiodicity in the quasielectron coordinate η̄, we introduce yet another set of ladder operators for the
quasielectron coordinate,

Conducting the same operation with the quasihole factors in
(50) we obtain with (28),
√ †
√
(68)
[ϑ 12 , 12( 2l bi − η|τ )]† = ϑ 12 , 12 ( 2l bi − η̄| − τ̄ ).

ψη̄ [z] = e−S fη̄,∂η̄ [z,∂z ] eR

(71)

t˜1 (τ )fη̄,∂η̄ [z,∂z ] t˜1 (τ )−1 eiπNφ (2z1 +τ ) eR

(66)

The insertion of a flux quantum in the opposite direction, or
the lowering of the angular momentum around η, will then
correspond to the Hermitian conjugate operation. Laughlin
[31] hence proposed for the quasielectron wave function in the
plane [52]
ψη̄ [z] =

= t˜1 (1)fη̄,∂η̄ [z,∂z ] eR = eiφ1 fη̄,∂η̄ [z,∂z ] eR ,

N

i<j

i=1

t˜1 (1)fη̄,∂η̄ [z,∂z ] t˜1 (1)−1 eR

(70)

i=1

245156-6

2

2

2

2

t˜η̄ (m) eη̄ /4ml = eη̄ /4ml ,

(78)

t˜η̄ (mτ ) eη̄ /4ml = e−iπNφ (2η̄+mτ̄ ) eη̄ /4ml .
2

2

2

2

(79)

LAUGHLIN STATES AND THEIR QUASIPARTICLE . . .

PHYSICAL REVIEW B 93, 245156 (2016)

In analogy to (60), we expect PBCs for the quasielectron according to
tη̄ (mξα ) ψη̄ [z] = e−iφα (−1)m−1 ψη̄ [z], for α = 1,τ,

(80)

where ξ1 = 1, ξτ = τ . Note that we have reversed the signs of the boundary phases φ1 and φτ as compared to the quasihole,
accounting for the quasielectron being the quasiholes antiparticle. These boundary conditions translate into the following
conditions for fη̄,∂η̄ [z,∂z ],
t˜η̄ (m) fη̄,∂η̄ [z,∂z ] t˜η̄ (m)−1 eR = t˜η̄ (m) fη̄,∂η̄ [z,∂z ] eR
= e−iφ1 (−1)m−1 fη̄,∂η̄ [z,∂z ] eR ,

(81)

t˜η̄ (mτ ) fη̄,∂η̄ [z,∂z ] t˜η̄ (mτ )−1 e−iπNφ (2η̄+mτ̄ ) eR = t˜η̄ (mτ ) fη̄,∂η̄ [z,∂z ] eR
= e−iφτ (−1)m−1 fη̄,∂η̄ [z,∂z ] eR .

(82)

The challenge to identify the quasielectron wave function is now reduced to constructing a quasielectron (wave) function
fη̄,∂η̄ [z,∂z ] with transformation properties (71), (72) and (81), (82) with t˜1 (ξ ) and t˜η̄ (ξ ) given by (73) and (77), respectively.
From (50), (68), (45), and (51), we expect fη̄,∂η̄ [z,∂z ] to contain factors


ϑ 12 , 12 2l 2 ∂zi − η̄| − τ̄ ,

N

Qη̄ [∂z ] =

(83)

i=1
N

ϑ 1 , 1(zi − zj |τ )m ,

J [z] =

(84)

2 2

i<j

and
m

F∂η̄ (Z) = exp(iK(Z − 2l 2 ∂η̄ ))

ϑ 12 , 12(Z − 2l 2 ∂η̄ − Zν |τ ),

(85)

ν=1

where K is a real parameter |K|  π m, the center-of-mass coordinate now includes the quasielectron coordinate in the form of
a partial derivative, and all the zeros Zν are located in the principal region. [The derivative in η̄ in (85) is required because t˜η̄ (ξ )
transforms η̄ → η̄ + ξ̄ but 2ml 2 ∂η̄ → 2ml 2 ∂η̄ + ξ .]
Since the transformation properties of these factors under translations of z1 by 1 or η̄ by m are rather trivial, we proceed by
investigating translations of z1 by τ or η̄ by mτ̄ . Explicit evaluation of the action of t˜1 (τ ) on (83), (85), and (84) yields
 

t˜1 (τ ) Qη̄ [∂z ] t˜1 (τ )−1 = Qη̄ [∂z ] (−1) eiπ τ̄ exp 2π i 2l 2 ∂z1 − η̄ ,



(86)


m

t˜1 (τ ) F∂η̄ (Z) t˜1 (τ )−1 = F∂η̄ (Z) (−1)m eiKτ e−iπτ m exp −2π i mZ − 2ml 2 ∂η̄ −

Zν

,

(87)

ν=1

t˜1 (τ ) J [z] t˜1 (τ )−1 = J [z] (−1)m(N−1) e−iπτ m(N−1) e−2πim(Nz1 −Z) .

