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Two-leg t-J ladder: A spin liquid generated by Gutzwiller projection of magnetic bands
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The ground state of the two-leg Heisenberg ladder is identified as a resonating-valence-band-RVB type spin
liquid, which is generated by Gutzwiller projection of tight-binding bands with ftuper plaquet. Explicit trial
wave functions for the magnon and hole excitations are formulated in terms of spinons and holons. The
spinon-holon bound state is shown to viol&®eand T. This is interpreted as a manifestation of fractional

statistics.
DOI: 10.1103/PhysRevB.65.134443 PACS nuni®er75.10—b, 71.10-w, 74.72—h, 75.90+w
Itinerant antiferromagnets confined to coupled chains, or ~ (ug(D)) _ [ug(D)
t-J ladders, have enjoyed enormous popularity over the past ol uy(2) =Eal |, (2))" 2
few years'~® They provide the simplest example of a generic q q
spin liquid in dimensions greater than one, and the only exwhere
ample thereof which is presently fully amenable to numerical
methods (It is furthermore widely believed that they consti- . _[cosq, me %
tute the first step towards understanding the two-dimensional Ho=2t| g, —cosq €)
X

t-J model starting from one dimension, but | rather believe
the two-leg ladder to be just a special casthese models i m=F /3. Since Eq.(2) is a two-dimensional Dirac
are approximately realized in (V&§,0;, SrCyOs;, and fi e F2 s di | . diatelv obtain th
Sna-xCaCuw404q, and hence accessible to experiment. egua lon, ..M, IS _dlagonal, we imme 'ae_y obtain the
The t-J Hamiltonian for the ladder is given by eigenvaluesE,= + 2t Jcogq,+n?. The coupling between
the tight-binding chains hence induces an energy gap of
1 magnitude 2, . We now fill the lower band twice, once with
He = — tof e 4= J.S-S 1 up-spin electrons, and_ once vv_|th do_wn—spln eI_ect_rons; the
= <%a Heme =2 <.EJ> S @) resulting Slater determinahysp) is obviously a spin singlet.
The spin liquid trial wave function for the Heisenberg ladder

where ¢;;,3;;)=(t,J) if i and] are nearest neighbors along with J, /J=t, /t is obtained by eliminating all the doubly
one of the chains, and (,J,) if they are nearest neighbors ©ccupied sites via Gutzwiller projection

across the rungs; each péif) is summed over twice and no

doubly occupied sites are allowed. | ¥isi) =Pl Yrsp)- (4)

One of the most striking features of the undoped two-leggince the Gutzwiller projectoPs commutes with the total
t-J ladder is the persistence of a spin gap=J,/2 in the  gpin gperator| yy,y) is also a singlet. This trial wave func-
wgak coupling limitJ, <J. (For sufflqlently strong Cou-  tion js as accurate an approximation as the Haldane-Shastry
plings J, >J, the system can be described by a perturbativeiatd for the one-dimensional Heisenberg chain in the weak
expansion around the strong coupling limit consisting of SINcoupling limit J, /=0, and exact in the strong coupling

gleltszacross the rungswhich yields a spin gaj~J, —J |yt J, /13— the approximation has its worst point at iso-
+3J%/3, ; a weak coupling expansion starting from deco“'tropic coupling(see Table )l1112

pled chains, however, is not possible, as the individual spin  Tnhere are essentially two ways of constructing spinon and
chains are quantum critical in the sense that the tiniest pefjpjon excitations for spin liquidéthey are obtained from
turbation can change the universality clags.this paper, we  each other by annihilating or creating an electron on the
will formulate a microscopic theory of the two-leig) lad-  spinon or holon site The first one is Anderson’s projection

der, which is universally valid all ratios J, /J, in terms of technique*? inhomogenities in both spin and charge created
explicit spin liquid trial wave functions for the ground state,

magnon(spinon-spinon bound stateand the hole(holon-
spinon bound stajeexcitations.

The trial wave function for the ground state of the Heisen-
berg ladder, the-J ladder without any holes, is constructed
as follows. Consider a tight binding ladder with flux per

0 7T 27

plaquet, hopping terms of magnituti@long the chains, and ¢

t, across the rungs. In the gauge depicted in Fig. 1, we write

the single particle Bloch state$q(j)=eiq'Riuq(j), where FIG. 1. Flux band structure of a tight binding ladder with ftax
the uqy(j) are strictly periodic in both real and momentum per plaquet fort, /t=0 (dotted line andT, /t=1 (solid lines.