(88)

While there are the usual cancelations between the terms on the right in (87) and (88), there is a complete mismatch with the
terms in (86). To match them, we need to generate an additional factor



exp −2π i 2l 2 ∂z1 − η̄ exp(2π i(z1 − 2ml 2 ∂η̄ ))eiπ(τ −τ̄ )
between (86) and (87) under translation by t˜1 (τ ). To this end, we introduce the Gaussian
N

Gη̄,∂η̄ [z,∂z ] =


exp

i=1


1
2
D ,
4ml 2 N i

(89)

where
Di ≡ zi − 2l 2 ∂zi + η̄ − 2ml 2 ∂η̄ .

(90)

The transformation properties of Gη̄,∂η̄ [z,∂z ] are (see Appendix)

t˜1 (τ ) Gη̄,∂η̄ [z,∂z ] t˜1 (τ )−1

t˜1 (1) Gη̄,∂η̄ [z,∂z ] t˜1 (1)−1 = Gη̄,∂η̄ [z,∂z ],






 
2π i
= exp −2π i 2l 2 ∂z1 − η̄ Gη̄,∂η̄ [z,∂z ] exp −
D exp 2π i z1 − 2ml 2 ∂η̄ eiπ(τ −τ̄ ) ,
N
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where
N

D≡

(93)

Di .
i=1

Combining these properties, we find that
fη̄,∂η̄ [z,∂z ] = Qη̄ [∂z ] Gη̄,∂η̄ [z,∂z ] F∂η̄ (Z) J [z]
transforms as

(94)



2π i
D F∂η̄ (Z) J [z]
t˜1 (τ ) fη̄,∂η̄ [z,∂z ] t˜1 (τ )−1 = Qη̄ [∂z ] Gη̄,∂η̄ [z,∂z ] exp −
N


m
Zν e−iπNφ (2z1 +τ ) .

× (−1)Nφ eiKτ exp 2π i

(95)

ν=1

With
[D,F∂η̄ (Z)] = [D,J [z]] = 0

Di eR = 0,

and

(96)

we find with (95) that (94) satisfies (71) and (72) provided that the boundary conditions (46) and (47) are satisfied.
Under translations of the quasielectron coordinate η̄ by mτ̄ we find that the factors Qη̄ [∂z ], F∂η̄ (Z), and J [z] transform as
N

t˜η̄ (mτ ) Qη̄ [∂z ] t˜η̄ (mτ )−1 = Qη̄ [∂z ] (−1)mN eiπ τ̄ m N
2




exp −2π im 2l 2 ∂zi − η̄ ,



i=1



m

t˜η̄ (mτ ) F∂η̄ (Z) t˜η̄ (mτ )−1 = F∂η̄ (Z) (−1)m e−iKτ e−iπτ m exp 2π i mZ − 2ml 2 ∂η̄ −

(97)


Zν

(98)

,

ν=1

t˜η̄ (mτ ) J [z] t˜η̄ (mτ )−1 = J [z],

(99)

while the Gaussian factor transforms as (see Appendix)
t˜η̄ (m) Gη̄,∂η̄ [z,∂z ] t˜η̄ (m)−1 = Gη̄,∂η̄ [z,∂z ],
N

t˜η̄ (mτ ) Gη̄,∂η̄ [z,∂z ] t˜η̄ (mτ )−1 =




exp 2π im 2l 2 ∂zi − η̄ Gη̄,∂η̄ [z,∂z ] exp(2π imD)

i=1

(100)
N
2

exp(−2π im(zi − 2ml 2 ∂η̄ )) eiπm

N(τ −τ̄ )

.

i=1

(101)
Taken together, we obtain the transformation properties
t˜η̄ (mτ ) fη̄,∂η̄ [z,∂z ] t˜η̄ (mτ )

−1

= fη̄,∂η̄ [z,∂z ] (−1)

Nφ

e

−iKτ





m

exp −2π i

Zν (−1)m−1 exp(2π imD) eiπτ mNφ exp(2π iNφ 2ml 2 ∂η̄ ).
ν=1

(102)
The last term generated in (102) does not resemble the term required by (82), but since
eiπτ mNφ exp(2π iNφ 2ml 2 ∂η̄ ) e−iπNφ (2η̄+mτ̄ ) eη̄ /4ml = exp(m(τ − τ̄ )∂η̄ ) eη̄ /4ml e−iπNφ (2η̄−m(τ −τ̄ ))
2

2

2

2

2

= eη̄ /4ml ,

2

(103)

we find with (102) and (96) that (94) satisfies (81) and (82) provided that the boundary conditions (46) and (47) are satisfied.
A quasielectron wave function with the correct quasiperiodicity under magnetic translations is hence given by (69) with (49),
(94), and (70).
The final form, however, may be simplified significantly. Writing out (94) in full, we have


N
N
(zi − 2l 2 ∂zi + η̄ − 2ml 2 ∂η̄ )2
2
fη̄,∂η̄ [z,∂z ] =
exp(iK(Z − 2l 2 ∂η̄ ))
ϑ 12 , 12(2l ∂zi − η̄| − τ̄ )
exp
2N
4ml
i=1
i=1
m

N

ϑ 12 , 12(Z − 2l 2 ∂η̄ − Zν |τ )

×
ν=1

ϑ 12 , 12(zi − zj |τ )m .
i<j

245156-8

(104)

LAUGHLIN STATES AND THEIR QUASIPARTICLE . . .

PHYSICAL REVIEW B 93, 245156 (2016)

Note first that the argument of the Gaussian and the argument in the line below commute,
[zi − 2l 2 ∂zi + η̄ − 2ml 2 ∂η̄ ,Z − 2l 2 ∂η̄ ] = 0,

(105)

which implies that we can interchange the orders of Gη̄,∂η̄ [z,∂z ] and F∂η̄ (Z) in (104). Second, since Qη̄ [∂z ] and F∂η̄ (Z) commute,
we may interchange them and thereby bring the derivatives in the zi closer to the Jastrow factor. We may hence write
m

N

fη̄,∂η̄ [z,∂z ] = exp(iK(Z − 2l 2 ∂η̄ ))

ϑ 12 , 12(Z − 2l 2 ∂η̄ − Zν |τ )
ν=1

ϑ 12 , 12(2l 2 ∂zi − η̄| − τ̄ )
i=1

 N

N
(zi − 2l 2 ∂zi + η̄ − 2ml 2 ∂η̄ )2
exp
ϑ 12 , 12(zi − zj |τ )m .
×
2N
4ml
i<j
i=1

(106)

Substitution of (106) into (69) with (49) and (70) allows now for significant simplification. Since fη̄,∂η̄ [z,∂z ] acts on eR , and
2

2

(η̄ − 2ml 2 ∂η̄ ) eη̄ /4ml = 0,
2

2

2

2

(zi − 2l 2 ∂zi ) ezi/4l J [z] = ezi/4l (−2l 2 ∂zi )J [z],
we obtain the final form of the quasielectron wave function,
m
2
ψη̄ [z] = e−S eiK (Z−2l ∂η̄ )

N

ϑ 1 , 1(Z − 2l 2 ∂η̄ − Zν |τ ) × eη̄

2

/4ml 2

N
2

ϑ 1 , 1(2l 2 ∂zi − η̄| − τ̄ ) ×

2 2

ezi /4l

2 2

ν=1

i=1

2

i=1

 2 2
N
l ∂zi
×
×
exp
ϑ 1 , 1(zi − zj |τ )m ,
2 2
mN
i<j
i=1
N

(107)

where S is given by (49). We have not found a plausible way to motivate the form (107) directly, however, we present the results
in the order we have obtained them. An additional advantage of (107) over (69) with (104) and (70) is that the generalization to
several quasielectrons is straightforward. This concludes our derivation of the Laughlin’s quasielectron states on the torus.
A very valid question to ask at this point is how feasible it is to evaluate (107) explicitly for applications in numerical studies.
To begin with, the odd Jacobi theta functions in (107) are according to (28) defined as
2