space and obey The energy gap is given byt2.
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TABLE |. Energy expectation values and nearest neighbor spin TABLE Il. Energy expectation values including individual con-
correlations for the spin liquid trial wave functions in comparison tributions to the kinetic energy from chains and rungs and overlaps
with the exact ground states of ax20 Heisenberg ladder with for the trial wave functions describing holon-spinon bound states in
periodic boundary conditions, as well as overlaps between triacomparison with the exact one hole eigenstates for a periodic 2
wave functions and exact ground states. Throughout this article, alk 8 ladder witht, /J, =t/J=1 for three ratios], /J. The energies
energies quoted are in units of mdx(J). The boundary phase are in units of max{, ,J); the transverse momentum is alweks

before Gutzwiller projection has been 0. =0, as ak,= state corresponds to a halkolon-spinon bound
statg plus a magnor(spinon-spinon bound stateThe trial wave
NIA| Eot % over- (éé}.)u <§§j>l functions are given bY¢yia) =My )+aly_)), where|s,) is

exact trial off lap exact trial exact trial the trial wave function constructed with the flux configuration
shown in Fig. 80) and|¢_) its P or T conjugate. The boundary

0 -9.031 -9.015 0.2 0.997 -0.452 -0.451 0.000 0.000phase for the flux band structure before projection has been 0 for
0.1 -9.062 -9.024 0.4 0.986 -0.450 -0.451 -0.062 -0.011the chain containing the holon, andfor the other chain.

0.2 -9.155 -9.073 0.9 0.969 -0.445 -0.449 -0.123 -0.045

0.5 -9.755 -9.568 1.9 0.952 -0.420 -0.413 -0.269 -0.263]./J Erot % over- E, Ei,
1 -11.577 -11.346 2.0 0.941 -0.354 -0.302 -0.450 -0.530 Ky/m exact trial off lap exact trial exact trial
2 -8.594 -8.444 1.8 0.957 -0.222 -0.143 -0.638 -0.702

0 -740 -6.88 7.1 0560 -151 -045 0.04 0.06
1/4 -792 -783 1.1 0975 -163 -1.62 0.01 0.04
1/2 -8.17 -8.07 1.2 0952 -1.89 -1.87 -0.02 0.04
3/4 -759 -722 49 0540 -149 -1.01 -0.10 0.04
1 -721 -598 17 0.000 -155 0.45 -0.09 0.06

5 -7.664 -7.594 0.9 0.981 -0.085 -0.029 -0.732 -0.748
10 -7.539 -7.513 0.3 0.993 -0.040 -0.007 -0.746 -0.750 ,
0 -7.500 -7.500 0.0 1.000 0.000 0.000 -0.750 -0.750

before Gutzwiller projection yield inhomogenities in spin 0 -904 -836 7.6 0.776 -0.88 0.42 -0.38 -0.89
only after projection. Anderson writes a state with two 1/4 -9.46 -891 58 0.849 -1.21 -0.47 -0.45 -0.67
spinons localized at sitdsand] 1 12 -989 -952 3.7 0.894 -154 -1.23 -059 -0.57
B + 3/4 -9.84 -947 3.8 0917 -1.35 -0.99 -0.81 -0.70

411,110 =PaCi1Cj1 | ¥sp)- 5 1 -967 -919 50 0917 -1.07 -0.42 -0.98 -0.89

In the case of the ladder, however, the spinons are not free 5 559 .12 13 0981 013 019 -0.96 -1.00
particles, but bound into pairs by a linear confinement 1/4 625 -6.18 11 0984 008 011 -0.97 -099
force:™ To obtain the magnon trial wave function 5 12 -638 633 07 0987 -0.05 -004 -0.98 -0.99

34 650 -6.46 0.7 0988 -017 -0.16 -0.99 -0.99
| YmagnofK)) =2 &1 (K)|¥ir 1), 6) 1 655 -650 0.7 0988 -021 -0.19 -1.00 -1.00
1]

a hence nontrivial internal wave functiog; (k) for the  gqjitons in polyacytelent Rokhsat® constructs elementary
spinon-spinon bound state Is required. ._excitations of spin liquids via localized midgap states, which
Itis therefore expedient to use the second method, whm%re either occupied by a single electr@pinon or left un-
has been successful in describing the fractionally charge ccupied(holon). The topology of the ladder dictates that
midgap states can only be created in pairs, which implies that