ϑ 12 , 12(z|τ ) =

eπin τ eπin e2πinz ,

(108)

n∈Z+ 12

where we have adjusted n such that we sum only over half-integer values. If we write τ = τ  + iτ  , with τ  ,τ  ∈ R, τ  > 0, we
see that the sum (108) converges the quicker the larger τ  . Since the quantum Hall wave functions are modular invariant, with
modular transformations generated by
T: τ → τ + 1 and

1
S: τ → − ,
τ

(109)

√
we can always choose a unit cell such that τ   12 3. For the more typical rectangular unit cells we may even choose τ   1.
2

Even if we assume that Im(z) = −τ  in (108), we see that the series decays as e−π(n −2n)τ , which for τ  = 1 is of order 1 for n = 12
and of order 10−27 for n = 11
, while the sum of all terms for larger |n| is negligible by comparison. It hence appears sufficient to
2
to + 11
. The derivatives in the Jacobi theta functions amount hence only to derivative operators
keep the 12 terms from n = − 11
2
2
in 12 terms of a sum, which in principle can be evaluated using programs performing symbolic manipulations of mathematical
expressions.
A remaining obstacle is posed by the combination of derivatives in the theta functions with the Gaussians in η̄2 and zi2 in the
second and third line of (107), respectively, or the Gaussian in the derivatives acting on the arguments of the theta functions in
the last line. Using the Baker-Hausdorff formula
1

1

1

ex ey = ex+y+ 2 [x,y]+ 12 [x,[x,y]]+ 12 [[x,y],y] ,
which truncates as stated if both [x,[x,y]] and [[x,y],y] commute with both x and y, we may write
 
 
exp a∂z2 e2πinz = e2πin(z+2a∂z ) exp a∂z2 ,
e2πin (2l
e2πin (−2l

2

2

∂z ) z2 /4l 2

e

2

∂η̄ ) η̄ /4ml

e

2

= ez

2

/4l 2

2

e2πin (2l
2

2

∂z +z)

= eη̄ /4ml e2πin (−2l
245156-9
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Commuting the Gaussian factors through the theta functions will hence only generate terms inside the theta functions which are
linear in the arguments of the Gaussian. We may use these commutators to rewrite (107) as
  N

N
m

η̄
2
2
2
2
2
ψη̄ [z] = e−S eη̄ /4ml
ezi /4l × eiK(Z−2l ∂η̄ −η̄/m)
ϑ 12 , 12 Z − 2l 2 ∂η̄ − − Zν τ
ϑ 12 , 12(2l 2 ∂zi + zi − η̄| − τ̄ )
m
i=1
ν=1
i=1
 

2l 2 (∂zi − ∂zj )  m
τ .
ϑ 12 , 12 zi − zj +
×

mN
i<j
N

(110)

The evaluation of this expression still constitutes a challenge, as each theta function represents a sum of about 12 terms with the
argument in exponential functions. Since the arguments now consist of linear functions in the coordinates and derivatives taken
in these coordinates, however, the combinations may now be evaluated by repeated application of the Baker-Hausdorff formula,
where each commutator gives a contribution which does not depend on the coordinates (but only of the indices n of the sums
(108)). Even though we believe that the form (110) is useful for the explicit evaluation of the quasielectron wave function, we
prefer to consider the form (107) as the final result of our derivation. This form displays the desired transformation properties
more succinctly.
VII. CONCLUSION

In this paper, we set up an operator formalism for Landau
levels and magnetic translations and used it to formulate
Laughlin’s wave functions for fractionally quantized Hall
states subject to PBCs. The results have been known for
three decades for the ground states and the quasihole excitations. They are, however, original for the technically more
challenging quasielectron excitations, which were left as an
open problem in the classic work by Haldane and Rezayi [34].
Comparing the final form (107)
ψη̄ [z] = e−S eiK(Z−2l

2

∂η̄ )

m

×

ϑ 12 , 12(Z − 2l 2 ∂η̄ − Zν |τ ) × eη̄

2

/4ml 2

ν=1
N

×

N
2

ϑ 12 , 12(2l 2 ∂zi − η̄| − τ̄ ) ×
i=1

ezi /4l

2

i=1

 2 2
N
N
l ∂zi
×
×
exp
ϑ 12 , 12(zi − zj |τ )m
mN
i<j
i=1
of the quasielectron wave function with the final form of the
quasihole wave function
ψη [z] = e−S eiK(Z+η/m)
 

m

η
2
2
1
1
×
ϑ 2 , 2 Z + − Zν τ × eη /4ml
m
ν=1
N

×
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N
2

ϑ 1 , 1(zi − η|τ ) ×

ezi /4l

2 2

i=1

mass coordinate Z is dictated by the quasiperiodic boundary
conditions and the requirement that ψη̄ [z] is given by e−S
times an analytic function in both z and η̄. The only part we
would not have been able to anticipate is the Gaussian factor
in the last line of (107). This is a minor modification, which
nonetheless required a major effort to obtain.
The final form (107), however, reveals something else we
could not have easily anticipated. Since we cannot commute
2
2
the factors ezi /4l through the quasielectron theta function to the
right of them without modifying their arguments as indicated
in (110), we see that a formulation of the quasielectron in the
otherwise more compact Landau gauge used by Haldane and
2
2
2
2
Rezayi [34] would require factors e−zi /4l and ezi /4l to the
left and to the right of this theta function, respectively. This
indicates that obtaining the quasielectron in this gauge would
presumably be significantly more difficult, which may explain
why the problem has not been solved previously.
We have further seen that the quasielectron wave function
we have derived for PBCs in this paper does not lend itself well
to explicit evaluation, which sincerely limits the applicability
and usefulness of our result. To find out about these limitations,
however, it was necessary to obtain the wave function in the
first place. The main result of our study may hence be that
it is possible to generalize Laughlin’s quasielectron excitation
to PBCs, but that it is not practical to work with the ensuing
form.

2

i=1

N

×

ϑ 1 , 1(zi − zj |τ )m ,
2 2

APPENDIX: TRANSFORMATION
PROPERTIES OF G η̄,∂η̄ [z,∂ z ]

(111)

i<j

we see that the quasielectron function is very close to what
we would have expected from the known wave functions in
the plane, which already contains the derivative operators
in the coordinates zi and η̄ rather than the quasielectron
coordinate η in the complex plane. That we need to subtract
2l 2 ∂η̄ rather than η̄/m or even η/m from the center-of-

In this appendix, we will sketch the derivation of (92) and
(101). To begin with, we introduce the shorthand notation

245156-10

N

Gη̄,∂η̄ [z,∂z ] = G =

Gi ,
i=1



Di2
Gi = exp
4ml 2 N

(A1)
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with Di = Ai + Bi , Ai = η̄ − 2l 2 ∂zi , Bi = zi − 2ml 2 ∂η̄ . We then use
τ − τ̄ = 2i 2π l 2 Nφ = 2π i 2l 2 (N m − 1)
to evaluate

(A2)


1
2
2
2
((D
−
2π
in
2l
)
+
2π
in
2l
mN
)
i
4ml 2 N


1
2
2πinAi 2πinBi
2 2
(Di − 2π in 2l ) e(2πinl) (Nm−m−1)
e
exp
=e
2
4ml N


t˜i (nτ ) Gi t˜i (nτ )−1 = exp

= e2πinAi e2πin (−2l

2

m∂η̄ )

2

Gi e2πinzi e(2πinl)

(Nm−m−1)

(A3)

.

We proceed with
N

t˜i (nτ )G t˜i (nτ )−1 = t˜i (nτ ) Gi t˜i (nτ )−1

Gj
j =1
(j =i)

2

2

= e2πinAi e2πin (−2l m∂η̄ ) G e2πinzi e(2πinl) (Nm−m−1)


N
1
2
2πinAi
2
2
(Dj − 2π in 2l m) e2πinBi e(2πinl) (Nm−m−1)
=e
exp
2
4ml N
j =1
= e2πinAi G e−2πinD/N e2πinBi eπin (τ −τ̄ ) ,
2

(A4)

where D is given by (93). For n = 1, this reduces to (92). To verify (101), we write
N

t˜η̄ (mτ )G t˜η̄ (mτ )−1 =

N

t˜i (−mτ )−1

t˜i (−mτ ) G
i=1

i=1

N

N

e−2πimAi G e2πimD

=
i=1

e−2πimBi eπim

2

N(τ −τ̄ )

,

(A5)

i=1

where we have used
e−2πimBi t˜i (−mτ ) eαD t˜i (−mτ )−1 = eαD e−2πimBi
in obtaining the last line.
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