A & A & . . ) .
-0 O (a) we automatically obtain spinon-spinofr holon bound
T . y o ) states rather then isolated spindos holons. This general
= Io) S S z‘r‘;zcg observation, however, leaves us still with a large number of
- J n - possible choices for the midgap states; most constructions
_<|’ T T T T ‘I)_ s-holon site
I
A A A A ©
3= ! B8« ﬂ- 7T (a)
™ vy : ry ™ ™ - .
=(= )---o---. (L IO ¢ ___¢@__J _2t 0 Zt
j
w 3T7r 37” 77 m holon site  link phase &
|

o ot " ——-- .l
x J T
FIG. 2. Magnetic tight-binding configuration for a holon of the | 4 | 2 T 2 | 4 | (o)
-2

chiral spin liquid(a) as proposed by Rokhsgrutting all the links to

a given site and adjusting the flux according to Rokhsar’s loop rules
generates a stationary holon sholon) or (b) by combining this FIG. 3. Magnetic tight-binding configurations and the corre-
flux adjustment with Anderson’s projection techniq@enly the  sponding density of states for the ladder with a spinon bourid)to
phases of the hopping parameters around the holon site are ad-stationarys holon or(b) a mobile holon before Gutzwiller projec-
justed. tion. Only the latter flux configuration violatésandT.

0 2t
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TABLE lll. As in Table II, but now for spinon-spinon bound TABLE V. As in Table II, but now withJ, /J=t, /t=1 for
states(magnong with k, = 7 obtained by creation of an electron at different ratiost/J. The momentum is K ,k,) =(7/2,0), which
the holon site. Fok,= 0, spinetto-spinon bound states yield better corresponds to the ground state of th& & ladder with periodic
trial wave functiongthe energy is only 0.4% off at, /J=0.2, and  boundary conditions. Far/J<0.5, data fors-holon-spinon bound
2.7% off atd, /1J=1). states are shown as well, marked with an asterisk; these adequately
describe stationary hole$=0).

J, Eot % over- E 3 E;
k./m exact trial off lap exact trial exact trial t/J Ejot % over- Et‘ Ee
exact trial off lap exact trial exact trial

0 -631 -5.86 7.2 0.844 -6.23 -5.70 -0.09 -0.16
1/4 -6.16 -6.13 0.4 0.994 -6.08 -6.08 -0.08 -0.050 -8.18 -7.88 3.7 0.888 0.00 0.00 0.00 0.00

0.2 1/2 -5.60 -556 0.7 0.983 -544 -547 -0.16 -0.09 * -8.00 2.2 0.938 0.00 0.00
3/4 596 -5.89 1.1 0961 -570 -573 -0.26 -0.16 0.2 -837 -814 28 0927 -017 -0.14 -0.10 -0.16
1 -698 -6.94 0.6 0990 -6.73 -6.76 -0.25 -0.18 * -8.12 29 0.923 0.00 -0.13

05 -887 -863 27 0929 -065 -053 -0.28 -0.33
0 -733 -699 46 0885 -511 -3.79 -2.22 -3.20 * 832 6.3 0.862 0.00 0.32

14 -7.24 -7.01 3.1 0927 -478 -374 246 327, g0 98y 37 0894 154 -123 -059 -057
1 12 728 -713 20 0961 -411 -344 -318 -369, 151 113 65 0797 -336 263 -131 -102
3/4 -7.96 -7.87 1.1 0981 -456 -4.22 -3.39 -3.65 195 168 14 0585 -8.86 684 -376 233
1 -873 -863 1.1 0982 -568 -536 -3.04 -3.27

0 -491 -486 1.0 0986 -0.04 0.12 -4.88 -4.99

14 -4.96 -4.92 0.9 0988 -0.07 007 -4.89 -4.98 Figs.3a and 3b). In the case of the holon, we cut all the
5 1/2 509 -506 0.6 0991 -018 -0.08 -491 -4.97 links to a given site; as the topology of the ladder does not

3/4 524 520 07 0991 -034 -0.23 -490 -4.9g Provide a context for a flux adjustment around this site, we

1 531 -526 0.9 0987 -043 -028 -4.88 -4.99 obtain asecond midgap state, and hence a spinon, localized
nearby. This trial wave function describes a stationary hole.
To construct a mobile hole, we create the midgap states by
Hnly adjusting the flux, and project such that the holon site is
Ounoccupied; as we are creating two rather than one midgap
state, we remove flux/2 from each neighboring plaqu¥t.
dhe flux configuration now violateB andT, and the holon-

of the Kalmeyer-Laughlin chiral spin liquit!, obtained by spinon bound state carries a chirality .qua_ntum number,
imposing a periodic boundary condition with a periodicity of Which is + for the configuration shown in Fig.(8), and
only two lattice spacings in thg direction. This chiral spin — OF itS complex conjugate; states of opposite chiralities
liquid may be generated from a tight-binding lattice with flux Map into each other undéror T. The final trial wave func-

. L ~ . tions for the hole is a linear superposition of the holon-
™ per plaquet and_hopplng mag””“.dea.”d?t.i in x andy spinon bound states of both chiralities at each momentum
directions, respectively; the andT violating diagonal hop-
ping elements, which are otherwise required to open an en-
ergy gap, cancel due to the boundary condition.

Spinons and holons for the chiral spin liquid may be con-
structed via Anderson’s method or via midgap states; Rokh- ]
sar creates a midgap state in the flux band structure befor _g
projection by cutting all the links to a given site and adjust- 5 1 -
ing the flux according to his loop rules, which require that =% [ ™R
the kinetic energy on the loops around each plaquet is mini- -9
mal [see Fig. 2a)]. The resulting holon is not nearly as mo-
bile as Anderson’s, but optimal with regard to the magnetic

yield satisfactory magnon, but only very few acceptable hol
trial wave functions. To identify those, let us step back an
take a broader view.

The spin liquid proposed above is, in fact, a special cas

energy; it adequately describes stationary charge excitations -10 | Yexact] 9T
We call it a stationary holon or < holon.” To obtain the N —
. ) . 0 0.5 1 1.5 2 0 0.5 1
generic and mobile holon, we create a midgap state by ad
ky/m ke/m

justing the flux according to Rokhsar’s procedire., we
create a defect of fluxr around the holon sijewithout cut- FIG. 4. Dispersions for a singlé) hole (holon-spinon bound
ting any links (i.e., we adjust the hopping phases withoutgaig and (b) magnon(spinon-spinon bound states predicted by
adjusting the magnitudgsand then project such that this site the spin liquid proposed here in comparison with the exact disper-
is unoccupied/see Fig. o)]. This holon is equivalent t0  sjons for a 2<8 ladder withd, =J=t, =t=1 (see Tables Il and
Anderson’s in the case of the chiral spin liquid, but morej|) and periodic(or antiperiodi¢ boundary conditions. The dotted
generally applicable. lines correspond to the individuat and — chirality trial wave

The flux configurations used to constrigholon-spinon  functions[generated from the tight-binding configuration shown in
and holon-spinon bound states for the ladder are shown iAig. 3b) and itsP or T conjugate, respectively
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_ o _ function for the localized hole would yield a dispersigg
Whole(k»_N; e (WJ >+a(k)|¢j ), (@) «cosk,), and thus be inconsistent with the dispersion ob-
_ _ _ o tained by exact diagonalizatighottom curve in Fig. @&)].°

wherer; is the holon cordinate and(k) is a variational  The chirality quantum number is a manifestation of the frac-

parameter. Magnons or spinon-spinon bound states are olgng| statisticd! of spinons and holo%?2 in dimensions

tained from the holon-spinon bound states by creating reater than one; it determines the sign of the statistical
electron at the holon site, which forms a spin triplet with thephases acquired as they encircle each other

Spllrgla%t;(r)iggld ctgrlr:barisons of the trial wave functions for .A state with two holons is a superposition of two holon_—

holes and magnons with the exact eigenstates are presents non bound states and_a holon-holon bound s_ta.te,.whlch

in Fig. 4 and in Tables 1I-1V. The hole trial wave functions qonnecteq through .Vlm.JaI processes o.f annihilation or
| ' creation of spinon pairs in singlet configurations. These pro-

fol_r L /Jl(:j:It/J=1 (see Tabl? I)|arel excellelz_nt gtfstong ckou- cesses mediate an effective pairing force between holes.

o e I s . I concuson, w ave shoun Trat the Hosenborg r

hole 1ground states, as there is a large amplitude to find a hoI htly -dODEdt_J Igdd_er can be adequately descnped by 2
’ utzwiller-type spin liquid generated from magnetic bands.

and a magnon rather than just a hole at other momenta. Thlenis enabled us to construct explicit wave functions for

holon-spinon bound state wave functions adequately de: . . . . .
) ’ spinons and holons, which are confined in pairs to form mag-
scribe the hole whehandJ are comparablésee Table 1V; nons or holes. Possibly the most striking result isRrendT

fo;.f% Ithes-htzlon-f?pl_nog b;)un: statzlst moretalp{)ropr;ate,Violation of the hole, which indicates that spinons and holons
while holes with sufficiently large are detrimental to anti- é:arry fractional statistics.

ferromagnetic correlations and eventually destabilize th
spin liquid!® The trial wave functions for the magnons are | am grateful to R.B. Laughlin for many illuminating dis-
generally satisfactorysee Table lIJ. cussions. This work was supported through NSF Grant No.

The P and T violation of the localized holon-spinon DMR-95-21888. Additional support was provided by the
bound states, or the appearance of a chirality quantum nunNSF MERSEC Program through the Center for Materials
ber, is a physical property of the system; any real trial waveResearch at Stanford University.
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